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INTRODUCTION

This report presents some results of kinetic tranport equations and their
application to the particular case of Metall-Oxide-Semiconductor Field-Effect
Transistors, that is to say MOSFETs.

The behaviour of a system of electrons in an electric potential can be de-
scribed by the Quantum Vlasov Equation, that takes long range interactions
between particles and quantum effects into account.

Solutions of this equation can be approximated by solutions of a classical
equation obtained by the use of asymptotical developments.

Considering collisions, asymptotics also allows the derivation of a Drift Dif-
fusion model that is usually adopted to describe the current created by
charged particles in semiconductors.

In a cristal lattice, the mobile electrons initially come from the atoms of
the lattice; in semi-conductors, such electrons appear at room tempera-
ture. When the electrons get free of the atoms, they leave holes (”missing
electrons”) in the underlying structure; these holes also contribute to the
current. Free carriers doping can be realized to increase the conductivity.
Transistors are solids where the flow of current can be controlled, that
means it can be switched off or amplified. In MOSFETSs the conductiv-
ity of the semi-conductor is modulated by the voltage (hence ”Field-Effect-
Transistor”) applied at the so-called gate.

Application of the previous considerations to the MOSFETs allows to com-
pute the current circulating in the device.

An example of recent considerations of partially quantized systems com-
bined to the drift diffusion model in semi-conductors is eventually given for
MOSFETs. In fact, we show in our model that the quantum effects have no
impact on the macroscopical current.



Chapter 1

Kinetic transport equations

We refer to [1] for the results of this section.

Introduction
We are interested in describing the behaviour of interacting particles (for
example electrons) moving in the whole space and confronted to a potential.
In order to take the quantum effects into account, we start from the Schrodinger
equation and use a partial Wigner transformation in order to derive the
quantum transport equations that describe the system. We omit the short
range interactions (collisions) between particles, this will be introduced in
chapter 3.
The equation for the whole system of particles (the so-called Quantum Liou-
ville Equation) is not computer friendly, and we show that it can be reduced
to a one particle equation (the Quantum Vlasov Equation) in an effective
potential, which is itself solution of a Poisson Equation.

1.1 Quantum transport equations for N particles

Hamiltonian and density matrix

For a system of N electrons of mass m and charge —gq in a potential V' (z,t),
where z = (z1,...,zy) € R3N is the position of the ensemble, z; is the po-
sition of the i-th electron, the Hamiltonian takes the form

H = —— ZA:EZ. — qV(x,t)

and the Shrodinger equation for the wave function ¥ (zy, ..., zy,t) reads
tho, W = HVY .

We introduce the density matrix p defined by

p(rys,t) = WU(r,t)V(s,t)

at



(so p(r,r,t) = |W(r,t)|> = n(r,t) is the density of probability of finding the
ensemble of particles at the position r).
Hence p satisfies the Heisenberg equation :

2

, h
ihop = —%(Asp — App) — q(V(s,t) = V(r,t))p.
Wigner transformation
We set
+ Ss=x h
r=r+4+— =r— -
om om
and note
@) = oo+ gona - 5n)
u(z = T4+ —nx——n) .
5 15 P om b om !

We use the following definitions for the Fourier transformation F with re-
spect to v :

Fg (n) = /RsN g(v)e ™M du
FhW) = oy [ MO

Then the Wigner function w is defined as the inverse Fourier tranform of u
with respect to n :

1 h h w.n
w(z,v,t) = W/Rmp(ﬂﬁ-i-%mx—%n)e dn .

Remark that v has the dimension of velocity.

Quantum Transport Equations
Having done this, we come to the following equations for u and w :

V(e + Len,t) = Ve — Ln,t
ou + iV, Vau + ig (@ 3 )h (@ = 2" )u = 0 (1.1)

ow + v.Vyw + %GH[V]U} = 0 (1.2)

In these equations, z,v,n € R3N,

The second equation is just the Fourier transform of the first one and is
called Wigner equation. The operator 65[V] is a linear pseudo differential
operator, this means that its Fourier transform acts like a multiplication
operator, the multiplication function or symbol being here :

V(CE + %77725) — V(CE — %77725)

(OV)n(x,n,t) =im .

Solving the equation (1.2), we do not necessarily come to a nice Wigner
function w : for example it does not necessarily stay negative for all ¢ > 0 :



this is the fact if f the potential V' is quadratic (see [1]). Then the function
w can be interpreted as a microscopic density.

Particle and current densities
From the definition of the Fourier transformation we have :

n(x,t) = /RaN w(z,v,t) dv

We also define the current density :

J(x,t) = —q/RSN v w(z,v,t) dv

1.2 Reduction to a one particle problem : the
Quantum Vlasov Equation

The previous equations are not easily solvable because of the high number
of particles that are usually involved and the difficulty to get a good model
for the many-body potential.

We show in this section how to reduce the problem with N particles in a po-
tential V' to a problem with one particle in an effective potential Vs, that
contains the long range interactions and is solution of a Poisson Equation.

Subensembles
We will deal with subensembles of the given ensemble of N electrons. Being
Fermions, the electrons obey
the Pauli principle and the function W is antisymmetric :

U(zy,....,zy) = 0 if T = T, for a couple (i,7) with i # j .

This corresponds to the fact that electrons are indistinguishable, which
means the invariance under permutations of the density matrix p of the
system. So if 7 is a permutation of {1,...,n}, then the symmetry property
yields :

p(rﬂ(l)v "'7T7r(N)7 871'(1)7 eeey 87T(N)7t) = P(Th s TNy 815 eeny SNvt)

Because of the Schrodinger equation, the potential V' has to be symmetric
too whenever Fermions are considered. It has the form :

N N
1
V(wat) - § ‘/ext(mlvt) + 5 § ‘/Znt(x’uxj)
=1 2,7=1

where Vipt(xi, ;) = Vine(xj, x;) is the internal and V., the external poten-
tial.



We define the density matrix of a subensemble of d < N — 1 electrons as :

p(d)(m, ey Tdy STy ey Sdy 1)

= ) P71y Ty UG 1y ooy UN 5 STy vy Sy U1y oeey UN E) dUg1...dUun

We see that the trace of p(¥) now represents the electron position density of
the d-particle subensemble :

n(@ (.%'1, g, t) = p(d) (.%'1, ey gy Ty eeny Ty t)

This subensemble has still got the indistinguishability property.

Assumptions
We will suppose in the following that :

e p decays sufficiently fast to zero as r;,s; — 00

e Vi is of the order of magnitude 1/N as N — oo, so that the total
potential on each particle [ :
N
Vi@, an) = Y Vine(@,35) + Vear(2y,t)
j=1

remains finite as N — oo.

e for d << N, we can consider that the particles in the subensemble
move independantly from each other, so that we can write :

d
p(d)(T17...,rd781’_.,7Sd7t) = HR(Ti’Si’t)

i=1
with R := p(1),

It is the so-called Hartree Ansatz.

The Quantum Vlasov Equation
We write the Heisenberg Equation
h2
how = —5—(Bsp = Lep) = a(V(s,t) = V(r,t))p

with the above potential :

h2 N N
ihatp = _2_ (ASUO - ATUO) - QZ(Ve:Bt(Sl’t)_Vemt(Tl’t))p
m]\z[:1 =1
q
_5 (%nt(siasj) - %nt(riarj))p
ig—=1



We set u; = s; = r; for I > d + 1 and integrate over R3(N*d), using the
first assumption above and the indistinguishability property :

d h2 d d d
zh@t,o() = T a5 (Aszp() - Amp( ))

l—l

_qz ext Sla - %mt(rlat))p(d)

-3 Z int 8Z7Sj ‘/int(rhrj))p(d)

1,j=1
d

_Q(N - d) Z /R3 [‘/int(sla u*) - ‘/int(rla U*)]P>(kd+1) du
=1

where

d+1
p>(k 1) = P(d+1)(7’1, --Td; Uy S1,5 "‘Sd’u*’t)

For N >> d and because of the second assumption, the third term of the
second member can be neglected for N — oo, and the equation becomes :

o' = ——Z P D = 2 p D)
_qz ext Sla _‘/ext(rht))p(d)

_QZ/ znt 5l7u* - ‘/int(rhu*)] N P(d+1) du,

We now use the third assumption : we set d = 1, and employ the Hartree
Ansatz to obtain an equation for R :

iR = —L(AR—NR) — q(Vasp(s,t) = Vess(r, )R
r,s € R¥,t>0

The effective potential V, ¢, stands for :
Verp(z,t) = Veg(z,t) + /R3 N R(zs, Ts, t)Vint (x, x4) dxs

and takes the external potential and the two-body interaction into account.
Multiplying the last equation by IV and using the coordinate transformation
like in section 1.1 :

i

if U(xz,n,t) := N R(r,s,t), we come to :

Verr (@ + gan,t) = Vegs(a
A

0 = AW + vV W + L6, [Voss] W (1.4)

0 = U +iV,. V.U +iq 2m 17 77(1.3)



The second equation is the inverse Fourier tranform of the first one,
we have set W := F'U, the operator 0V, /] is defined in section 1.1
and has the symbol :

 Vepp( 4 gon,t) — Vepp(z — 5=m,t)
5‘/6 t) = 2m 1 2m ' )
(6Vesf)n(x,m,t) =im -

These are the same equations as in 1.1 but written for one particle
(z,v,n € R3) in an effective potential V, ;s instead of V.

Particle and current densities
We can as in the preceding section write the particle density,
equal to NR(z,z,t) = U(x,n = 0,t) or, by definition of the Fourier trans-
form :

n(x,t) = W(z,v,t) dv, reR3 t>0
R3

The current density is also given by :
J(x,t) = —q/ v W(z,v,t) dv, re€R3 t>0
R3
The computation of the potential V., as an integral :

Vegs(@t) = Veal@t) + [ 0ot Vi) doe (1)
seems to be difficult.
We now show that this integral expression can be written as a Poisson par-
tial differential equation as soon as the two-body interaction is the usual
Coulomb interaction, ie results from the Coulomb interaction field.

The Poisson Equation for the effective potential
For an interaction potential of the form :

q

T > x’y €R37 x#y
des |z — y

V’int(x7 y) =

€5 being the permittivity of the environment,
we obtain taking the Laplacian of (1.5) :

_ESAVveff = —€A Vegy — qan

and if the external potential is generated by ions of charge +/ — ¢, then
Veyy is solution of :
€s A Verp = q(n—C) (1.6)

where C' = C(x,t) can have positive and negative values and is the density
of the background ions.

10



Conclusion
As a consequence, we will in the following always consider a function w(z, v, t)
solution of the Wigner equation and describing one particle (for example one
electron) moving in an effective potential V¢, re-written V' and solution of
a Poisson equation.
This constitutes the selfconsistent Vlasov Poisson problem, as the macro-
scopic electron density n(x,t) is related to the function w(z,v,t) :

ow + v.Vyw + %GH[V]U} =0
-6 AV = —eA Ve — qn (17)
n(xz,t) = / w(z,v,t) dv
R3

where 0;[V] is defined in section 1.1 and V., is the external potential sup-
posed to be given.

1.3 Quantum states and Wigner function

In section 1.1, we started from a state ¥ and derived the equation (1.2) for
the Wigner function associated to this state.

If now we start from the equation (1.2) with an initial data w;, we would
like to know if the solution w can be associated to any state W.

We consider a particle in the effective potential V' and a given initial con-
dition w; € L?(R3 x R3). Let {\Ifgl)} be a complete basis of L?(R3) with
its usual norm, then {\Ifgl)(r).\lfgj)(s)} is a complete basis of L2(R3 x R3).

If we want w to be associated to a linear combination of states at any
time, we have to require this condition for wjy.
As wy € L? iff F(wr) =pr € L?, we can write :

pr(r5) =" pr 0 (1) 07 (s)
Lj

The p; ; are the coordinates of p; in the above basis, so they are obtained
by projecting p; onto this base.
The solving scheme is then theoretically simple : we solve the system

iho, v = HoO
O (2,0) = 0P(x)

for every [, then define p by

p(r,s,t) =Y p1; O (). 00 (5, 1)
l7j

11



and come back to the Wigner function over the function u through Fourier
transformation (see page 6) :

w(z,v,t) = @) ;Pl,j /R3 VO (z + %n,t)-‘l’(”(ﬂc - %Uat) """ dn
7]

The theoritical solution is thus very simple, w can be associated to a
pure (resp. to a mixed) state as soon as wy is a pure (resp. mixed) state.

12



Chapter 2

From the Quantum Liouville
Equation to the Classical
Liouville Equation : the
classical limit

2.1 Introduction

We want to carrry out the classical limit (A — 0) in the Quantum Liouville
Equation

dhw+ vVew + 0V]w =0, zeRY, veRY t>0 (2.1)

and show that a solution of this equation can be approximated by the solu-
tion of a Classical Liouville Equation

Ow + vVaw + V,V.Vyw =0 (2.2)
at zeroth order, while the first significant quantum corrections are of order

h?.
We have set g = m = 1.

Pseudodifferential operator
The pseudodifferential operator 65[V] (see section 1.1) has the symbol

1% bpt) = Ve —L2n,t
V(. 1) = it 2" )h = ymt)

It tends formally to V,V.V, as h — 0, so we will use an expansion of a
solution of (2.1) with respect to h.
Indeed, the symbol applied to the function u, Fourier transform of w, tends

13



formally to iV, V.n u, which is the Fourier transform of V,V.V, w.

We consider the Fourier transform of (2.1) with a smooth potential V' in
a one-dimensional case (d =1) :

Oru + i0y0, u + i u =0

h
zeR, veR, t>0 (2:3)

u(z,v,0) = ur(z,v) independant of i

We are going to expand V' and derive an Ansatz for u.

2.2 Expression of the potential term and Ansatz

Potential
For a 2N + 1-times differentiable potential V', we write as in [2] the Taylor
equality of order 2N as follows :

A NAy@ (e, t), .
— = R S o o PO
V(z+5n.1) ]z:% TR
hZN n A
I S (2N) w _ #\2N-1
+22N (2N—1)! /O Vv (Z’—i— 2§at) (77 6) d§

In the computation of the potential term of (2.3) the terms of magnitude

R2H1 are cancelled, and after a partial integration on the rest integral we
get :
V@e+8n,t) — Ve—4n,t) V(@) o0y -
= TREY
h s 221 (sj +1)! .
1 n
12N / V(2N+1) e paoyeN+n, ey _ 2Ny
= [N
Ansatz
As a consequence, we make the Ansatz
N-1
ulo(x,m,t) = Z h2*up(z,m,t) that we put in equation (2.3).
k=0
Equations

Equalling the powers of 12, we obtain the following equations respectively
fork=0and k>1:
g + 10,05u9 + inV'(x,t)ug = 0 (2.4)
LIS AL

]:

14



together with the initial conditions :

UO(CU,’U,O) = ul(:c,v)
ug(z,v,0) = 0

We have written (2.5) so that the second member of the equation only
depends on the first £ — 1 functions u; of the expansion. In the following
paragraphs we inverse Fourier transform these equations.

2.3 Zeroth order equation

After inverse Fourier transformation of (2.4), we see that wy satisfies the
Classical Liouville equation (see (2.2)) :
Oywo + vOwe + V'(z,t)0pwy = 0

with the initial condition (wy is the inverse Fourier transform of uy) :
’U)()(CU, v, 0) = w[(x’ U)

We can "solve” it using the characteristic method :
Denoting F' by
F(a,b) = (b,V'(a)), let us define X as the map :

X :(z,v) — X(x,v) :t— (x(t),v(t))

where X (x,v) solution of { th) = F(X(®)

X(0) = (z,v)
If wy is solution of the equation above, then for all (z,v), for all ¢, we have :

%wO(X(t),t) =0

ie wy is constant along the characteristics, and thus :

Ve, wo(x(t),v(t),t) = wr(z,v)

Solution wyg
Reciprocally, such a function is a solution, hence we can write the solution
wo -
Vx,u,t, wy(x,v,t) = wr(X(x,v)(—t))
This result requires some assumptions on the potential V' : the characteris-
tics should exist at any time ¢ ! We have from [3] the following result :

Justification of the characteristics method
Let V be a potential satisfying the inequality :

V'(2)] < CV1 + 22

15



for some constant C' (= 1 below), then for every initial condition (z,vo),
the characteristics defined above exist for any time ¢.

Indeed, as F(x,v) = (v, V/(z)) is locally Lipschitz, there is a solution defined
on a maximal interval (=7, 77). This solution (¢, X (¢)) leaves every compact
subset. Let us assume 77 < 0o, we come to a contradiction by showing that
the solution is then bounded : let be

Vi, Nt)==(t)?* + v(t)> + 1 > 0,

then

N(t) 2zt + 200

2zv 4 20V’

2lafo] + 2ol V"]

2u[V1+ 22 + 2|v|V1+ 22
4v]v1 + 22

2 + (V1 +22)?)

= N(t) IN(t)

= N(t) N(0) e? < N(0) 2Tt

This is a contradiction and 7T} has to be infinite. Similarly we show Ty = oco.

A VA VAR VAR VANRVANI

2.4 Iterative computation of the k-th order terms

The inverse Fourier transform of (2.5) gives :

Ey @ (g ) 2j+1

! _ .
Owwy, + voywy + V'(z,t)0ywy, = —j:1m T Wk

and the initial condition reads :
wi(z,v,0) = 0

Solution wy,
Writing r_1 for the second member of the equation, supposed to be known
from the last £ — 1 equations, we thus have to solve the equation

Owy, + vo,wy + V'(z,t)0ywr = TE—1
wi(z,v,0) = 0

which solution is given by :

wg(z,v,t) = /Ot re—1(X(z,v)(s —t),s) ds (2.6)

where X is defined as in the zeroth order case.
Indeed, introducing the characteristics as in the zeroth order, wy (X (z,v)(t), t)
is now solution of

d

Ewk(X('% U)(t)v t) = rkfl(X('% U)(t)v t)

16



This gives an iterative computation of the terms of the expansion.

2.5 Conservation laws

We show that the Quantum Liouville and the classical Liouville equations
preserve the L?-norm of the solutions.

e Quantum Liouville Equation
Skew-symmetry of the operator 0;[V]
If V is a real potential and

(f.h)pe = [ fgdudo,
R2
then we have :

(f,0ulVIg)2 = — (OnlV1f,9) 12

Indeed, let us write F for the Fourier transform with respect to v (see
section 1.1), and design by A* the function

h* tu — h(—u)

for a given function A, remembering that for f and h two functions of
Lo we have :

F(f)y*F(h) = (2m)* F(f.9)

where x stands for the convolution of two functions, we can write :

/ V(e+hr t)-V(e-147 1)
— (3
R

- /R FOs[VIf)(r).F(g)(—7) dr

= —F(On[V1S) * F(g)(n = 0)
= —(2m)*F(Os[V]f.)(n = 0)
= —@0)? [ oalV)fg o

17



and the proof is completed after an integration over x.

Conservation

As a consequence, multiplying (2.1) by w and integrating over the
position and velocity spaces, the gradient term vanishes after integra-
tion in x if w — 0 for z — oo, and the term with the operator 6;[V]
vanishes because of its skew-symmetry property :

1

2
2 w —
(9t§||w||L2(R2) + /1121)8337 dxdv + /R2wﬁh[V]w dxdv = 0

=0 =0
= |lwl[2r2) = e = lwr||p2R2)

e Classical Liouville Equation
The conservation law for the equation (2.2) is easily seen by multiply-
ing this equation by w and integrating over R2, just supposing that
w— 0 as v — o0.
This means for example that the L?-norm of the zeroth order term wy
of the expansion is preserved.

2.6 Justification of the expansion

We want to use the Taylor expansion of V' introduced in section 2.2 to show
the validity of the expansion of w with respect to h :
if w” is solution of the Quantum Liouville Equation (2.1), then

" — w2 = OH*Y)

The method below was found in [2].

2.6.1 Estimate
Fourier transform preserves the L?-norm, hence we look at the equations
satisfied by u" and uf% :
O ut + 10,0, u" + (V)pu" = 0
Ol + 100 uly + ((OV)n — BN In) ul = 0

where (6V) and Iy have been respectively defined in the introduction and

in section 2.2 of this chapter.

Thus we conclude that u® — u]hv := wy is solution of

Or wN + Zanaa; wN + (5V)h wN = ihQN In U,)]ELV

18



Successive integrations by parts on I show that for all k :

1
In = %IN—/“

so that we can write the second member of the equation above :
N-1 4 N
2N 2N ; 2k 2N ;
h*"pn = h ’LZWIN_]CFL u, = h ZZIkUN—k
k=0 k=1

We set L := 0y + 10,0, + (V). Supposing py € L?, the equation for wy
now reads (F stands for the Fourier transform) :

Lwy = BN py
= F Lwy) = *N F(pn)
= FHwn) F  Lwy) = BN F N wn).F(pn)
= [greF Hwn).F 1 Lwy) dzdv BN oz F N wy).F~ Y pN) dedv

IA

RN JF wn) iz - [|F7 (ow) 22

E = [lonllr2
The left side of the inequality was just computed on page 18, we obtain :

Oz||lF wn)llf: < hzx llwnllzz llpn ||z
= Nlwnll20llwnllz: < B* Jlwnllre llon]l e

which gives after simplification, integration and because wy(x,n,t =0) = 0:

t
lonlles < 12 [ flonllza(s) ds

2.6.2 Validity of the estimate

The existence and the uniform boundedness of ||pn||r2 has now to be shown,
ie the existence of a constant M (t) (continuous in ¢) independent of i so
that :

pnllre < M(2)

We write the definition of py

N
1 n h h
s - (2k+1) w 2k+1)/,. " _~\2k
pN(x7777t) - Zkz::l 22k+1 (2]{))' /0 [V (.%'4—25 7t)+v (1‘ 2§ 7t)] (77 g) d§ UN—k -

Assumption on the potential
We suppose :

e The potential V belongs to C3V+2
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e There is a constant ¢ with

VEkE=1..3N+1, V¥ <c (2.7)

We are now delivered from the dependence of h :

N 2k+1

n
lon(z,m,t)] < 2c gmhwfk(%nat)\
N
< 2c anﬁ_ﬁ_l‘uka(xﬂ%t)’ :
k=1

Since n?**luy_p € LE(R2) for 0% lwy_, € L2(R?)
we should just prove that 85k+1wN,k belongs to L? and its L?-norm is
bounded through a continuous function My_g(t) for k = 1...N.

In fact, it is even possible to prove a little bit more :

k+jw1 9 9 ' ak—i—
EIEN € L*(R?) for k+j < 3N, then

]wp

Let be e Dui

€ L*(R?) for k+j < 3(N—p)

k+j
0" wy,
Oz o7

The boundedness through functions M, ;(t) of the L:norm of is

also obtained below in the proof of this assumption.

The assumption is proved iteratively :
We will use the following estimate for the characteristics (see justification
page 21) :

"I X
V k,j with k4+j <3N, 3¢ ;(t) (continuous) , V z,v, ||WHOO <cp;(t).
kv

Derivating the expression of wy
wo(z,v,t) = wp(X(z,v)(—t)) ,

using the estimate for the characteristics and the assumption on w; we ob-
OFtiw

tain that 3’“732 € L*(R?) for k + j < 3N and the L?-norms of these func-
Fiaedoly;

tions are bounded through (continuous) functions Mg ;(t).

The regularity of w; is given by the formula (2.6) : it depends on the
function

V(3) (.%', t) 3
o=~y % wo
so the V(¥ being bounded, w; satisfies

3k+jw1

gy € L(R?) for k4 < 3(N —1)
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We go on this way for higher derivatives :

ak+j Tpfl 2 2 .

W €L (R )fork‘—l—] S?)(N—p),
then we use the formula (2.6) to get the same property for wy,.

We eventually come to the function wy_1 for which yields :

We show at every step that r,_1 satisfies

akJrij_ 1

22 ,
ET eL*(R*) fork+j<3

Estimate of the characteristics
To show the regularity of wy, an estimate for the characteristics has been
used, ie the existence of ¢y ;(t) such as :

ARED.¢
Va,v, Vk,j with £+ j <3N, HWHOO < ep,j(t)

This can be proved iteratively :
The equation of the characteristics is :

So for example 0, X is solution of

{@X(t) = (Op, 0p) = (9pu(t), 0pz(t)V"(2(t)))
0:X(0) = (1,0)

In the assumption (2.7) on the potential V, and doing similarly for 9, X,
this leads with similar computations to page 16 to :

10X < e, [|0u X[ < e

for some constant a.
Derivating the characteristics equation again we find 0., X solution of :

{ 8$$X(t) = (Opa®,0020) = (0p0(1), Oaw(t) V" (2(t)) + (@Cx(t))? Ve (z(1)) )
022X (0) = (0,0)

We can there use the ”variation of constant” and obtain a uniformly bounded
solution.
It can be similarly done for higher and crossed derivatives.

Conclusion
As a consequence, this method shows that the expansion is valid on every
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time-interval [0,7], T'> 0 :

N
2c Z Hagk—HwN,kH[g

lowllze <
k=1
N
< QCZMN—k,O,QkH(t)
= MN_k(t)
=: M(t)
t t
= /0 llowllza(s) ds < /O M(s)ds =: C(t)

Hence the expansion satisfies :
" —wil[2 < BN C(1)

where C(t) is independant of %, continuous in ¢, and consequently bounded
on every time-interval [0,7], T > 0.
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Chapter 3

Introducing collisions

3.1 Boltzmann Equations

We refer to [1] for the results of this section.

3.1.1 Introduction

Previous equations take long range interactions between particles into ac-
count, but not the short range interactions, the so-called collisions.

As will be shown in the next section, collisions allow a system that is per-
turbated at initial time to get back to an equilibrium state.

In the classical case, the number density F'(z,v,t) of particles is a positive
function and takes values between 0 and 1 if the particles are electrons (be-
cause of the Pauli principle).

The idea of Boltzmann was to consider that the classical transport equation
can be written as a conservation equation of the number density F(x,v,t)
along characteristics for particles (resp. one particle of charge ¢) having a
convective motion caused by a potential (resp. an effective potential) V' as
long as collisions are neglected :

dF
3, Jeonv = 0
()

along the caracteristics (z(t),v(t)) defined by :

xr = v
b o= Lv,V(at)
m

The effect of collisions is thus supposed to balance the effect of convection :

dF dF
(%)conv - (%)coll
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The purpose of this section is to write an expression of the collision operator

QF) = ()

3.1.2 Collision operator

A collision is a phenomenon where particles stay at the same place but
instantaneously change their velocity.

As Fermions obey the Pauli principle, an electron comes to the state (z,v)
through a scattering event if it was in a state (z,v’) and if there is not
already an electron at the state (z,v), and it leaves its state (x,v) to go to
the state (x, ) if this last state is free.

Consequently, the rate of a particle with position = at time ¢ to change its
velocity v' into v is assumed to have the form :

s(x, v, v)F(x, v, t)(1 — F(x,v,t))

where s(z,v’,v) is the scattering rate, and the total rate of change of F due
to collisions at (z,v) takes the form :

Q(F)(z,v,t) = /Rs[s(x,v',v)F’(l —F) — s(z,v,0)F(1 = F)] d

where F' = F(z,v,t) and F' = F(z,v',t).
This leads to the Classical Boltzmann Equation, obtained at the classical
limit (chapter 2) :
OF + vV F + %VQCV.VUF = Q(F)
with Q(F) defined above. This collision operator is quadratic in F', nonlocal

in velocity.
We can check the conservation property :

/ Q(F)(z,v,t) dv = 0
R3

which expresses that collisions do not destroy nor generate electrons.

3.1.3 Low densities : linear collision operator

When the particle density is very small (F' << 1), we obtain a linear collision
operator given by :

Qr(F)(z,v,t) = /Rs[s(:n,v',v)F' — s(z,v,v")F] dv/
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This operator still satisfies the conservation property.

At thermal equilibrium (F = F.), the so-called ”principle of detailed bal-
ance” states there is locally no scattering event. This assures the nullity of
the collision operator through the condition :

Vz,v,v", s(z, v, v)F. — s(z,v,v")F, =0

At low densities the Maxwellian distribution at temperature T'

2
M(v) = M exp (— QT/Z;)T> (M constant so that s M(v)dv = 1)

can be used to describe the velocity distribution of the ensemble at thermal
equilibrium; kg is the Boltzmann constant.
So one can write F, = n(z,t)M (v) with the macroscopic density

n(x,t) = /R3 F(z,v,t) dv
and obtain from the principle of detailed balance :
s(z, v, v)n(z, ) MW" = s(z,v,v")n(z,t)M(v) .
This implies the relation :

sz, ', v) M) = s(z,v,v")M(v)
= s(z,v,v") = ®(x,v',v)M (V)

where ® is symmetric in v, v’, and therefore :

QL(F) = e b (z,v',v) [M(v)F' — M )F] d (3.1)

3.1.4 Kernel of the linear collision operator

Consequently, a function F' belongs to the Kernel Ker(Qr) of this linear
collision operator, ie satisfies

Va,v,t, Qr(F)(xz,v,t) =0,
iff the following relation holds :

M(v)F(z,v',t) — MW)F(z,v,t) = 0
F(z,vt) _ F(zv,t)
M (v") M (v)

This means that F' has the form :
F(z,v,t) = C(z,t)M(v),

the ”constant” C(xz,t) (independent of v) being by definition exactly the
macroscopic density n(z,t).
So we have the relation :

F € Ker(Qn) & F(z,vu,t) = n(z,t)M(v) .
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3.1.5 Relaxation time approximation

For low densities and moreover an initial data F7 close to the equilibrium
distribution, ie to a multiple of the Maxwellian, we approximate F’ by
n(z,v")M(v') and obtain using the linearized collision operator (3.1) the
relaxed collision operator :

Qr(F)(z,v,t) = —

where 7(z,t) stands for

(/R3 s(x,v,v") dv') B = ( o O (z,v',v) M(v') dv')

It is the so-called relaxation-time and describes the average time between
two consecutive collisions at (x,t).

-1

The resulting Boltzmann equation reads :

OF + vV, F + Ly, V.V, F
™" (3.3)
= = (F(CE,’U,t) —’I’L(Cl?,t)M(U))

T(z,v)

In the next section we will use this equation ()i and suppose the relaxation
time to be constant.
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3.2 Scaling

We use in this section the Boltzmann equation (3.3) established in the pre-
ceding section in the classical case.

3.2.1 Aria : The Boltzmann equation with relaxation time

For low densities, we have seen that we can use the linear collision operator
Qg with relaxation time 7 that we assume to be constant (see (3.2) of the
preceding section) :

Qr(w)(@,v,1) = —~(w(z, v,1) — n(z, )M () ,

T

where M (v) is the Maxwellian distribution verifying [gra M (v)dv =1 and

n(z,t) = /Rd w(z,v,t)dv .

Note that at any time ¢ we have

/Rd Qr(w)dz = 0,

since no particle is created or annihilated by collisions.
So we consider the equations :

w(z,v,0) = wr(x,v) independant of T

{@w + vVew + V, V.V, w :%(nM—w), zeRI veRI t>0

The initial data wy is supposed to belong to the Schwarz space S := S(R4 x R9)

3.2.2 1st variation : 1D problem in classical case

We study in this section the limit for 7 going to zero in the one dimensional
classical case. For a nearly close to the equilibrium initial condition, the
system should go back fast to the equilibrium.

We compute the first terms of an expansion of w, and give an iterative
method to compute the following terms.

We scale the time ¢ by the relaxation time 7 (s stands for "scaled” and will
be immediately dropped) :

and thus consider the 1-D resulting Boltzmann equation with relaxation
time :
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Equation

hw+ (v w + V(@)d,w) = nM—w, z,v€R, t>0(3.4)

w(z,v,0) = wr(z,v) (3.5)
Ansatz
We make the Ansatz
N
wh (z,v,t) = Z wy(z,v,t) 7.
k=0

Density
Consequently, n takes the form

N
’I’LN(x,t) = Z nk(x>t) T )
k=0

where
nk(x,t) :/ wi(z,v,t)dv .
R

Current density
We also define the current density

N
JN:—/vadv :ZJka
R k=0

with
Jp(z,t) = —/ v wg(z,v,t) dv.
R
Analysis

Inserting w? in (3.4) and equalling the powers of 7, we get the following
results :

e (Oth order term
The equations for wq read :

Oy = —wg + ng M
’I,UQ(U),’U,O) = U)[(I',U)
Density ng
By integration over v, we get dng = 0, so

no(z,t) = no(x) = nr(z) (= /wfdv).

Solution wy
Hence we can solve the equation for wy with the ”variation of the
constant” and find the solution :

wo(z,v,t) = nr(x)M@) + et (wr(z,v) — nr(z)M(@)) .

28



Asymptotical behaviour
It is a function of S for every ¢, and we have

l|lwo —niM||2 — 0ast — oo.
The zeroth order term returns to equilibrium.

e 1st order term
The equations for w; read :

Owy + voywy + V'(x)0wy = —wy + mM
wi(z,v,0) =0

Density nq
By integration over v and using that wg € S, we get for the first order
density dyny = 0,Jo = e 19, J;, and hence, because of ny(z,0) = 0,

ni(z,t) = (1 — e )0, Jr(z).

Solution wq
Inserting this in the equation for wy, we obtain :

wi(z,v,t) = O JJIM + (V0 + V'Oy)ngM

+ et (W0, + V'0y)(t(noM — wr) +noM) — (1 + )0, J M)

Asymptotical behaviour
We note that w; still belongs to S for good potentials, and verifies

[lwy — O JIM — (00 + V'Oy)noM]||;2 — 0ast — oo.

e k-th order term, k > 2
We have for wy, :

{ owy + wk = —voywi_1 — V'Oywi_1 + npM =:7,_1 (3.6)

wg(z,v,0) = 0
Density ny
The notation r_q is justified by the fact that for the density ng, as
ng(z,0) = 0, we have :

t
ng(z,t) = /0 OpJi—1(z,v,t)dt .

Solution wy
Putting this in the equation (3.6), we find wy as in the two first order
terms :

t
wi(x,v,t) = e_t/ e’ri_1(z,v,s)ds
0

Conclusion This gives an iterative computation of the expansion, with
a leading term tending to the equilibrium distribution n; M.

29



3.2.3 Variation 2 : Derivation of the Drift Diffusion Model

We still consider the (classical) Boltzmann equation :
1
w+ vWVyw+ EVyw = =(nM —w), zeRY, veRY >0
T
E(z) replaces VV.

Equation
We want to express that the collisions are leading the equation, hence we
scale the time by 1/e, with for example € := 7, and come to the equation :

0w+ ewVew + EV,w) =nM —w, zeRY, veRY >0
(3.7)
with the initial condition w(z,v,0) = wy(z,v) independent of e.

Ansatz
We make the Ansatz w = ekfk,

Density
the density is thus n = [ fdv =3 efny. , ny = [ frdv.

Other moments
We also need the first and second moments of the function w (and similarly
for wy) :

the current density J(z,t) = — / vw dv
Rd

the moment of 2nd order o = (0y5(x,t));; = (/ VvjW dv)
Rd ij

Concerning the isotropic Maxwellian Distribution M, we write 3D for

/ v? M (v)dv and recall that/ v.V,M = -3.
Rd Rd

Analysis
Insertion in (3.7) leads to :

e Oth Order
wo(z,v,t) = no(z,t)M(v) with no(z,0) = ns(z)

So no big condition appears for ng in the zeroth order equation. Cur-
rent of order 0 is zero :

Jo(x,t) = 0.
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e 1st Order
v.Vewy + ENVywyg = niM — wy

Replacing wq through ngM gives an expression of wy :

wy = M — Mv.Vyng — ngE.V,M

Drift diffusion current
We get a trivial equation after integrating over v, but the following
current density of order 1 if we multiply by v before integrating :

Ji(z,t) = DVzng — noE

The first order current is the drift-diffusion current created by E and
the density of order zero. The diffusion current is DV, ng : by defini-
tion, diffusion takes place for heterogeneous repartition of the particles
(which implies a gradient of density). The drift current is created by
the motion of the electrons due to the electric field.

We get an equation for the total current using the equation of :

e 2nd order
Oiwg + v.Vyw; + EV,w; = naoM — wo

By integration over v, the drift term E.V,w; vanishes (see expression
of wy for its behaviour at v = 00), and we obtain using

Jo.V,widv = V. [vwidv = V. Jp the
Drift diffusion equation

{ dng — Vau.(DVgng — noE) = 0 (3.8)

no(x,0) = nr(zx)
Conservation, evolution
We notice through integration of (3.8) the conservation in time of the

quantity [ga no(x,t), number of particles at the Oth order and total
number of particles, since for k > 1, ng(z,0) = 0 holds.

The density ng therefore satisfies the following equation, provided
E(x)ng(z,t) — 0 as x — oo, ie for not too bad E(x)

1d

1
salnollEs + DIIVanolfe = 5 [ VeEndde (39

This was obtained by multiplying (3.8) by ng and integrating over z.
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e k-th order
Iteratively we get similar equations for the wy, but the current density
at order k will now depend on the fluctuations of the current of order

k—1:
Owy, + vWVawggpr + ENVywiyr = npgoM — wigo
ngiiM — v.Vowy, — EVywp — Qw1 = wiy
wk+2($,’0,0) =0

As we can show iteratively, the function w1 keeps a good behaviour
for infinite velocities, which leads to the equation for the density ng
and an expression of Jx :

{atnk = VaJii (3.10)

Jer1 = Veor —npE — OpJi_q
We used that / 0Oy, wdv = 0 for i # j,
Rd

d
and Vo is the column vector (¢;) with ¢; = Z O, a/.
j=1

In quasi stationnary cases, we can drop the correction term due to fluc-
tuations in time of the current and get the same drift diffusion equations as
in the zero-th order. In fact, this term can also be neglected in many no
stationnary drift diffusion models where the fluctuation of the current occur
in characteristic times that are much bigger than the relaxation time.

Conclusion
In a stationnary case, and at first order approximation, we can consider that
the drift diffusion current satisfies :

V,.J 0 (3.11)

{ J = 7(DVgng — noFE)
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3.2.4 Variation 3 : 2-D model with strong field in one direc-
tion

The aim of this section is to modelize a 2-dimensional case with strong
electric field in one small direction (say y-direction). This implies big accel-
erations of the electrons in this direction and hence many collisions.

We still use the classical Boltzmann-type equation :

1
hw+ vVxw + EVyw = =(nM — w)

X :(:U,y)eRz,v:(u,v)ERJ,t>0

The field E, along the z-direction is supposed to be of order of magnitude

1, whereas E, is of order so we scale as follows, with € := 7 :

6_2,
E Yy
ts =¢t, Eyszl/—eyga ysze_g

and obtain by inserting in the equation above :
Equation
Eow + € (upyw + E 0,w) + % (EyOyw + voyw) = nM —w
with the initial condition
w(z,v,0) = wr(z,v) independent of e.

Analysis
Using the current density

I t) == [ vl yuondade = (70,7 9.0)
R2
and writing as usual w = 3 €*wy,, we come for the first order terms to :

e Oth Order
E,0ywy + voywg = 0 and wy(x,v,0) = wr(x,V)

Current density
Integration over the whole velocity space and just over v gives :

OyJE =0
3y</ vwodv> =0
R
Function wy
For the function wgy we conclude that it is a function of the variables
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02
5 V(z,y,t), z, wand t :
02

wo = wO(? —V(x,y,t),w,u,t)

Indeed, we can introduce the characteristic curves X (h) = (y(h),v(h))
defined by

X(©0) = (yo,v0)

where F'(a,b) = (b, Ey(a)).
Then, for all x, u, ¢, the function wy(z, y(h),u,v(h),t) is constant along
the characteristics :

{ X(h) = F(X(h)

2 (woly(h), (1)) = 0

and, if we introduce the potential V' such as ' = V4V, the equation
of these caracteristics is :

Y = v
0 = Gely(h)
y(0) = yo v(0) = vo

which leads, after a short computation, to the energy conservation :

2 2
v _ este = Y0
- V) = et =D - v

This should be also true at t = 0, so we have to suppose that wy is of
2

the form wj(% —V(z,y,t),z,u,t).

1st order
noM —wg = vOyw1 + E,0,w;

Current density
Integration over the velocity space before multiplication by v gives a
similar result to the Oth order case :

oy Ji = 0.

Because of the form of wgy, we have

/vwodv =0
R
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so that :

0
_ 0 ) +0, ( Jrz2 v widudv )

—ny By Jr2 02 wydudv

3y = Jr2 vwo dudv )

e 2nd order

mM —w; = udywy + E 0wy + vOywe + E,0,ws

We come after integration to :
Oy J3 = —0.J;
and

J = 0, ( Jrz2 u2w0dudv> + 0, < Jr2 uvuududv) B <n0Ex>

0 Jr2 v2wadudv na B,

e 3rd order
Time derivative is now present :

noM —wy = Oywo + udywi + E 0,w1 + voyws + E,0,w3
which leads to :
dno — Vx.J1 — 9yJ3 = 0
(we used that Vx.J1 = 9y Ji + 0yJ7).
=0

Remark
These results have been obtained supposing that
wk(x,v,t) and v wi(x, v,t) tend to zero as v tends to infinity.

An other method
The results of the first two items (9,J3 = 9,J¢ = 0) also lead to the
following considerations, where we use a partial density g defined as a partial
integral of w :

g(x,u,t) :/ w(x,u,v,t)dv
R

If N(u) denotes [g M (u,v)dv,
and I(x,u,t) the partial current in y-direction :

I = —/vwdv so that /Idu: J?
R R
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We have 9,1y = 0 and J} does not depend on .
The function g satisfies the :

Equation

1
€09 + €(udpg + Ep0u9) — . 91 =nN—g

Ansatz and assumption
We write an expansion of g = Z e ks
k>0
analogously of I = Z ex Ii.
k>0
Let us assume that 9,1y = 0, then

Analysis

e Oth order term
This gives in our assumption a maxwellian distribution for the zeroth
order partial density :
go = ng N .

e 1st order equation
w0y go + Ey Oy go — Oy I = niN — g1
which implies
g1 = mN — udygo — Ey Oy go + 0y L2
Integration over u now gives, because of the form taken by gq :

OyJi =0

e 2nd order equation
It reads :

Ogo + vy 1 + EpO0ug1 — OyIs = na N — g

and after integration over u, also using the expression of g; we got in
the preceding item :

ayJ?,Z = 0rng + 0 (Exng —D 0y o) + Bxay/ulgdu
R

=0 if we assume 8,I>=0
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We might compare this result to the preceding result of the third order
equation on page (35) and write :

amJll = 0, | Exng — D 0, ng —|—6y/ulgdu
R

=0 if Oyla=0
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Chapter 4

Semiconductors

Until now we have considered particles allowed to have every energy (every
velocity) and moving in a vacuum.

In fact, in a solid at room temperature, two kinds of eletrons may exist :
some with lower energy strongly hold to the nucleus, while others with higher
energy are free to move and allow the solid to conduct electricity. If the
conductivity of semi-conductors increases with temperature, pure semi con-
ductors will anyway not conduct enough electricity, and (technically rather
complicated ) methods consist in introducing free electrons : this is called
doping.

Purpose of this chapter is to understand this procedure of doping and how
the equations of the previous chapters can be used and adapted.

4.1 Cristal lattices

In an ideal solid exempt of impurities, atoms are periodically disposed in a
cristal lattice R with primitive vectors aj,as,asg that define the primitive
cell :

R = {n1a1 + ngag + nzag, Ni,No2, N3 € Z}

A reciprocal lattice is defined :
R* = {niay + nola + n3as, ni,ne,n3 € Z}
where a7, a2, ag satisfy :
aj . Eij = 27‘(’52‘7]‘

The primitive cell B of the reciprocal lattice is called Brillouin zone.

Let Vi, be the potential generated by the ions located at the points of R,
then V7, is periodic over the lattice, and the steady states W of energies F
of the electron verify :



A theorem (called Bloch Theorem) then assures that, because of the peri-
odicity of Vi, ¥ has the form :

U(r) = Wy(r) = ue(r) e™r

where r € R3, k € R3 and wy is periodic over the lattice.
Inserting the Bloch Ansatz into the wave equation gives :

h? , h?
—%(Auk +2ik.V uy) + (%|k|2 —qVi(r)ux = E uk .

The periodicity of uy and operator theory results now imply that for each
k, the eigenvalues E consitute an infinite sequence Ej(k).

In fact, since e’¥* =1 for k € R* and r € R, the wave vector k can be taken
in the cell B.

The function FEj is called the first energy band of the cristal, and for an
electron of the subband [, the velocity corresponding to the wave vector k
is :

ull) = ViEK) .

This is the way the equations written for v in the previous chapters can be
re-written for k : using v;(k), and using functions w of (z,k,t) instead of
(z,v,t). The principal difference is the appartenance of k to the bounded
Brillouin zone B and not to the unbounded domain R3.

4.2 Semi conductors and doping

Definition
These bands of energy FE; are here supposed to be distinct. The valence
band is the highest band of energy where the electrons are still held to the
nucleus, the next band is the conduction band.
A semi conductor (like Silicium, column IV of Mendeleiev’s classification,
ie four electrons in the valence band) is defined by the following property :
at zero Kelvin, the valence band (of maximal energy Fy ) is full and the
conduction band (of minimal energy E¢) is empty, but at room tempera-
ture, thermical energy (of order of magnitude kg7, with kp the Boltzmann
constant) allows electrons to jump from the valence band to the conduction
band.
The difference

E,:= FEc — Ey

is called the energy gap. So the condition reads Ey, < kpgT.

We mention the two other cases : metal have already got electrons in the
conduction band at zero Kelvin, isolators have a too high energy gap and
no electron is in the conduction band at any 7'
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Holes
The jump of an electron from the valence band to the conduction band lets
a hole in the valence band, that might be filled in by an electron of the
subband : to these moving holes a charge +¢ is attributed. Since they can
move, they contribute to the current.

Doping
In order to increase the number of conduction electrons in the semi-conductor,
new atoms (impurities) are introduced. Let us take for instance foreign
atoms that have one more electron (ie column +V of the classification) in
the valence band than the semiconductor atoms do. These atoms build a
covalent bond with the semi-conductor atoms (four electrons from the Sili-
cium together with four from the foreign atom), but there is one electron
left. The foreign atoms are chosen so that their valence electrons have an
energy lightly inferior to the minimal conduction energy F¢, hence the left
electron can easily jump to the conduction band at room temperature. We
have obtained a n — doped semi-conductor : for each foreign atom, there is
one more conduction electron and the covalent bond is positive charged.
Similarly we can increase the number of conducting holes by using elements
of the I11-rd column and create p — doped semiconductors.
In practice, the doping is large, so that almost all conduction electrons come
from this doping.

4.3 Drift Diffusion - Poisson Equations

Drift diffusion model for semi-conductors contains the same equations as
seen before (section 3.2.3 page 30), but written a second time for the holes.
They macroscopically describe the motion of the free particles (ie electrons
of the conduction band and holes of the valence band). In fact, interactions
exist between holes and electrons, the so-called combination-regenerations,
but they will be neglected in the next chapters.

Adding the Poisson Equation (see 1.6 page 10), we get the self consistent
model for semiconductors with doping concentration C :

In DV,n — nV,V
Op + V. Jp 0 (4.1)
Jp = DVgp + pV,V
esAV = n—p-—-0C

where the indices n and p respectively stand for electrons and holes, n and
p for the electron and hole densities, €, the permittivity of the environment.
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Chapter 5

From Drift Diffusion to
MOSFETs Equations

In the coming two chapters, the Drift Diffusion model found in section
3.2.3 of chapter 3 is written for both holes and electrons, together with the
Poisson Equation (1.6) : this leads to the system (5.1).

Global aim is the expression of the current in a MOSFET. The results below
have been obtained in [1] through appropriate scaling and derivation of a
quasi one dimensionnal model.

The purpose of this chapter is the obtention of the MOSFET equations
through appropriate scaling from the stationary Drift Diffusion Model (with-
out recombination rate : see [1]).

5.1 Equations and boundary conditions

5.1.1 Equations

The stationary Drift Diffusion equations are given in a domain Q C R4, d =
1,2,3 by :

V.eVV) = qgn—p-0C)

V. (Jn) =0

JIn = ¢DpVn—p,nVYV) (5.1)
V. (Jp) = 0

Jp = ¢(-DpVp—pppVYV)

where € stands for the permittivity, V' for the potential n (p) for the
electron (hole) density, C' for the doping concentration, J, (Jp) for the
current density associated to the electrons (holes).
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D,, (Dp) and py, (pp) are the diffusion and mobility coefficients of electrons
(holes) and satisfy the Einstein relations

Dy, = pnUr, Dp = ,upUTa (5'2)

kpT
where Ur = B2 is the thermal voltage, Ur ~ 0.025 V at room tempera-
q

ture.

5.1.2 Boundary conditions

The boundary 92 of the domain €2 is assumed to consist in a Dirichlet part
0f)p, corresponding to Ohmic contacts and a Neumann part 02y, corre-
sponding to insulating or artificial surfaces.

At Ohmic contacts, the space charge vanishes, there is thermal equilib-
rium and the quasi Fermi levels ¢,, and ¢, assume the values of the applied
voltages :

n—p—C = 0
np = n (5-3)

o=V -Urh(2) = U=¢,:=V+Urh (L)

n; is the intrinsic density of mobile carriers (n; ~ 10*°cm™3 at room
temperature). We refer to [5] for the second equation.
These three conditions lead to following results for the (positive) densities
n, p and for the the potential V:

n(@) = np(x) — 1 C(x)—l—q/C(x)Q—i—éln?)

|

ple) =pplz) = }(-Clz)+ \/M) (5.4)
V(z) =Vp(z) = U(x)+ Vui(2) for x € 9Qp

with Vj;(z) = Urln <nD(x)>

n;

Along insulating and artificial surfaces, there is no current flow and a
zero electric field in the normal direction v (unit outward normal vector to
the boundary) :

a—(:c) =VV.v =0

ov
Jn(x) v = 0 (5.5)
Jp(x) v = 0 for xz €0Qyn
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5.1.3 With the Slotboom variables

Using the so called Slotboom variables (linear in the densities), we write :

v v
n=mn; elr u p=n;e YT o

and obtain for the current densities in (5.1), using the Einstein relations
(5.2) :

v _v
Jo=qUr n; pp et Vu Jp=—qUrn;upe Yr Vo

and thus for the equations of paragraph 5.1.1 :

v J
eAV = gn;(eru — e Urv) — qC
1%
0 = Urn; V. (un €'t V u) (5.6)
v
0 = Ur n; V. (Mp e Ur VU)

with the boundary conditions :

Dirichlet conditions :

V=Vp, u=up, v=vp on 0Q2p (5.7)
, W Y
with up=mn; e Ur np and vp =n; €T pp (5.8)

Neumann conditions :

ov ou ov

5.2 Scaling

We introduce the following scaling and bring the system of Drift Diffusion
Equations (5.6), with boundary conditions (5.7), (5.8) and (5.9) into a di-
mensionless form. Let be

e L a characteristic length for the geometry of the transistor,

Ur the thermal voltage seen in (5.2),
e C the maximal absolute value of the doping concentration (C~’ ~ 102 em=3),

e /i a characteristic value for the mobilities p,, and p, (for silicon, f is
of the order of 1000 cm?V ~1s71).
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We thus set (s stands for scaled):

$:LIS, V:UT‘/S

n = C n,, p:éps, C =C0C,
qUrCHh _ qUrChi
i3 Jns? Jp - L

P = fifin,, Pp = [ifp,, Dy, = Urpipin,, D, = Urpipyp,

In = JIp,

By now the subscript s will be omitted. Introducing the parameters

1 1
2 N\ 5
P (s and § = <i>2 (5.10)
qCL? C

(X is the scaled Debye length), the Drift Diffusion problem now reads :

NAV = 2 (u—eVo)- C

V.(Ju) = 0

I = e’ Vu (5.11)
V.(J,) = 0

Jp = —ppe V' Vo

with the boundary conditions

V=Vp, u=mup, v =uvp on 0Qp (5.12)
where up(z) = e V@ | vp(z) = V@ x € 00p, (5.13)
VC ()2 + 46%
Vp(z) = U(x)+1In Cla) + vOla) +
202
= U(x)+ Vy(z), x € dlp

and

217 ou oV

The Slotboom variables have now taken the form :

uw=02ne"V and v=2062pe.
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Figure 5.1: Cross section of a MOSFET
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5.3 Geometry of the Metal Oxide Semiconductor
Field Effect Transistor

5.3.1 Cross section of a MOSFET
see page 45

5.3.2 Explanation

A d = 2 dimensional model can be adopted.

The semiconductor part ADF'FE of the MOSFET consists in three regions :
source, drain and bulk. Each of these regions is uniformly doped, ie atoms
that are positively (negatively) ionized at room temperature have been in-
troduced in the source and drain regions (bulk region) in order to arise the
number of mobile carriers : negative charged electrons in the so called n-
regions let positive fixed ions, and positively charged holes in the p-region
let negative fixed ions.

Bringing a n-region next to a p-region, as along BG and CH, we get op-
posite phenomena for the movement of the mobile carriers : electrons tend
to diffuse from the n-region to the p-region, holes from the p-region to the
n-region. However, the resulting electric field, created by the fixed ions,
leads to the drift of mobile carriers, opposed to the diffusion. The region
along the frontier with lower mobile carriers is called pn-junction.

In the following, the pn-junctions are assumed to be small compared to
the length L := BC| reference length.

For positive applied bias on the gate IJ, the holes are repulsed and a
depletion zone appears close to BC, even a weak inversion zone when the
electron density becomes greater than the hole density, both densities re-
maining small for high doping. For larger applied bias, the hole density
tends to zero whereas the electron density can become great : a strong in-
version layer appears close to BC' (charge can not penetrate the oxide),
which may be followed by a depletion-weak inversion zone, as the potential
decreases along the z-axe.

Then, applying a bias between source and drain, a current can circulate
through the p-region and even become big when a strong inversion layer
exists. In this case, the carriers responsible for the current flow are only the
electrons (holes are not involved) : we have a so-called n-channel of length L.

To sum up, the gate voltage modulates the conductivity of the semi-
conductor, while the drain voltage controls the current flow.
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5.4 MOSFET Equations and Boundary conditions

We set for the Slotboom variables, which have to be positive (see definition) :

u = e v = err.

S0 ¢p p are the quasi-Fermi levels scaled by Ur.

V—¢n
For example, the unscaled version for nreads: n = n;e Ur |
and the scaled one : n = §%¢e" 7%,

Remembering ¢,, = ¢, = U the applied voltage at a Ohmic contact,
we see that an equilibrium ( no applied voltage : U << Urp ) corresponds
tou = v = 1.

5.4.1 Equations in the MOSFET
They simply read for the rectangle ADFE :

NAV = (Ve —eVier) - C (5.15)
V.(Jn) = 0
In = —Hn eV~ v $n (516)
V.(J,) = 0
7, _ eV Vg, (5.17)

The oxide is free of charges, thus the potential verifies in the rectangle BCJI :

AV =0 (5.18)

5.4.2 Boundary conditions

At the Ohmic contacts AB, CD and EF, we can write the Dirichlet conditions
(the source is the reference voltage):

® v, =, =0o0nAB

® ¢, =, =Up on CD, Up the drain-source voltage

® v, = ¢, =Up on EF, Up the bulk-source voltage.
At the interface 1J, we have the condition (ideal case):

e V(—d,y) = Vi + Ug, Ug the gate-source voltage.

e No current is assumed to be able to flow across the surfaces AE, DF,
and IB, JC, so we have there homogenous Neumann conditions for the
quasi Fermi levels ( see (5.16) and (5.17) ).
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Chapter 6

A simplified model for
MOSFETSs

After reducing the problem on a central part of the transistor, we compute
the current source-drain using a quasi-one dimensional model.

6.1 Reduction of the problem to the rectangle BCHG

We do following simplifications :
The quasi-Fermi levels corresponding to the majority carriers are constant
in each p—and n—region, that means :

e , = 0 in the source region, and hence on BG
e v, = Up in the drain region, and hence on CH

e ¢, = Up in the bulk region, and hence in BCHG

6.1.1 Rescaled equations in BCHG

We introduce the small parameter v defined by :

d has been defined in (5.10). We rescale the variables with this parameter
v
W =V, Pn = ven § =

> 8
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A

where \ = ——.
VY

As ¢, = ¢*" in BCHG, the hole continuity equation is trivial, that’s why we
only consider the following equations :

- — P, -1 —W-1
BEW + )\28§W = exp (Wi) — exp (%) + 1 (6.1)
Y v

and

e (1 s (=) 0, ) 3%, (1 e (V=) 0,8, —o

(6.2)

In the next section, we will use the smallness of X in order to derive a
one-dimensional model.
We also recall that v is a small parameter, so the discussion for the analysis
of these equations in section 6.3 will be based on the sign of W —®,, — 1 and
of Up — W — 1, ie the cases of small or big scaled electron-holes densities.

6.1.2 Boundary conditions at the interface BC
As there is no current flow crossing BC, J,-v = 0or:

0¢®, = 0at BC. (6.3)
The second boundary condition on BC is :

adW = W — 4V — Ug (6.4)
€sd

€oTA

where a =
In order to get it, we compute the potential in the oxide :

The oxide thickness is small compared to the channel length : d << L,
and L was chosen as the reference length, so that in fact : d << 1; setting
n =3, we get from 5.18 that :

2 2927, _
o,V + d7o,V =0
As d tends to zero, one can write and solve the equation
RV =0 (6.5)

knowing that, even if the Neumann conditions seem to be violated, it
is possible to consider corrector layers (that reveal to be a O(d) ) at the
boundaries BI and CJ. So we suppose (6.5) to be true everywhere in BCJI
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and solve it :

V;Jz(n) - V(0+7y) - (‘/bl(oay) + UG') n + V(0+7y)
We used here the continuity of the potential :

V(0-,y) = V(04,y)
The continuity of the electric displacement at the interface BC :
€002V (0—,y) = €0,V (0+,y)
gives us the boundary condition on BC :

€sd

€0

0V =V -V, —Ug on BC

which reads (6.4) in the rescaled version.

6.1.3 Boundary conditions at the interfaces BG, CH

We rescale the equations seen in the introduction :

®, =0 at BG and &, = Up at CH.

The potentials along the pn—junctions BG and CH are left unspecified.
6.1.4 Boundary conditions at the interface GH

Firstly, we assume that no current flow occurs across GH, which leads to
the boundary condition :

9:®, = 0 at GH. (6.6)

It means we expect only a tangential current at the interface, but this is not
necessary justified by numerical simulations.

Secondly, up to this artificial boundary the space charge is assumed to

be zero, hence at the boundary : C'+p—n = 0, or in the scaled version :
W-—-ao,—-1 Up—-—W -1
exp (7) ~exp (37) L 1=0
gl 8

This leads to a quadratic equation for exp(%), from which we get the
following solution :

1 Ug—®, -2
W:UB—l—'ylni 1+\/1+4eXpB7n] on GH (6.7)
v
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6.2 A quasi-one dimensional model for a formula-
tion of the current

We get below a general 1-D formulation of the current and derive a square-
root equation fot the potential W that will help us compute the current
in the cases of depletion-weak inversion and strong inversion (see following
section).

6.2.1 The 1-D model

Letting A go to zero in (6.1) where it appears in a quadratic way, we obtain
following problem for fixed y € [0, 1]:

wW—-o,—-1 Up—-—W-—-1
(952W = exp (f) — exp <Bf) +1 (6.8)

For given ®,, this equation combined with the boundary conditions on BC
and GH ( (6.4) and (6.7) ) has exactly one solution

W = W(®,&y)

Doing the same for (6.2), we write :
W, -1
O¢ (,un exp <7n )(9§<I>n> =0
Y

which means, as 0¢®,, = 0 at BC (and in our assumptions also at GH, see
(6.3) and (6.6) ) that ®,, does not depend on & :

o, = D,(y).

6.2.2 A formulation of the current

B
Integrating the continuity equation (6.2) over £ € [0,£*] with £&* = —— the

value of £ on GH, and using the other boundary conditions on BC and GH
( (6.3) and (6.6) ), the integral of the first term in (6.2) is zero and thus we

obtain :
& P -, -1
/ dy (,un exp(W( n,§,y3 i )8y<1>n) ¢ =0
0

We note that 9,®, is like ®,, independent of £ for A tending to zero, and

set :
€ wW(®,,&y) — P, —
N(@n,y) = /0 exp( ( 5‘7{3 1) d€ (6.9)

so that :
Oy(ttn N(®p,y) 0y®,) = 0
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As we considered that the holes do not contribute to the current (we set
¢p = ¢ in BCHG), the expression i, N (®,,y)9, P, is exactly the (electron)
current I(y) at a section y = ¢**, and the equation above just says it does
not depend on y :

I=c¢%t = ,u,f N(®y,y) 0y®p
= Jo i N(®y,,y) 8,8, dy

Remarking 0,®,, dy = d®,, and remembering that ®,, € [0,Up] for y €
[0,1] (see paragraph 6.1.3), the formulation for the current reads :
Up
I = pu, (®,) dP, (6.10)
0
6.2.3 A squareroot equation for the potential

Here @, (y) and Up are seen as parameters verifying the inequality

Vy, Ug < ®,(y) + 2.

We start from equation (6.8), multiply it with 0J¢W and integrate over
[0,6* = BE ~ o] :

1 W—-o, -1 Ug—-W -1
5(8§W)2 = v exp (f) — exp (%) + W + k

where k is an integration constant we are determining as follows :
We introduce the notation 7'ST (Transcendentally Small Terms), in fact

TST(v) meaning T'ST = O (e*c/“f) as 7y tends to zero for a positive con-

stant ¢, so every T'ST'(y) is small compared to any power of ~.
As a consequence, we can write :

W = —14+Ug+TST onGH,ieforé{ = & ~ o0
Writing 0¢ W (00) = 0, we get the value of k :
k=1-Ug—~y+TST (6.11)

Assuming W is decreasing at fixed y in BCHG, we obtain :

DWW <W—<1>n—1) (UB—W—1>
—- = — exp| ——— | —exp| ——— | + W + &k
V2 \/7 v v

(6.12)
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This can be written at £ = 0, using (6.4) :

W(0) =~ Vi —Ug
a2

\/7 exp (7W(O);¢"71) — exp (7UB*VL/(O)71) + W(0) + k
(6.13)

We eventually remark that in this expression

YWy = —1+TST.

6.3 Computation of the potential

In this section we use the equations obtained in section 6.2.3 to compute
the potential in the depletion-weak inversion case and in the strong inversion
case.

We remember that the scaled densities are given by :

W—q)n—1>

UB—W—1>
~

and p = exp(
~

n = exp(

6.3.1 Depletion-Weak inversion

Here is Ug supposed to be lightly greater than Up.

Conditions on Ug

The densities n and p can be neglected (ie are TST(y) ) in all the rectangle
BCHG iff Up—1 < W(§) < &, + 1 for all £.

As W is a decreasing function, it means :

W) < &,+1 and W(l) >Up—1

In this case W (0) is solution of a simplified equation, obtained from (6.13),
(6.11) and the remark at end of paragraph 6.2.3 :

W(0) — v Vi — Ug

= —yW(0)+Ek
W(0) v, Y
+1-Ug
~ ~ —yW0O0)+1-U
a \/5 \/ ( ) B
Taking the square of this equation we get :
W(0) = Ug—1+a®—a /a2 +2(Us — Us), (6.14)
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and the condition W(0) < ®,, + 1 is realised as soon as :

Uc € |Up,2+ @, +a /22 + @, — Up) (6.15)

The right end of this intervall is thus the limit between weak inversion and
strong inversion.
Potential and depletion width

Under the above assumptions, the equation (6.8) can be written :
2
BW =1 = W) = 5+0W(0)¢+W(0)
with W (0) < &, + 1.

As long as W(§) > Up — 1 holds, we are in the depletion-weak inver-
sion case, and as soon as W (&) reaches the value Up — 1, then W has to
stay constant equal to this value, as there is no accumulation of holes in the
semiconductor. It allows us to define the depletion width &4, value of £ after
which the potential is constant.

Replacing 0¢ W (0) and 1 (0) in the potential above thanks to (6.13) and
(6.14), we can come (neglecting the T'ST's) to the following expression for
the potential under &; :

“1+Up+5(6—¢€a)® 0<6<g

W) = { 14U, £> ¢, &q = —a+ /a2 +2(Ug —Up)

(6.16)
We note that in this case of depletion-weak inversion &; and thus W are
independant of ®,,.
W is maximal for Ug equal to the right end of the interval seen in (6.15),
which leads to an expression of £7'** in the form :

£ = \/2(2 + &, — Up) (6.17)

6.3.2 Strong inversion

Here is Ug going to be strongly greater than Up.

The electron density n is expected to be large in a some part of the
rectangle BCHG, ie W(§) > @, + 1 for some £ over a so called strong
layer [0,&;n,] next to the oxide. As the potential decreases we expect a
depletion-weak inversion layer where n is small as in the preceding section
for & € [&iny, &4 ending in an equipotential layer in the rest of the rectangle.
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wW—-o, -1
Looking at n = exp (7n), we make the Ansatz :
v
1
Winv = 1+(I)n+'7 ln; +7z

The function z is solution of a simple differential equation with boundary
condition at & = 0:

Only the second exponential term (corresponding to p) is now a T'ST in
(6.13), the first exponential (electron density) is exp(z(0)), and letting v go
to zero we come to the equation :

% = — \/(exp(z(O)) +2+ &, —Up)

and obtain the boundary value of z :

(2+‘I’n—UG')2 9
2 a? o

z(0) = In ( ), + UB)

We move to the fast variable

I3 x

S - T 6.18
TAVY (618)
write £(7) = z(£) and obtain from (6.12) the differential equation for Z(7) ,
letting v tend to zero :

T =

0,5 = —\/2(exp(2) +2+ &, — Up)

with the solution :

Z2(r) = In ((2 + ®,, — Ug) sinh 2 ( 1+ MT + c)) (6.19)

where the constant ¢ is determined by 2(0) = z(0).

As 2(7) tends to —oo when 7 tends to oo, the potential will come under the
value 1+ @, for a value &, of &, where the weak inversion begins. In this
zone, the potential is solution of 6§2W = 1 and thus has the form

§2

Wdepl(g) = a—i—bf—i—;

The scaling shows that &,, << 1 and a development of Wj,, in terms of
the slow variable £ by zero gives :

Wino(€) = 14+®,+7 L +52(%)
1+®, — /1+ (®, —Up)/2&+0(&) +TST
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Equating the coefficients in W and W,y implies :

Waepi(€) = 1+®, — T+ (@ —Up)/26+ 5
= —14+Ug+ %(5 _ 531@90)2

where £]'** was given in (6.17) and is independant of Ug.

After £]'* the potential is constant equal to Up—1 in the rest of the rect-
angle. Saying that the depletion layer has to stay in the rectangle BCHG,
we have the condition that £]'** remains inferior to £* for every y.

For increasing ®,, (equal to zero at the source and to Up at the drain), £J'**
is also increasing, and the condition reads :

B
¢m+%—%h&€.

We sum up the results for the potential in the strong inversion case :

L+ @+ InJ+ 0< €< Eme
. T, —Up ¢
_ 2 *n —YB §
we = | 1n<<2+<1>n Ug) sinh (ﬁ 7+c>>
~1+ Up -+ (¢ — o) G < € < £
—1—|—UB é“zgdmam
(6.20)

The value of £]'* is given in (6.17).
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6.4 Computation of the current

We will use the formulation established in section 6.2 to compute the current
in the cases of depletion-weak inversion and strong inversion. We thus need
the expression of N(®,,) that appears in (6.10). It is defined in (6.9).

6.4.1 Expression of N(®,)

In the depletion-weak inversion case, we use the potential of (6.16), omit
the quadratic term and integrate over [0, co] (7 is small) :

Naep (@) =[5 n d¢
~ o) W—-o,—1
~ fo €xp (f) dg

W(0) — By — 1
T) (6.21)

In the strong inversion case, we use the expression (6.20). In fact, we
just need to compute the contribution of the strong inversion layer (integral
over [0, &inv] approximated by integral over [0, co]) and add it to the contri-
bution of the depletion layer (6.21) with §; = £J*** (integral over [£iny, 4]
approximated by integral over [0, cc]). We obtain :

~
Ndepl(q)n) = —exp(

Nino(®n) = (Ug—2-®y)/a — /22 + & — Up) + 7/1/2(2 + &, — Up)
(6.22)

6.4.2 Currents

We use the formula (6.10) for the current, and thus have to consider three
cases, depending on the value of the gate voltage Ug. The bounding values
of Ug are derived from the interval (6.15). Indeed, if Ug is small enough,
depletion-weak inversion prevails in the whole channel; if it is big enough,
strong inversion prevails; otherwise both of these occur :

o for U < U; = 2+ ay/2(2—-Up) (U, stands for threshold voltage),
we use (6.21) and obtain :
2

il (M) (1—eUn/m)

I = pn— exp
&a Y

So the saturation current in this subthreshold region is, for large Up,
a transcendentally small term of ~.

o for U > Uy = 2+ Up+ ay/2(2+ Up — Ug), and so as long as the
drain-source voltage verifies
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Up <Upsat = Ug—2+0a?—ava?+2Ug —2Up , we use (6.22) and
obtain :

1 2v/2
I = py <E(UG_2_UD/2)UD - T\/_(2+UD—UB)3/2
2v/2
+i(2—U3)3/2 + ’7\/2(2+UD—UB) - 2(2—UB)>

3

This is the non-saturation region.

when the quasi Fermi level can take the value of Upg., ie the in-
equalities of the two first items are not satisfied, there is a so called
pinch-off, and (6.21) is used for 0 < ®,, < Upsq: whereas (6.22) is used
for Upsat < ®, < Up :

? W(0) —1
I = Isat + Mnry_ eXp <L> (erDsat/'Y _ B*UD/’\/)
Y

&a

L4 is the saturation current obtained by substituting Up = Upggt in
the current of the non-saturation region. The distance of the pinch-off
point to the drain is in fact very small compared to the channel length.

o8



Chapter 7

Quantized model for
MOSFETSs

Miniaturization of transistors introduces quantum effects. Recent research
tries to couple the classical Drift Diffusion model and a quantum description
through the Schrodinger eigenvalue equation involving the quantized direc-
tion. The Poisson equation is still used to get a selfconsistent problem.

7.1 Unscaled system

For a MOSFET as pictured page 45, the n-channel (next to BC) is quantized

in the z-direction.
We use [4] and write the unscaled sytem :

eNgyV = qin—C —p)

oY) + €eply
n(z,y) = ni Yp>1€xp (—%) Ixp (2, y)[?
. h?
Wlth—%ag)(p—qVXp:qerp’ le

d
where (., y) € H&(O,d),/o XpXq dx = 0pq.L

Vy(qDp VyN — pn NV, Vi) = 0
J,

p>1

and V; = —Ur log (Z e_ep/UT)

p>1

29

with N(y) = fOL n(z,y)de = n; e~ n/Ur Ze_ep/UT



The quantification (p € N) is due to the confinement in the x-direction
(xp(0,.) = xp(d,.) = 0).

Current J,
In fact, the equation for J, combined to the definition of V; reduces to :

Jp = _MnNaygbna ay!]n =0,
which is the equation of section 6.2.2 page 51.

Holes and doping densities
The holes desert the n — channel region, so we still take for p the value (see
page 47) :
p = n; e(UB - V)/UT

For the doping density we also still have :

C=-C

7.2 Scalings and expansion

Adimensioning
We use the scaling

z,y V, on, € 1%
T,y = ; ‘/7 y Ep = ; =3 =~ -
YT e or T qUrCh/L

in order to get the following scaled equations :

e Poisson equation

NA LV = 5226_¢" TP x|? — 2 eV HUs 1
k) N —  p—
p>1 D

n

eUr

with the usual definitions A = , | —— and 62 = n—f .
qCL? o

e Schrodinger equation
2% xp = Vxp = &Xp
Xp € Hg /L being now orthonormized

h2

ith 82 = —
with 2mqUr L2
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e Drift Diffusion equation
It reads :
Oy(pn N Oypn) = 0

Rescaling
We now introduce the scaling of section 6.1.1 of page 48 :

1
— )
2 =e7 N= =
Val
W =V (I)naUB7€p = 7¢naUB7€p

—

> 8

and to have the x, still orthonormized :

Xp =

il
5
»

We obtain :
e for the Poisson Equation
b, +e+1 Ugp—W-1

BW + 2w = = Y e T e 7 +1
p

> =

e for the Schrodinger equation
32 92 _
Y B0%xp — Wxp = & Xp

/LA
/0 XpXq g = 5pq

A
\/Ka

e and for the drift diffusion equation

with 3 =

Oy(ptn N 0y®,) = 0
The term in A? in the Poisson equation will be neglected (A — 0).

Strong inversion As we are intersted in the strong inversion case, we
move (similarly to the last chapter) to the fast variable
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and make the Ansatze :

W = &, + 1+ vyln(\) + vz

ep = —D, — 1 — vIn(A) — v\
We have to re-re-rescale x,, :

1
Xp = —=

X
ﬂps

so that for the re-re-rescaled eigenfunctions :

d/LM\y 0o
/0 XpXq dT = /0 XpXq AT = Opq

The following relations hold :

2 192
(9£W — ;87_2
n — Ze)\p Xpl
) Y

so that the Poisson equation becomes :

Up—®,—2

%z = Ze)‘P]Xp\Z + lexp( & —z> + v
P A v

Neglecting the last two terms (supposed to be a Transcendentally Small
Term of 7), we come to the Poisson Equation :

022 = 3 e P
2
The Schrodinger equation now reads :
5207 + ZXp = Ap Xp
where (3 is assumed to satisfy
= O(1) fory—0
As a consequence, we have obtained the

Drift Diffusion Schrodinger Poisson system

Oy(ptn N @,) = 0

N = Zp e)‘p
62872— Xp + 2Xp = )‘p Xp
with  [7° XpXq AT = dpq
Pz o= 3,
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with the initial condition (see page 55)

2+, — U
aTZ(O) = H’

(0%

which should be uniquely solvable for a fixed N = Z er.
P

7.3 Computation of the macroscopical current

As in the last chapter, the equation
Oy(n NOy®y,) = 0

gives the right to compute the current I through the formula :

$,(1)=Up

1
T = / N(®,)0,®p dy = pin / N(®,) d, |
0 ®,(0)=0

so we need to express N as function of ®,,.
Integrating the reduced Poisson equation of the system, we have :

N = ZeAP = 0; z (c0) — 0- 2 (0)

In the depletion zone that still follows the strong inversion zone, as seen
page 56 the potential W can be written (because it is solution of the Poisson
equation oW = 1) :

W= U~ 1436~ &)

and it is constant equal to Up — 1 for £ > &;.
The constant &y is determined by the boundary value W(0) = 1+ &,
(asy—0) :

€0 = \/2®, +2 - Up)

The strong inversion layer being very small with respect to the ”normal”
values of &, we can write the following equality :

0: 2 (00) = 8 W (0)

and get the value of 9; z (00) :

Or z (00) = =& = —\/2(<I>n+2—UB)

Hence the total density N reads :

Ug—2—,
N(@®,) = GT—\/2(¢n+2—UB)
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which is the same as in section 6.4.1 (v — 0) and will lead to the same
current /.

Conclusion
If the inner computations differ from the classical case when we consider the
microscopical changes of the physics introduced by the quantification of one
direction in a MOSFET, the macroscopical result (the current circulating
through the MOSFET) remains the same.
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CONCLUSION

We saw in this report how kinetic transport equations can be used to
derive the computation of the current in a transistor. An appropriate Drift-
Diffusion model, obtained through asymptotics, was the key to the physical
description of the semiconductor.

If, at the beginning, we included the quantum effects in the equations, in
fact the Drift Diffusion model was derived from the Classical Boltzmann
equation. Coupling this model to a Schrodinger-Poisson system, we saw no
impact on the macroscopical current in a MOSFET.

Recent research tries and use a Quantum Drift Diffusion model : the equilib-
rium density (that was the Maxwellian density in the classical case) is found
by minimizing the ”quantum entropy”, defined as function of the density
matrix p. Then, starting from the linear collision operator and the Quan-
tum Boltzmann equation with relaxation time, the quantum drift diffusion
model is obtained by a similar asymptotical method.
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