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Definition 1 (Y, 2007)
o:A— AT is almost primitive o JdJp e Nand Ja € A s.t.
1 o(a) = a?
2 Vn €N, a" € L(0), i.e. the language of o;
3 JkeNst.Vbe A Vee A := A\ {a}, boccurs in o¥(c).

Remark. If p > 1, then Condition 2 is redundant.
An associated subshift:

Xa = { T = (xz)z € AZ } [E[i’ﬂ =41 .- - Ty € [,(U) VZ,] €7 } .
Define an incidence matrix M, by for each (b,c) € A x A,

(M, )b = the number of occurrences of ¢ in o(b).

Then, M, = i 8) and @ is a primitive (A’ x A’)-matrix.

Let 6 denote Perron-Frobenius eigenvalue of Q).
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Remark.

1 0 =1« X, is finite or countable. Consider only the case 6 > 1.

2 0 >1<« X, is a Cantor set.

3 Jwe X, \{a*}, IkeNIHeZst

T,'0%(w) = w.
If £ =1, then such w is called a quasi-fixed point of .

4 L(w)= L(0). Hence, Orbr, (w) = X,.
Lemma 2 (Y, 2007)
If w is a quasi-fixed point of an almost primitive substitution o, then

1 Vn €N, dL € N s.t. a” occurs in wj; ;1) Vi € Z;

2 Yu € L(w), In € N s.t. if wyiyn) = a™ and wi, # a then

1< dj <1+ 2n 5.t Wit = U

Proposition 3 (Y, 2007)
The subshift X, is almost minimal, in other words, by definition,

1 X, has a unique fixed point, i.e. a*;

2 Orbr, (z) = X,, Ve € X, \ {a> }.
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Definition 4 (Return words)

Let u,v € L(w) be so that uv € AT. A word w € AT is called a return
word to u.v in the quasi-fixed point w 3o
1 wwv € L(w);

2 the word uwv occurs exactly twice in uwv as prefix and suffix.

Notation.

m Let R, ., denote the set of return words to u.v.

m Set Rn = Ra".a" and Rv = RA'U.
Eg (Cantor substitution). o : a — aaa, b — bab. Then,

Ry = { ba, ba®, ba’, ba*", . . . } and R, = { a,ababa } .

Facts. Vn € N,

m#R,<o00,a€R,and R, :=R,\{a}#0;

m Vn € N, each word in R, can be uniquely written as a

concatenation of words in R,,.
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Assume p > 1. Set a = log, 6. Set

n if o < 1;
fa(n) =< nlogn ifa=1;
ne if > 1.
Notation. For u € A*, set |u|-o = # {1 <i<|u||u; #a}.
Lemma 5 (Y)
3C > 0 s.t.
1 Yo e Lw), sup{|w]-o |we R, } <Clv|%

2 VneN,VueR!,
C~1n> < |u|—|a < Cn® and C_lfa(n) < |u| < Ofa(n)

Theorem 6 (Y)

If a < 1, then the quasi-fixed point w is generated by a proper and
almost primitive sequence of finitely many morphisms.
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A sequence S = { 0, : Api1 — A, | n >0} of morphisms is almost
primitive under a constant ng &3 3 {an}, €]~y An st

1 Vn >0, Ip, > 1st. o,(ans1) = a,P;

2 aog? € L(S), Vp > 1;

3 Vn>0,Vbe Al = Aui1 \ { @ng1 }, some letter in A], occurs

in o, (b);

4 Vn>0,Vbe A, Vee Ay, , boccursin 0,0n41 ... Ongng—1(C).
An almost primitive sequence S = { o, : Apy1 — A" | n >0} of
morphisms is proper ¥«

5 Vn >0, Vb€ A,,q, the first and last letters of o,,(b) are both a,;

6 Yn>0, p,=1.
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Let o denote Cantor substitution: a — aaa, b — bab.

A@:<ig)m=3ﬁ=2mﬂa:b&2<h

R, ={a,u, }, where u; = ababa, and for n > 2,
3F—1
kGN};

Put B={1,2}. Definery: B— A" ,7,: B— B" (neN) by

aunauna  ifn el := {

a,a if ne N\ 1.

Up+1 =

T0 9y ababa M 2 12121 (nel);m: 9 s 191 (n € N\T).

T ifneN\I

_ _ 2 8 26
W[=n,|rom1...7n—1(2)|-n) = T0T1 - - 'Tn—1(2) = ToT1T2 " T1T2 T1T2"" . . 'Tn—1(2)-
7/8

if I:
Then,Tn:{T1 Hn el , and Vn € N,



Lemma 7 (Y)
m Vv € L(w), AN € N s.t. if’w[z-,HN)La > N then v occurs in

Wi, i+N)s
o@p*) ifa<
mVbe A, |o"0b)|-o = O(6%) and |0 (b)| = < O(kO*) if a = 1;
Ob%)  ifa>1.

g k _ k
m min |o%(b)| = O(p").
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