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ABSTRACT. We consider the self-affine tiles with collinear digit set defined as follows. Let
A, B € Zsatisty |A| < B > 2and M € Z?*2 be an integral matrix with characteristic polynomial
22 4+ Az + B. Moreover, let D = {0,v,2v,...,(B — 1)v} for some v € Z2? such that v, Mv are
linearly independent. We are interested in the topological properties of the self-affine tile 7
defined by MT = U ep(T +d). Lau and Leung proved that 7 is homeomorphic to a closed
disk if and only if 2|A| < B + 2. In particular, 7 has no cut point. We prove here that 7 has
a cut point if and only if 2|A| > B 4 5. For 2|A| — B € {3,4}, the interior of 7 is disconnected
and the closure of each connected component of the interior of 7 is homeomorphic to a closed
disk.

1. INTRODUCTION AND STATEMENT OF THE THEOREMS

Let M be a d x d integral expanding matrix, i.e., with eigenvalues greater than 1 in modulus,
and D C Z¢ a finite set. Then there is a unique nonempty compact set 7 = T (M, D) satisfying

(1.1) MT = | J(T+a)

a€D

(see [11]). Suppose that D C Z? is a complete residue system of Z¢/MZ?. Then T has positive
Lebesgue measure (see [16]) and is called integral self-affine tile with digit set D. Moreover, there
is a subset J of Z% such that T + J is a tiling of R? :

U (T +s)=R* and M((T+5)N(T+5)) =0if s #5 €7,
seJ

where )4 is the d-dimensional Lebesgue measure (see [17]). If J = Z9¢, T is called a self-affine
Z2-tile.

Self-affine tiles are thoroughly studied in the literature [13, 10, 16, 30]. Their topological prop-
erties have numerous connections with arithmetical properties of numeration systems [31, 12], and
more generally with dynamical properties of discrete dynamical systems [29, 28]. Several topologi-
cal properties of self-affine tiles have already been investigated: connectedness [14], homeomorphy
to the closed disk [21, 6], interior components [25, 27, 23] and fundamental group [22].

This paper is devoted to cut points of a class of self-affine tiles. A cut point of a connected
set T is a point « € T such that T\ {z} is no longer connected. The study of cut points and
more generally of cut sets (when {z} is replaced by a set X C T) is of great importance for
the understanding of fractal sets with a wild topology. They were used to give a combinatorial
description of the fundamental group of one-dimensional spaces [8] (see also [1] for the case of
the Sierpinski gasket). On the opposite, the lack of cut points has an impact on the boundary of
the complement of locally connected plane continua [32]. This was exploited in [27] to show the
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homeomorphy to the closed disk of interior components of some self-affine tiles. Algorithms for
finding cut sets of self-affine tiles can be found in [20].

We are interested in a class of self-affine tiles with collinear digit set defined as follows. Let
M € 7*%? with det(M) = B > 2 and suppose that M has characteristic polynomial 2% + Az + B.
Then M is expanding iff |A| < B. Let D = {0,v,2v,...,(B—1)v} for some v € Z? such that v, Mv
are linearly independent. Kirat and Lau proved in [14] that the associated self-affine tile 7 (M, D)
is connected. Leung and Lau further proved in [18] that 7 (M, D) is homeomorphic to the closed
disk if and only if 2|A| < B + 2. In this paper, we are able to give topological properties also for
the reverse inequality and establish the following theorem which treats topological properties for
all planar self-affine tiles with collinear digit set and expanding matrix M &€ Z2?*? with positive
determinant.

Theorem. Let M € Z2*2 with characteristic polynomial % + Ax + B, where |A] < B > 2. Let
D ={0,v,2v,...,(B—1)v} for some v € Z* such that v, Mv are linearly independent. Denote by
T =T (M, D) the associated self-affine tile. Then the following holds.
(i) For2|A| — B <2, T is homeomorphic to the closed disk.
(i1) For 2|A| — B € {3,4}, T has no cut point but its interior is disconnected. The closure of each
connected component of the interior of T is homeomorphic to the closed disk.
(#i1) For 2|A| — B > 5, T has a cut point.

As mentioned above, Item (i) has already been proved in [18]. The objective of the present
paper is thus to show Items (¢7) and (i3i).

The paper is organized as follows. In Section 2, we show that we can restrict the topological
study of the class of self-affine tiles with collinear digit set under consideration to a subclass. In
this framework, we prove Item (ii¢) of our Theorem in Section 3: T has a cut point for 2|A|—B > 5.
We give the explicit address of a point z such that {z} is the intersection of two sets Dy, Ds C T
having no other common points and satisfying D1 UDy = 7. Section 4 prepares for the proof of the
cases 2|A| — B € {3,4}. The special case A = 4, B = 5 was considered by Ngai and Tang in [26]:
the associated tile has no cut point. The proof required the construction of a curve ( inside the
tile with specific properties. We will use this technique. However, our construction of the curve
Q@ will rely on the boundary parametrization procedure for self-affine tiles recently introduced by
the first two authors in [3]. In particular, our curve @) will be a subset of the boundary 97 of the
tile. In Section 4, we recall the method of Ngai and Tang in the study of cut points of self-affine
tiles as well as the boundary parametrization procedure. We finally come to the proof of Item
(#i) of our Theorem. For technical reasons, we separate the two cases: Section 5 is devoted to
the case 2|A] — B = 3. The case 2|A| — B = 4 can be treated with the same tools, but with
significant changes in the construction of the curve Q. The differences to the case 2|A| — B = 3
are explained in Section 6 and the complete proof, which is rather long, will be reproduced in a
separate paper [19].

Remark 1.1. Our theorem applies to the subclass of so-called quadratic canonical number system
tiles, i.e., for the parameters A, B € Z such that —1 < A < B > 2 and 22 + Az + B is irreducible.

Leung and Lau included the case B < —2 in their study [18]. Then the matrix M is expanding
if and only if |A| < |B 4 2|. The collinear digit set has the form D = {0,v,2v,...,(|B| — 1)v}.
Leung and Lau showed that 7 is homeomorphic to the closed disk if and only if 2|A| < |B + 2|.
Whenever 2|A| > |B + 2|, we dot not know yet whether the tile 7 has cut points for any values of
the parameters A, B. However, the techniques used in our paper would apply. In particular, the
boundary parametrization for B < —2 was performed in [2].

Remark 1.2. In the literature, several examples of self-affine tiles happen to have finitely many
interior components up to affinity. This property was proved for the Levy dragon in [5] and the
tile 7 of our class associated to the parameters A = 4, B =5 in [7]. In general, one may wonder
whether every self-affine attractor has finitely many homeomorphy classes of interior components.
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The Knuth dragon is disk-like. Case A = 4, B = 5: this tile has no cut point.

Case A =5, B = 5: this tile has a cut point.

FIGURE 1. Several examples of tiles

2. RESTRICTION TO THE SUBCLASS 0 < A< B >2

The following considerations can be found in [2]. Let A, B € Z with |A| < B > 2, M, € Z**?
with characteristic polynomial 2% + Az + B and Dy = {0, v, 2v, ..., (B —1)v} for some v € Z? such
that v, Myv are linearly independent. The self-affine tile 7 (M, D) is an affine transformation of
the self-affine Z2-tile T (M, D) defined by :

o (3 ) {(1) ()

Indeed, denote by C the matrix of change of basis from the canonical basis to (v, Myv). Then the
relations

M = C™'MyC, Dy=CD
hold and it follows that 7 (My, Do) = CT(M,D), thus these tiles have the same topological
properties. As for A = 0 the tile is just a rectangle, we will further suppose A # 0. Finally, we

also mentioned in [2] that changing A to —A corresponds to a reflection followed by a translation.
This allows to restrict to the case A > 0. Indeed, let

1 0 0 —-B 0 -B
(22) P‘<0—1>’M1_<1—A)’M2_(1 A)
and D as in (2.1). Moreover, let 7; := T(My,D) and T3 := T (Mz, D). Then one can check that
PM,P~!' = —M,, PD =D and

01 B-1
(2.3) To=PTi+Y My’ 1( 0 )

i>0

=V
In particular, the tiles 7; and 73 have the same topological properties. By the above considerations,
it is sufficient to prove the theorem for the case 0 < A < B > 2.
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From now on, the tile 7 is the planar integral self-affine tile satisfying (1.1) for the data (M, D)
given in (2.1). It can be explicitly written as

T= {ZMiai; a; GD,neN}

i=1

and gives rise to a tiling of R2. In other words, 7 is the closure of its interior and R? is the
non-overlapping union of the Z2-translates of 7

R*= | J (T+z) and (T +2) N (T +2') =0 (v £ 2),
TEZ?

where Ay is the two-dimensional Lebesgue measure (see e.g. [4]).

3. 7 HAS A CUT POINT FOR 2A — B > 5

To prove Item (ii) of our theorem, we will write down two compact subsets Dy, Do of T with
T = Dy U D5 and show that D1 N Dy consists of a single point, a cut point of 7. The assumption
2A — B > 5 will be used to show that natural subdivisions of 7 divided among D; and Dy are far
enough from each other, thus do not intersect (see Proposition 3.1).

Let —1 < A < B > 2. We define the set of neighbors S by

S={seZ% s#0, TN(T+s)#0}.
It was computed in [4]. Let

(3.1) Pn=<”_((:_1l))‘4>, Qn=<”Z”A>, R:(_‘f), n>1,

then the set of neighbors consists of 2 + 4.J elements:

(3.2) S={xh,...,£P;,£Q1,...,£Q ,£R}.
Here,

(3.3) J = max {1, {%}LJ } .

Note that

J>1 iff 2A— B > 3.
We assume throughout this section that

(3.4) 24— B> 5.

Notations. Let [ € N;m € NU {oo}, and digits a_;,...,a_1,a0,01,-..,am,m € {0,...,B —1}.
We write
(3.5) A_y...a_10g .pf Q102 ... Gy OF Simply a_y...a_1ag . a1Qs ... Gy,

for the point >_7" , M~! %i

ay...,am €{0,...,B—1} and p > 0,

€ R2. If m = 0, we just write a_;...a_1ag. Moreover, for digits

(3.6) (a1...am)P =a1...am - -a1...any,

p times

denotes the p successive concatenations of aj ... a.,. If p = 0o, we just write

(3.7) —
Also, if a € {0, ..., B — 1}, we denote by a’ the digit B — 1 — a. Moreover, we set
(3.8) o™ — a, n = 0 mod 2

B—-1—a, n=1mod?2.

Let us define
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0,...,B-1

A-3

B—-A+2

FIGURE 2. D; is the solution of the above GIFS associated to the state i (i = 1,2)

(3.9)
D=4y M ( Cg ) ca;€{0,...,B—1},aVal"a?) .. <1op (A=3)(A—3)(A=3)...
j=1
and
(3.10)

Dy=4Y M ( Cg ) ca;€{0,....B—1},a{"a{"a . >0 (A—3)(A—3)(A—3)...

Jj=1

These sets can easily be written as graph directed sets. The corresponding graph is depicted in
Figure 2 in the sense of [24]. In particular, D; and Dj are closed compact subsets of T satisfying

T =Dy U Ds.

Proposition 3.1. We have
DiNDy={0.(A-3)(A-3)(A-3)(A-3)...}

In particular, this intersection consists of a single point.

Proof. We are interested in points where Dy and D5 coincide. Let us set I := Dy N Dy. We have
Dy ¢ M MTU(T+1)U---U(T+(A-3)),
Dy ¢ M Y(T+(A=-3)U---U(T+(B-1))].

Thus, in order to be in I, a point x has to be located in one of the sets
(T +a)N (T +0b), 0<a<A-3<b<B-1

a—>b

0
this is true only for (a — b) € {0, £1}. Hence I has to be contained in

MY T+A-4HU(T+A-3)U(T +A-2)] =Gy
We proceed to an induction proof. For n > 0, we will use the abbreviation
S, = (A=3)0 (4A-3)nb,

Sy being the empty word and a(™ being defined in (3.8). Also, for n > 0, let
(3.11) G o= M7 (T + Sp(A—= )" U(T + Sp(A=3)") U(T + 8,(A —2)™)].

By the previous lines, I C Gy. Assume now that I C G, for some n > 0. We want to prove that
ICGpya.

This intersection is empty unless € S is a neighbor of T or a = b. By (3.1) and (3.2),
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Suppose that n is even. By the set equation (1.1), we can write G,, as

Go=|J M "2T+Su(A—4)7") U(T + Su(A—3)) U (T + Su(A —2)j")].

By the definition of D; and Dy we conclude that
Dy n Guc  |J M TTAT+S.(A-4)5)

je{0,...,B—1}
U MTTAT 4 S.(A-3)5),
jef{o,...,A-3}
Dy N G,C U M~""%(T + (A - 3)j)

Thus any point of I has to be contained in some
(3.12) M™"2(T 4+ a) N (T + b)]
where
a€{Sn(A-4)j50<j<B-1}U{S,(A-3)j; 0<j<A-3},
be{Sn(A-2)j;0<j<B-1}U{S,(A-3)j; A-3<j<B-1}

We want to show that the intersection in (3.12) is empty unless
a € {Sp(A-3)(A—-4),5,(A-3)(A-3)'} and
(3.13) b € {Sn(A-3)(A-3),8,(4A-3)(A-2)}.

If this is proved we are ready because this implies that I C G, 41.

The intersection in (3.12) is nonempty if and only if b — a equals 0 or b — a is contained in the
set of neighbors given in (3.1) and (3.2).

First let a = S, (A —4)j and b= S, (A — 2)k with j,k € {0,...,B —1}. Then

_( k—=J 2\ _(k—J
o= (7)o (D)= ("27)
Note that £k — j < B — 1. However, for b — a to be a neighbor, we must have

k—je{-3+2A4,-2+2A}.

By our main assumption (3.4), we have —2 + 24 > -3+ 2A > B + 2. This is a contradiction.
Secondly let a = S, (A—4)j and b = S,,(A-3)k with j € {0,...,B—-1}and k € {0,..., B—A+2 }.

=B—-1—(A-3)
_(k-J LY _ (k=
o= (7)o ()= ("7)
Note that k — j < B — A + 2. However, for b — a to be a neighbor, we must have
k—je{-2+A -1+ A A}

By our main assumption (3.4), we have A > -1+ A > —24+ A > B— A+3. This is a contradiction.
Third let a = S, (A—3)j and b = S,,(A—2)k with j € {B—A+2,...,B—1}and k € {0,... B—1}.

Then
(k= 1\ (k=3
o= (507 ) (a)= (")
Note that k — j < A — 3. However, for b — a to be a neighbor, we must have
k—je{-2+A -1+ A A}

Then

This is a contradiction.
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Fourth let ¢ = S,(A —3)j and b = S, (A —3)k with j e {B—A+2,...,B—1} and k €
{0,...,B— A+ 2}. Then
b—a= ( kgj >

Note that k —j < 0. Moreover, for b — a to be a neighbor, we must have k — j € {1}. This leads
to the possible pairs

k=B—-A+2=(A-3) =j
k=B-A+2=(A-3), j=DB-—
k=B-A+1=(A—2), j=D-—

Therefore, the intersection in (3.12) is nonempty for
a=8,(A-3)(A-3)=b
a=8,(A-3)(A—-4), b=5,(A-3)(A-3)
a=8,(A-3)(A-3),b=5,(A-3)(A-2)
These are constellations of (3.13). It follows that any point of I has to be contained in G,,41. The
case of n odd can be treated in an analogous way.
We have shown that I = Dy N Dy is contained in G,, defined in (3.11) for all n > 0. Since the
three sets
M™"7HT + Sp(A = 4) ™), M7 7T + Su(A = 3)™], M7 7HT + Sp(A—2)™)]

all converge to the point set {0.(A —3)(4A—3)"(4—3)(A—3)"...} in Hausdorff metric, this shows
that I consists of a unique point. O

Theorem 3.2. If2A — B > 5 then T has at least one cut point, namely, the point
0.(A-3)(A-3)(A-3)(A—-3)(A-3)...

Proof. We define D; and D5 as in (3.9) and (3.10). As mentioned at the beginning of the section,
these sets are compact sets satisfying 7 = Dy U Ds.
We denote by z the point 0.(A — 3)(A — 3)’(A — 3)(A —3)'(A — 3) ... By Proposition 3.1,

D1 n D2 = {Z}
Therefore,
TA\A{z} = (D1 \ {z}) U (D2\{2}),

where

Di\{z} N (D2 \ {z}) = D1 N (D2 \ {z}) =0
as well as

Do\ {z} (D1 \{z}) = D2 (D1 \ {z}) = 0.
In other words, z is a cut point of the connected set T . O

The cut point obtained in Theorem 3.2 is depicted for A = 5, B = 5 within the tile at the
bottom of Figure 1.

4. TWO TECHNIQUES IN THE STUDY OF SELF-AFFINE TILES

In this section, we recall two techniques in the topological study of self-affine tiles. The first one
goes back to Ngai and Tang and aims at showing that a self-affine tile has no cut point. Recall that
an iterated function system (IFS) {f;}", of injective contractions on R? has a unique nonempty
compact attractor set T satisfying

T = U Ji(T)
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B-1|1

BL1|2(B-4)

A-1]0

B-1|B-A

O

FIGURE 3. A strongly connected automaton for the boundary (left) and its or-
dered extension G° (right).

([11]). Moreover, {f;}™, satisfies the open set condition (OSC) whenever there exists a nonempty
bounded open set U C R? such that

m

U £(U) cU and Vi+#j, fi(U)N f;(U) =0.

i=1
Self-affine tiles T satisfy the open set condition by taking U = int(T).

Theorem 4.1 ([26]). Let T be the attractor of an IFS {fi}™, of injective contractions on R?
satisfying the open set condition. Assume that there exists a connected subset Q of T without cut
points such that for each i € {1,...,m}, #(fi(Q) N Q) > 2. Then T is connected, has no cut
point, and the closure of each component of int(T) is homeomorphic to a closed disk.

To prove that the tile 7 has no cut point for 24 — B € {3, 4}, we will construct a curve Q C 9T
with the properties required in Theorem 4.1. Our construction will rely on a second technique,
the boundary parametrization of self-affine tiles introduced in [3]. This technique gives rise to
a Holder mapping C : [0,1] — 9T with C(0) = C(1) that follows the fractal boundary. The
boundary parametrization of the class of quadratic CNS tiles was treated as an example in [3]. It
reads as follows.

The boundary parametrization relies on a graph directed iterated function system (GIFS) for
the boundary in the sense of [24]. This GIFS describes the subdivision process of the boundary,
as stated in Proposition 4.2 below. Let G be the graph depicted on the left of Figure 3. We call

R ={xP,+Q1,£R},
as defined in Equation (3.1). Moreover, for s,s’ € R and a,a’ € D, there is an edge

ala’

s— s €G < Ms+d =5 +a.

We sometimes simply write s — s', since a’ is uniquely defined by the above equation. The graph
G has the following properties.

B-1

2(B-A)+1
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Proposition 4.2. Let T be a quadratic CNS-tile and D the incidence matrixz of G. Then D is
irreducible. Moreover, there exists a unique family of non-empty compact sets (Ky)ser such that

oT = USER Ks’

K, = M~Y(Ky +a).

Usi%s’eG
Remark 4.3. G is the so-called contact graph. It was computed in [4]. In the figure, we assume
B > A+ 1. For A= B, the contact graph is obtained from the same figure by deleting the edges
between P; and —R and between —P; and R.

G being strongly connected, there is a strictly positive left eigenvector (us)ser satisfying
> scrUs = 1 associated to the Perron Frobenius eigenvalue § of its incidence matrix. The
parametrization C : [0,1] — 9T is obtained by subdividing the interval [0, 1] proportionally to
the graph G: in particular, a subinterval of length us will be mapped to K, for each s € R.
To this effect, we order the boundary pieces K around the boundary, as well as the subpieces
M—1(Ky + a) constituting K. This results in an ordered extension G°, depicted on the right
side of Figure 3: the states are ordered from 1 to 6, and for each corresponding state sV € R
(i € {1,...,6}), all the edges starting from s(*) are ordered from 1 to oy,. Here, oy, is the total
number of edges starting from s(*), without reference to i for sake of simplicity. In this way, the
mapping

G° — G
i % = (o) s % s0)
is a bijection. We extend this mapping to the walks of arbitrary length in G° (possibly infinite
walks):

G° — G
(i;01,02,...) s 2 501 225 50G2)
. ailor . azloz . o T .
whenever ¢ —— j; — jo... € G°. Finally, we define the natural onto mapping

Y:G° — oT
v — Zn21M’”an,

. ailor . azloz . . . . .
whenever v : i —— j; —— Jo... is an infinite walk in G°. The automaton G° induces a

B-number system ¢() : [0,1] — G° of Dumont-Thomas type [9]. In [3], we proved the following
result by taking C := 1) o ¢(1).

Theorem 4.4. Let B be the spectral radius of D. Then there exists a Hélder continuous onto
mapping C : [0,1] — OT and a hexagon Q C R? with the following properties. Let Ty := Q and

MT, = U (Tn-1 +a).
a€D

be the sequence of approximations of T associated to Q. Then :

(1) limy—y00 0T = OT (Hausdorff metric).

(2) For allm € N, 0T, is a polygonal simple closed curve.

(3) Denote by V,, the set of vertices of OT,. For alln € N, V,, C V.41 C C(Q(B)N0,1]) (ie.,
the vertices have Q(3)-addresses in the parametrization).

Remark 4.5. The polygonal approximations 07, appear in a natural way together with the
parametrization. 07 is obtained by joining by straight line segments the points

¥(1;1),¢(2;1),...,4(6;1),1(1;1)
(n) (n)

in this order. Here, we denoted by o the infinite repetition of 0,0, .... In general, let wy 7, ..., wm,
be the walks of length n in the automaton G°, written in the lexicographical order, from (1;1,...,1)
~——

n times
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/e S, 22:%.,, 52
A d} _ShShs 2%; FEnENS
/?,f\ 505~ ABWE

FIGURE 4. Knuth dragon (A = B = 2) : tiling with 07y; 971,075, 07s, 0T11

FIGURE 5. A=4,B=5: 97y,...,0T,4

FIGURE 6. A=5,B=5:9Ty,...,073

to (6;0m,--.,0m). Let us denote by (i;01,...,0,)&1 the concatenated walk (i;01,...,0n,1).
————

n times
Then 97T, is obtained by joining by straight line segments the points
P&, .. h(w &T), 1h(wi™ &)

mMn

in this order. Each vertex of 07, corresponds to an infinite walk ending up in a cycle of G. Thus
these are images of fixed points of contractions:

(far © -0 fa) (Fix(farys © -0 faryn)) s
where f,(x) := M~(x + a) for each a € D.

The first terms of the approximation sequence are depicted in Figures 4 to 6 for some examples.

For the construction of the curve Q C 0T meeting the assumptions of Theorem 4.1, we will
make use of neighbor relations of the natural subdivisions of 7. This will require the knowledge of
the whole neighbor set of T itself. Note that, for 2A — B € {3,4}, the quantity J of Equation (3.3)
is equal to 2 (or J = 3 in the case A = B = 4, but then 2 + 4z +4 = (z +2)2 and T is a square).
Therefore, the neighbor set (see Equation (3.2)) reduces to

e s B ) ()< (5 ) ()

5. 7 HAS NO CUT POINT FOR 2A— B =3

We assume throughout this section that 24 — B = 3 and A # B. The case A = B = 3 can be
treated in a similar way, with a simplified graph G as mentioned in Remark 4.3. The aim is to
construct a curve Q C 07T satisfying the assumptions of Theorem 4.1. We will use the following
terminology.

Definition 5.1. Let My, Ms, ..., M,,n > 3, be compact sets in the plane. If # (M; N M; 1) =1
for 1 <i<mn-—1and M; N M; =0 for | — j| > 2, we say that My, M, ..., M, form a chain. If

3

ageg” %

sy S

o

&
4 45; 4y 48y
g s
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#H(MNMipq)=1for1<i<n—1,#M,NM)=1and M; N M; =0 for 2 <|i—j| <n-—2,
we say that My, Ms, ..., M, form a circular chain.
5.1. Construction of ). The curve () C 97 is built up from simple arcs according to the
following strategy.

1. We define a chain of curves ai,as,...,ap, along the bottom of the boundary of T, as

images by the boundary parametrization C' of subintervals of [0,1]. More precisely, for
ie{l,...B}, let

Q; = C([Si7ti})7
where s;,t; € [0,1] are the parameters associated to the infinite walks of G° given in
Table 1. We check that oy, as,...,ap form a chain in Section 5.2.

2. We denote by «, i € {1,... B}, the curve along the top of the boundary of 7, obtained by
flipping the curve a; through the exchange of digits a <+ B—1—a (a € {0,...,B —1}).
In other words,

>~ . ({ B-1-a; = a
aj = ZMJ< 0 j);ZMJ<0]>EO<i
j=1 j=1

In particular, o = 0.B — 1 — ;. Moreover, since the boundary language, given by G, is
invariant by this flipping, the curves « are also subsets of 7. Indeed, it can be seen on

the left of Figure 3 that s = s/ <= —s Bolme ¢ We will check in Section 5.3 that
a1,...,0p,a,. .., a5 is a circular chain.
3. For each i € {1,..., B}, «; is a locally connected continuum of the Euclidean plan. In

particular, it is arcwise connected and there exists a simple arc 3; C «; such that ; has
the same endpoints as «;. As in Item 2., let 8, = 0.B — 1 — ;. Then 3} C «} is a simple
arc having the same endpoints as «}. Therefore, 51,...,085,01,--.,05 is a circular chain
of simple arcs joined by their endpoints, hence their union

B B
Q=sulJscor
i=1 i=1

is a simple closed curve.
4. We add further simple arcs ~;, ¢ € {1,...,B — 2}, whose endpoints lie on Q’. More
precisely,
vi = fifgt, (BB—1UBB)
is a simple arc on JT going through the point 0.;4 — 2 and with endpoints on Q' (see
Section 5.4).
5. The curve

B-2

Q=QuJw
=1

meets the assumptions of Theorem 4.1, as proved in Section 5.5.

Note that this strategy generalizes the construction of () obtained for the special case A =4, B =5
in [26] to a large range of parameters A, B. Also, our construction has the additional property
that @ is now a subset of 0T .

5.2. The curves aj,qs,...,ap form a chain. The proof of this fact relies on a lemma giv-
ing an account of the intersections of the natural subdivisions of 7 obtained by iterating (1.1).

For a1,...,am € {0,...,B — 1}, we denote by T, .., the subdivision M~1 ( “

m 0>++

M—-™ < a(;” ) + M~™T. We also further use the notations (3.5) and (3.6).

Lemma 5.2. The following assertions hold for digits ay,a},...,aq4,ay € {0,...,B — 1} with
ay # af.



12 SHIGEKI AKIYAMA, BENOIT LORIDANT, AND JORG THUSWALDNER

Si ti C(s4) C(ti)
ay (6;2(B—A)—-2,1,B—2,2) (6;2(B—A) —1,2A —2,4,2) .10(B — 1)(B — 1)0 1(A —2)(B —2)0(B — 1)
ap_A_1 (6;2,1,B — 2,2) (6;3,2A — 2,4,2) (B—A-1)0(B-1)(B-1)0 | .(B—A—-1)(A—-2)(B-2)0(B-1)
ap_a (5;2A —1,1,B — 2,2) (6;1,2A — 2,4,2) (B — A)0(B —1)(B —1)0 (B — A)(A—-2)(B-2)0(B-1)
ap_at1 (5;2A - 38,1,B — 2,2) (5;2A — 2,2A — 2,4,2)
ap_o (5;3,1,B — 2,2) (5;4,2A — 2,4,2) (B —-2)0(B—1)(B-1)0
ap_1 (5;2,2A — 2) (5;2,2A — 2,4,2) (B-1)A-2 (B—-1)(A—-2)(B-2)0(B-1)
ap (3;2(B—-A),1,2(B—A)+1,2) (3;2(B—-A)+1,2A - 2) (B —1)(B—1)00(B —1) (B-1)A -2

TABLE 1. Endpoints of the curves «;, i € {1,...,B}. Case 24 — B =3, A+# B.

Ta, N Ty #0 <= a1 —ay = +1.
Suppose a; —a) = 1. Then

Taras NTaray, #0 <= az —ay € {A,A—-1,A -2}
Suppose a1 —a} =1 and az — ah, = A. Then

a3=B—1,a5=0
ag —ay € {—A,—A+1,—A+2}.

Suppose a1 —a} =1 and ag —ah, = A—1. Then

7:11a2a3a4 N 7-0,’10/20,5(12 7é @

7:11a2a3a4 N 7:1’1a;a.’3_a’4 7& @ <~ {

— az—ay=B—A or az3—ay=B—A+1
ay=0,ay, =B —1 ag—ay € {A-B,A-B—-1,A—-—B-2}

{ a3 —ay =B —A+2
or ;
as —ay = 1.
o Suppose a1 —a}y =1 and ag —ah = A —2. Then
7711a2a3 N 7:1’111'2@; 7é @ <~ a3z — Clé = -1
In this case,

Tarazas N Tajayay, = {0-a1a2a30(B — 1)} = {0.a}aza3(B — 1)0}.

Proof. The following equivalences hold.

¢ To,NToy 0 = M (To, NToy) #0 = (aloall)es.

as — a
* Taras N Tapay #0 = M2 (Taras N o) # 0 = (aja'2 ) =

1
e Using the fact that M? = —AM — B, we further have
7:11a2a3 N Ega’zaé 7é @ — M3 (7711112(13 N 7:1’111’2@’3) 7é @

as — ay — B(a; — a})
== (ag—ag—A(al—a’l) €s.

e Finally,
7:11a2a3a4 N 7:1/111’2(1’3(121 ?A @ — M4 (7:11a2a3a4 N E&aéagaﬁl) 7é @

a4 —ay — B(ay — ay) + AB(ay — a}) cs
as — a — Alaz — ) + (A% — B)(ar —ay) ) €5
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Now, § is given in (4.1) and this proves directly the first four assertions of the lemma, as well as
the last assertion by induction. O

Remark 5.3. In particular, it follows from the last item of the above lemma that, for digits
ay,ay,as,ab, as,as € D, we have

ap—ay = 1
as—ab = A—2 3 = 0.a1a2a30(B — 1) = 0.a}abas(B — 1)0.
as —ay = -1

This will be used several times in order to check that the endpoints of certain boundary parts of
T coincide.

The next lemma gives a precise description of the points constituting the curves ag,...,ap.
It will be used to prove that certain boundary parts have either empty or one-point intersection.
According to the ordering chosen for the states of the graph G, we denote by

K1 = K_R7K2 = KQl,Kg = K_pl,K4 = KR,K5 = K_Ql,Kﬁ = Kpl

the compact sets of Proposition 4.2. Moreover, for a finite string of digits a;...a, and a set
K e {Ky,...,Ks}, we write

0.a1...an[K]:={0.a1...ambiby...;0.b1b2... € K}.

Lemma 5.4. Fori=1,...,B — 2, we have

a; = {040(B—1)(B—1)0}
U U,z 0-00(B — 1)((B — 1)0)(B — A)[K1] U UysoUrp_ 441 0-00(B — 1)((B — 1)0)Pk[K, U K
U Upso UrZy 040(B = 1)(B = 1)(0(B — 1))Pk[K4 U K]
U U,z 0:0(B — 1)(B — 1)(0(B — 1))P(A — 1)[ K]
U UZ2 0.ik[Ky U K5) U 0.i(A — 2)[Ky]
U0.(A—2)(B —2)[K1] U 0.(A—2)(B —1)[K; U Ky
U U,z 0:4(A = 2)(B — 2)(0(B — 1))P0[K4] U U, 0:i(A — 2)(B — 2)0((B — 1)0)P(B — 1)[K]

U {0.i(A - 2)(B — 2)0(B — 1)}
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ap—1

Finally,
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{0.(B —1)(A~2)(B —~2)0(B - 1)}
U Upz0UiiZo 0.(B = 1)(A = 2)(B = 2)(0(B — 1))P kK4 U K]

U Upz00-(B = 1)(A = 2)(B —2)(0(B — 1))7(A — 1)[Ky]
U U,0 0.(B — 1)(A = 2)(B — 2)0((B — 1)0)*(B — A)[K1]

U Upso UrZp—as1 0-(B = 1)(A = 2)(B = 2)0((B — 1)0)Pk[K U K|
U0.(B—1)(A—2)(B—-A+1)[Ki] U Up p_ss00.(B—1)(A—2)k[K, UK,
U Ups1 0.(B = 1)(A = 2)((B — A+ 1)(A — 2))P(A - 2)[ K]

U Upsy Upa_1 0.(B = 1)(A = 2)((B — A+ 1)(A — 2))Pk[K; U Ko
U Uy Ung 0.(B = 1)(A = 2)(B— A+ 1)((A—2)(B — A+ 1))Pk[K, U K]

UUp10.(B=1)(A-2)(B-A+1)((A-2)(B—-A+1))P(A—2)[Ky]

U{0.B-1){A—2)(B-A+ 1)}

= {0.(B=1)(B-1)00(B - 1)}
U Upzo Uit 0.(B = 1)(B = 1)0(0(B — 1))7k[K4 U K]
U U,200.(B = 1)(B — 1)0(0(B — 1))P(A — 1)[K4]
U U,z 0.(B = 1)(B — 1)00((B — 1)0)?(B — A)[K1]
U U0 Uz a1 0-(B = 1)(B = 1)00((B — 1)0)P k[, U Ko
U Upzo 0.(B-1)((B-—A+1)(A-2))?(B—- A+ 1)[K{]
U UpsoUnzp—ay2 0-(B = (B = A+ 1)(A — 2))Pk[K1 U Ko
U UpsoUnzg 0.(B = 1)(B — A+ 1)((A - 2)(B — A+ 1))Pk[K,; U K]

U Ups00.(B=1)(B-A+1)((A-2)(B—-A+1))P(A-2)[K,

U{0.(B-1)B-A+ (A -2)).

Proof. Since ay = C([s1,t1]), this boundary part is described in G° as the set of infinite walks w
satisfying

(6,2<B - A) -2, 17B - 275) Slex W Slex (67 2(B - A) - 172A - 2a47§)

(see Table 1 for the walks corresponding to the parameters s; and ¢;). This splits into different

cases:

w=(6;2(B—-—A)—-2,1,B - 2,2)
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or
w=(62B—-A)—2,1,B—2,270,...) (p>0,0€{3,4,...,2A —1})
or
w=(6;2B—A)—1,0,...) (0€{1,2,...,2A —3})
or
w=(6;2(B—A)—1,2A —2,0,...) (0€{1,2,3})
or
w=(62B-A)—1,2A—-2/42P 1,...) (p>0)
or
(6:2(B—A) —1,2A — 2,4, 2).
Reading the corresponding sequences of digits leads to the description of c;. All the other cases
are treated similarly. O

Remark 5.5. A similar description is obtained for the curves o (i € {1,..., B}) by changing every
digit a to the digit B — 1 — a and by interchanging the sets Ky <+ Ky, K5 <> K5 and K3 < Kg.

Lemma 5.6. The curves ai, s, ...,ag form a chain.

Proof. The proof is based on Lemmas 5.2 and 5.4. By Lemma 5.4, o; C 7; forall 1 <i< B -1
and g C Tp—1. On the other hand, by Lemma 5.2, 7; N 7; = () as soon as |i — j| > 2. Therefore,
we deduce that a; Na; = 0 for [¢ — j| > 2 with 1 < ¢,j < B —1, and also ag Na; = O for
1 < i < B — 3. The proof for the remaining case ag Nap_s = (§ can be found in Appendix A.

Let us show that as N a7 reduces to a single point. By Lemma 5.4, we have the following
inclusions.

B-1 A—2
€ |J Tk UTios-a0Y | Tik,
k=B—A+1 k=1
and
A-3
as C U Tor U T2a—2)y(B—1) U Ta(a—2)(B—2)0-
k=0
However, by Lemma 5.2, to have T2a,a5a, N T1ajasa;, 7 () requires that
ag—ah=A or ag—ah=A-1 or ag —ah=A—2
a3 —ay =B —1 az—ay € {B—AB—-—A+1,B—-A+2} as —ay = —

Therefore,

az Nay C Taa—2yB-2)0 N Tros-1) = {0.2(A — 2)(B — 2)0(B — 1)} = {0.10(B — 1)(B — 1)0}.
The above equality follows again from Lemma 5.2. This point set is itself included in a3 N ag by
Lemma 5.4.

Now, it can be seen from Lemma 5.4 that, for ¢ € {2,..., B — 2}, a; is just a translate of a1,
by the vector 0.(: — 1). In this way, we obtain easily that

a; Nagq = {0.(i + 1)(A = 2)(B - 2)0(B — 1)} = {0.i0(B — 1)(B — 1)0}

foralli e {1,...,B —3}.
We now show that ap_o N ag_1 reduces to a point. By Lemma 5.4, we have the following

inclusions.
A-2

ap_2 C T(p—2y0(B—1) U 0.(B —2)0[K4 U K5] U U T(B-2)k
k=1
and
ap-1 CTip-1)(a-2)-
By Lemma 5.2, T(p_2)0(8—1) N T(B—1)(a—2) reduces to one point, while T(z_2yx N T(p_1)(a—2) =0
for all £ > 1. Therefore, we obtain that

ap_2Nap_1 C {O(B - 2)0(3 - 1)(B — 1)0} U O(B — 2)0[K4 @] K5] Nap_1.
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Again by Lemma 5.2, since ap_1 C T(p_1)(a—2), the set 0.(B —2)0[K4U K5]Nap_; is a subset of
the finite set Ua ,1{0 (B —2)0a4(B —1)0}. Let af € {1,...,B — 1}. Let us show that the point
0.(B — 2)0a4(B — 1)0 does not belong to 0.(B — 2)0[K4 U K5]. Indeed,
B-1
0.(B—2)0[K4UK35]) = 0.(B—2)0(B—1)[Kg|U U 0.(B—2)0k[K;UK3]U0.(B—2)0(B—A)[K4].
k=B—A+1

However, by Lemma 5.2, it is easy to check that (B — 1)0 does not belong to Kg U K; U Ks.
It follows that

ap_sNag_1 C {0.(B—2)0(B —1)(B - 1)0} = {0.(B — 1)(A — 2)(B — 2)0(B — 1)}

and this point set is itself included in ag_2 Nap_1 by Lemma 5.4.

The case ag_1 Nap can be found in Appendix A. O
5.3. The curves ai,...,ap,d},...,az form a circular chain.
Lemma 5.7. The curves o, a, ..., oz form a chain.
Proof. This property is deduced from Lemma 5.6, stating that the curves a;,as,...,ap form a
chain. Indeed, given two infinite sequence of digits (a,)nen and (al,)nen, we have
O.CllCLQ .. = 0.a1a2 .
< 0.B—1-0.a1a2... = 0.B—1-0.aid}...

— 0.(B-1-a)(B—-1—a3)... 0.(B—1—-d})(B—1—4d})...
Hence, by the definition of the curves o (see Section 5.1), we have for all ¢,5 € {1,..., B} with
|i — 7] > 2 that

a;Nal =10

and for all ¢ € {1,..., B — 1} that
o 1Ny = {0.(B—1—(i+1))(B—1—-(A-2))(B—1—(B-2))(B — 1)0} = {0.(B—1—i)(B—1)00(B — 1)}.
O
Lemma 5.8. For all (5, k) ¢ {(B,1),(1,B)},
ajNay = 0.
Proof. In the first part of the proof, we suppose that j, k € {1,...,B — 2}.
Since a; C T;, while o), C Tp—1_k, we deduce that
ajNa, =10
for all j, k satistying |j — (B —1—k)| ¢ {0,1}.
Let us consider the case j — (B —1—k) = 0, that is, k = B — 1 — j. We prove the result for
7 =1, i.e., we show that
a;Nag_ o =10.
The same will hold for a; Nap_;_; for all j € {2,..., B — 2}, since the sets «; (resp. ap_1-;)

are described by sets of points whose expansions only differ from their first digit, j.
By Lemma 5.4,

a; C (Uf:’o aBZ o A7—1a1a2> U Tia—2)yB—1) YU Ti(a—2)(B—2)0
and
o C (Ua —B—A42 Uafo 7-1a1a2) U Tis-a+10 Y TiB-arni(-1)-

We check that the sets on the right sides sets are pairwise disjoint, using Lemma 5.2.

(4)
A-3 B-1 B-1 A1
< U U 7—1111(12) N U U 7—10/10/2 = ®7

a1=0a,=B—A 1=B—A+2a},=0
because aj —a; > B— A+2 — (A —3) =2 for all a1, a] showing up in these unions.
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(i) Tia—2y(B—1) N (UA_3 aBZ 1B A’Eala2> = (. Indeed, since a} > B — A + 2, we have

a1:O
that |a] — (A —2)| <1iff af = B— A+ 2, and in this case the difference is 1. Now,
A-1
Tia—2y(B-1) N U TiB—At2)ay =0,
ab=0

because aj —a; =1 but ah —az <0.
(4i1) Tica—2)(B—2)0 N (Ufl_:go f; 1B A7-1a1(12) = (). Similarly to Item (i7), we can restrict to

the intersection
A1

Tia-2)(B=1)0 N U Ti(B—A+2)ass
ahb=0
which is empty, since aj —a; =1, but afy —as <A—-1-(B-1)=4-A<A—-2 (we
exclude A =3 = B).
(iv)

A-3 B-1
< U U 7—1a1a2> N 7-1(B—A.|-1)o = @

a1=0ay=B—A
Indeed, since a3 < A — 3, we have that |[ay — (B— A+ 1)| < 1iff a; = A— 3, and in this
case the difference is 1. Now,

B-1

U Tia=3)as N TiB—at+1)0 =0,

az=B—A

because a1 — aj =1 but az —a} <0.

(v)
A-3 B—-1
( U U ﬂa1a2> N TiB-a+1)1(8-1) = 0.

a1=0a2=B—A
Similarly to Item (iv), we can restrict to the intersection
B-1
U Ti(A=3)as Ti(B—A+1)1(B-1)>
2,=B—A
which is empty, since a; —a} =1, but ag —ay <1—-(B—A)=4—-A< A-2.
(vi) ,TI(A 2)(B—1) ﬂﬂ(B,AJrl)o =Psince A-2=(B—A+1)and B—1-02>2.
( Z) 71(14 2)(3,1) ﬂTl(B,AJrl)l(B,l) = (Z) since A—2 = (B—A+1) and B— 1-1= B—2 Z 2.
(vidi) Tia—2y(B—2)0 N Ti(B—at+10 =0 since A—2=(B—-A+1)and B-2-0=DB-22>2.
( ) 71(,4 2)(372)0ﬁ7—1(BfA+1)1(B71) = @ since A—2 = (B—A+1) and B—2—1 = B—3 Z 2.
Therefore, a1 Nap_o = 0, and consequently «; N ap_y_;forallje{l,...,B — 2}, as mentioned
earlier.
Let us now consider the case j — (B —1—k) =1, that is, k = B — j. Again, it is sufficient to
prove the result for j = 2, then it will follow that a; Na’z_; = for all j € {2,..., B —2}. Since

O/B—Q - U 7~1a'2

ahb=B—A+1

and

A-2
Q2 C U 7-2(127
(12=0
the intersection alz_, N az is contained in sets Tyq; N Taa, satisfying as —aj € {A, A~ 1,4 -2}
(see Lemma 5.2). In particular, as — a5 > 0. However, we can read off from Lemma 5.4 that
as <A—2anday>B—A+1, hence as —ay <24 — B —3=0. Hence as Nay_, = 0.
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Let us finally consider the case j — (B — 1 — k) = —1, that is k = B — 2 — j. It is sufficient to
prove the result for j = 1, then it follows that a; Na’z_,_; = 0 holds for all j € {1,..., B — 3}.
The case j = 1 can be found in Appendix B.

In the second part of the proof, we deal with the remaining cases. Let us consider the case
j=B—-1land k € {1,...,B}. Since ap_1 C Tp_1, ), C Tp_1—j for k € {1,...,B — 1} and
a's C To, we have

OzB_lmOé;f:@

for all k € {2,..., B}. We now prove that ag_1 N} = 0. We notice that

ap_1 C T(p—1)(a—2)

and
B-1

o) C U T(B—2)k-

k=A—2
However, by Lemma 5.2, T(g_1)(a—2) N T(p—2) for all k € {A—2,..., B —1}. Therefore, ap_1 N
ay = 0.
It follows immediately, by symmetry, that

ag_ Nak =10
for all k € {2,...,B}.
Finally, since ap C Tp_1, a}, C Tp—1—k for k € {1,...,B — 1} and a3 C Ty, we have
agpNaj, =10
for all k € {2,..., B}. And symmetrically, it follows that
agNag =10

for all k € {2,..., B}. O

Lemma 5.9. The curves aq,...,ap,a),...,a’5 form a circular chain.

Proof. We prove that

apNa, ={0.(B-1)(B-1)00B—-1)}={0.(B—2)(A-2)1(B - 1)0},

ag Nay ={0.00B—1)(B-1)0} ={0.1(A—-2)(B—-2)0(B-1)}

and the result then follows from Lemmas 5.6, 5.7 and 5.8.

Note that a convenient expression for of and o/ can be obtained as stated in Remark 5.5.

We start with the first intersection. Let 0.(B — 2)aba%--- € o) and 0.(B — 1)agas--- € ap
with expansions of the form given in Lemma 5.4 and Remark 5.5. Then, as < B —1 and a) >
B—-—A+4+1=A-2, thus ag — aj < A— 2. By Lemma 5.2, for these expansions to be equal we
must have az —ay, € {A,A — 1, A — 2}, therefore we can deduce that as — a}, = A — 2, which
happens only for a; = B — 1 and a) = A — 2. Furthermore, again by Lemma 5.2, we must have
asasagar - -+ = 0(B —1). One easily checks in the expression of ap in Lemma 5.4 that the only
expansion of this kind is that of

0.(B-1)(B—-1)00(B—-1)=0.(B—-2)(B—A+1)1(B-1)0.
It follows that
agNay ={0.(B—1)(B-1)00(B—1)}.

For the second intersection, we just use the definition of o; for j € {1, B}: it is obtained from
a; by changing every digit a to B — 1 — a. Hence the result follows from the computation of
apNaj. O
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5.4. For each i € {1,...,B—2}, 7; is a simple arc on J7 going through the point 0.i4 — 2
and with endpoints on @Q’. Note that 8g_1 and Sp are two consecutive simple arcs of a chain,
with intersection point 0.(B — 1)A — 2 (see Table 1). The endpoints of the simple arc Sp_1 U 8p
are

0.(B-1)(A-2)(B—-2)0(B—-1), 0.(B—1)(B—-1)00(B —1).
Therefore, by construction, for each i € {1,..., B — 2}, the curve ~; is a simple arc, going through
the point 0.4 — 2 and having endpoints

0.i(A—2)(B —2)0(B — 1), 0.i(B —1)00(B — 1).

As can be seen on Table 1, the points 0.i(A — 2)(B — 2)0(B — 1) are endpoints of «;, hence of
B; also, and thus belong to @'. Also, as the points 0.:0(B — 1)(B — 1)0 are endpoints of o, the
following points,
0.(B —1—i)(B —1)00(B — 1),
obtained from the former ones by exchanging the digits a <» B — 1 — a, are endpoints of a/5_;_,,
hence of 85 _,_; and thus belong to Q. Consequently, the endpoints of 7; all lie on @'
Finally, we claim that v; C 9T for each ¢ € {1,..., B — 2}. Let us observe that

Bp_1 Cagp_1 C 0.(B — 1)[K2] c oT.

The inclusion for ap_; can be checked from Table 1 and the automaton on the right side of
Figure 3. We deduce from the same automaton that 0.i[Ks] C Kg C 9T for i € {0,...,B — A}
and 0.i[K3] C K5 C 0T fori € {B—A+1,...,B —1}. It follows that

fif5ti(Be_1) C 0[Ko] € OT
foralli € {1,...,B — 2}.
In the same way, we can observe that
B Cap C0.(B—1)[K4U0.(B—1)[K5] CIT.
Moreover, 0.i[Ky] C Ky C T fori € {0,...,A—1}, 0.i[K4] C K3 C 9T fori € {A,...,B—1}, and
further that 0.i[K5) C Ko C T fori € {0,..., A—2}, 0.i[K5] C K3 C OT fori € {A—1,...,B—1}.
It follows that
fifsLi(BB) C 0.[K4 UO0.i[Ks]) C OT
for all ¢ € {1,..., B — 2}. Therefore, v; C 0T for alli e {1,...,B —2}.

5.5. 7 has no cut point for 24 — B =3, A # B.

Theorem 5.10. Let M € Z?*2 with characteristic polynomial x>+ Ax+ B, where0 < A < B > 2.
Let D = {0,v,2v,...,(B—1)v} for some v € Z? such that v, Mv are linearly independent. Denote
by T = T(M,D) the associated self-affine tile. Suppose that 2A — B = 3 and A # B. Then T
has no cut point but its interior is disconnected. The closure of each connected component of the
interior of T is homeomorphic to the closed disk.

Proof. We check that @ C 0T satisfies the assumptions of Theorem 4.1. By construction, @ is
connected. It has no cut point because @’ is a simple closed curve and the v;’s (i € {1,...,B—2})
are simple arcs with endpoints on Q’. Moreover, for each i € {0,...,B — 1}, f;(Q) N Q contains
the point

P =04A-2= f;(0.A-2).
This holds because S = 0.4 —2 € Q and, fori € {1,...,B—2},044A -2 €~ C Q. Fori = B—1,
the point 0.(B —1)A — 2 is an endpoint of 35_; by construction, thus it belongs to Q. For i = 0,
the point 0.0A —2 =0.B —1—0.(B — 1)A — 2 is an endpoint of 3 _,, thus it also belongs to Q.
We finally find another point in this intersection!. By construction, the simple closed curve
Q' is the union of two simple arcs meeting at their endpoints, namely Uf;l B; and Uil Bl =

0.B—1—Z, Bi. It follows that Q' admits

%O.B71:0.A72:S

I'Most of the following argument can be found in [26] for the special case A =4, B =5
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as a symmetry center. Hence we conclude that S lies in the bounded component B, of R?\ @Q'.
Therefore, f;(S) = 0.iA —2 € Q lies in the bounded component f;(B.) of R?\ f;(Q’). Since f; is
a contraction and Q' = 9B,, there exists a point z € Q" \ f;(B.). Now, as @ is arcwise connected,
there is a path in @ from z to f;(S). This path must intersect df;(B.) = f;(Q’), providing a point
in QN f;(Q), different from f;(.9).

It follows from Theorem 4.1 that 7 has no cut point for 24 — B = 3, A # B and that the
closure of each interior component of T is a topological disk. O

Remark 5.11. Note that the disk-likeness of the closure of the interior components follows from
the following theorem of Torhorst.

Lemma 5.12. [15, §61, II, Theorem 4] Let M C S? be a locally connected continuum having no
cutpoint and R a component of M€¢. Then R is homeomorphic to a disk.

6. 7 HAS NO CUT POINT FOR 2A — B =4

The detailed proof of this case will be published in a separate paper [19]. We list in this section
the two main differences between the cases 24 — B = 3 and 2A — B = 4.

e There are significant changes in Lemma 5.2, describing the intersecting natural subdi-
visions of the IFS-attractor 7. In particular, in the case 2A — B = 3, it follows from
Lemma 5.2 that every intersection 74,4, N ’7;:1 a}, contains exactly B — 1 points as soon as
a3 —ay =1 and ay — ay = A — 2. These points build bridges between subdivisions of T.
These bridges are “far enough from each other” for the curve Q' C @ of Section 5.1 to
be self-avoiding. Whenever 24 — B = 4, a lemma analogous to Lemma 5.2 shows that
every intersection 74, a, N 7a/q, contains infinitely many points as soon as a; —aj = 1 and
as —al, = A—2. This involves changes in the construction of the curve @ in order to make
the subcurve @’ be a simple closed curve.

e In the case 2A — B = 3, we have (B —1)/2 = A — 2 and the symmetry point $0.B — 1
of 7 has the alternative expansion 0.A — 2. This point therefore belongs to the curve
@ and is in the bounded component of R? \ @’ (see the proof of Theorem 5.10). This
alternative expansion is not available whenever 24 — B = 4. Consequently, for @ to
satisfy #£;(Q)NQ > 2 for all i € {1,..., B} (see assumption of Theorem 4.1), our idea
will be to add more simple arcs to the subcurve Q' (see Section 5.1).

Acknowledgements. We are grateful to the referees for their helpful remarks and comments.
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APPENDIX A. COMPLEMENTS TO THE PROOF OF LEMMA 5.6

Here 2A — B = 3 and A # B. We use again frequently Lemmas 5.2 and 5.4.

A.1. Proof that ag Nap_s = . We have ag_o C Tp_o and ag C Tp_1. Suppose that
0.(B—2)ahal - - - [K']|N0.(B—1)azas[K] # 0 for some subsets of ap_s and «p listed in Lemma 5.4.
By Lemma 5.2, we necessarily have ay — a, € {A, A — 1, A — 2}. However, if as — a, = A, then
as = 0, a contradiction to Lemma 5.4. Hence ay — a5 € {A—1,A—2}. In view of Lemma 5.4,
only the following cases meet this condition.

(i) ag = B —1,ah = A—2, hence ag — ah = A — 2. Then, either a3 = 0,a5 € {B — 1, B — 2},
and ag — aj # —1, contradicting Lemma 5.2. Or a3 € {1,...,A — 1} and agy > A — 3,
contradicting Lemma 5.2 again.

(#4) ag = B—1,a5 = A—3, that is, we consider the subsets 0.(B —2)(4—3)[K,UKj5] C ap_s.
Here, ag —ay, = A —1. If ag = 0, then ag — aj < 0, contradicting Lemma 5.2. Hence
we are left with the subsets 0.(B — 1)(B — 1)[K; U K3] C ap. For the subsets under
consideration, we have a3 —af < A—1— (A —3) = 2. By Lemma 5.2, we are interested
in the cases where ag —ay € {B— A,B— A+ 1,B — A+ 2}. This leads to three cases.
Either a3 = A—1,a5 = A—2, hence a3 —ay =1. Thus B— A =1, thatis, A=4,B=5
and a4 = 0, contradicting a4 > A — 3 (Lemma 5.2); or B— A+ 1 =1, that is, A = B,
which is not considered here. Or a3 = A—1,a5 = A—3, hence ag —ay =2=B— A+2
and A = B, which is not considered here. Or a3 = A — 2,a4 = A — 3, hence a3z — a = 1,
which brings back to the first case.

(#9t1) ag = A —2,a, = 0. Then ay — a = A — 2 but from Lemma 5.4 we read that a4 # 0,
contradicting Lemma 5.2.

(iv) ay ¢ {B — 1, A — 2}, that is, we consider the subsets 0.(B — 1)as[K; U K] C ap with
as € {A—1,...,B —2}. This implies that a5 € {0,..., 4 — 3} in order to have az — a} €
{A—1,A—2}. If a}, = 0, then only as = A — 1 has to be considered. In this case, if
ay = B — 1, then ag — a4 < 0, which contradicts Lemma 5.2. Therefore, we are left with
the subsets 0.(B — 2)ab[K, U K5] with aj € {0,..., A —3}. If now ay — ay = A — 2, then
as = 0 by Lemma 5.2, a contradiction to the fact that ay > A — 3 for the subsets of apg
under consideration. On the other side, if ay — a), = A — 1, the situation is analogous to
that of Item (i7) and this leads to a contradiction.

Therefore, ag Nag_o = 0.

A.2. Proof that ap Nap_1 = {0.(B — 1)A —2}. The curves ap_1 and ap are both subsets
of Tg_1. From 2A — B = 3 it follows that A — 2 = B — A 4+ 1 and by Lemma 5.2 the point
0.(B —1)A — 2 belongs to ag_1 Nap.

We will now show that 0.(B — 1)(A — 2)abas -+ - [K'] N 0.(B — 1)ajazag - - - [K] = 0 for all the
subsets of ap_1 and ap listed in Lemma 5.4. Let us suppose that this is not the case. This is
equivalent to assuming that 0.(A — 2)abal - - - [K'] N 0.a1az2as3 - - - [K] # 0. We review all such pairs
of sets occurring in ap_1 and ap. Firstly, we consider the cases where a; # A — 2.

(1) If a1 € {A,...,B—1}, then a; — (A —2) > 2 (because A # B implies A > 4), and this
contradicts Lemma 5.2.

(#) If ay = A — 1, that is, we consider the subset 0.(A — 1)[K; U K3], then a; — (A —2) = 1.
However, we can see from Lemma 5.4 that ap < A —1 and ay, > A — 2, thus as — a}, <1,
contradicting Lemma 5.2.

Secondly, we come to the cases where a; = A — 2. Then our assumption is equivalent to
0.abay - - [K'] N 0.aza3 - - - [K] # (). Let us start with all the cases where a}, # A — 2.

(i) Ifah, > A—1 and as < A—3, then az —ah < —2, contradicting the first item of Lemma 5.2.
(i1) If ay, > A and a; = A — 2, then as — ah, < —2, contradicting the first item of Lemma 5.2.
(#i1) If ah, = A—1 and ag = A — 2, then a5, — az = 1. One checks on the expression of ap
that if ag = A — 2, then a3 > A — 2. Moreover, the only subsets satisfying a, = A — 1 are
0.(A — 1)[K1 U K3] and, in the case A = 4, B = 5, the subsets with a5, = B — 2. In both
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cases, ay < A—1, but since ag > A—2 > 2, we obtain that af —az < A —3, contradicting
Lemma 5.2.

We go on with the cases where a, = A—2. If ay = 0, then a}, —as = A—2 > 2 and this contradicts
Lemma 5.2. Otherwise, a = A — 2 = af, and our assumption is equivalent to 0.a}---[K'] N
0.a3---[K] # 0. We list the different cases below. The sets are chosen according to Lemma 5.4,
starting from the digits as and af, since we erased B — 1, a1 =aj = A—2and ay = ah = A — 2.
(1) Let p>0and S :=0.((A—2)(A—2))P(A—2)[K1] C Ta—o. We apply Lemma 5.2. Since
S1 := 0.[K;1] C Ty, we have SN Sy = 0. Also, S does not intersect Sy := 0.(4 — 2)((4 —
2)(A —2))™(A — 2)[K;] for m > 0. Indeed, if p > m, then SN Sy # 0 iff 0.((4 —2)(4 —
2))p=m (A= 2)[K1] N0.(A — 2)(A — 2)[Ky] # ), implying that T s_yetr-mn N Toa_2y0 £ 0
but this does not occur by the first item of Lemma 5.2. And if p < m, then SN Sy # ()
would imply that 7o N T(4_sy20m-n+1 # 0, which again does not occur by Lemma 5.2.
In the same way, we can prove that S does not intersect the sets S5 := 0.(4 — 2)((A —
(A -2)"k[K1 UKy (0<k<A-3m>0),Ss:=0.((A-2)(A—2)"k[K, U Kj]
(0<k<A-3m>1)and S5:=0.((A—2)(4A—2))"(A—2)[K4] (m>1).
(#4) Similarly as in Item (i), taking successively for S the sets

0.((A - 2)(A — 2))PE[K, UKy) (A—1<k<B—1,p>0),
0.(A —2)((A—2)(A—2))Pk[K, UKs] (0< k< A—3,p>0), and
0.(A=2)((A-2)(A-2))P(A-2)[Ky] (p=0),

one can check that SNS; = 0 for all the sets S; (j € {1,...,5}) defined in the above item.

One finally checks with the help of Lemma 5.2 that the point 0.(B — 1)(A — 2)(B — 2)0(B — 1)
does not lie on ap, and that the point 0.(B — 1)(B — 1)00(B — 1) does not lie on arp_.
Therefore, ap Nap_1 = {0.(B —1)A — 2}.

APPENDIX B. COMPLEMENTS TO THE PROOF OF LEMMA 5.8

Here 2A — B = 3 and A # B. We prove that a; Na/;_; = 0. By Remark 5.5, the description
of afz_5 as in Lemma 5.4 is obtained from the description of as by interchanging the digits
a +» B—1—a and the sets K1 < K4, Ky <> K5, K3 <> Kg. We deduce from these descriptions
that

a1 C Upp aTom—1r U Upg 0.1k[K4] U UpZy 0.1k[K5)

U Ti(a—2y-20 U Unce Tica—2)(B—1)k
and
A1 B—1 B_1
O/st C Uk::O 7—2(3—1)% U Uk:BfA+10'2k[Kl] U Uk:BfAjLQ O-Qk[[(ﬂ

U Ta-atnns-1) Y Ur—p_a Ta(B—At1)0k-
We consider the sets 7;/111/2@/3&; and Ta,aza5a, Showing up in the right side of the above inclusions, as
well as sets of this form with digits a},...,a} and a4, ..., a4 corresponding to the sets 0.1k[K] and
0.2k[K]. If two such sets have nonempty intersection, they must satisfy Lemma 5.2. In particular,
since a; —a} =2 —1=1, we must have ag —ap € {4, A -1, A — 2}.
If ag — a), = A, then a3 = B — 1 by Lemma 5.2, but this does not occur, since ag is at most
A — 1 in the above sets.
Ifag —ahb =A—1,thenaz —ay € {B—A,B—A+1,B— A+ 2}. We consider the different
cases.
e az—ay=B—A(>2). If ag € {0,1} or if a4 € {B — 2, B — 1}, then ag — a5 < 1. Hence
it remains to check that
A-3 B-1
JoikKs) n [ 0.2k[Ky] = 0.

k=0 k=B—A+2
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Here, a3 < A—1and a§ > B— A. Thus, if a3 < A—2orif a§ > B— A+ 1, then
as — ag < 1. Hence we are left to check that

01@’2<B - A)Kl N 02a2(A - 1)K4 == (Z)

However, by Lemma 5.2, for this intersection to be nonempty, we should have a4y = 0,
which does not hold.

e a3—ay € {B—A+1,B—A+2}. Notethat B—A+1>3and B— A+ 1> 4. However,
since a3 < A —1 and ay > B — A, we have a3 — a5 < 2. Therefore, these cases do not
occur.

Finally, if ag — ab, = A — 2 then, by Lemma 5.2, ag — a5 = —1 and the remaining digit sequences
(an)n>4, (al,)n>a are the periodic sequences (0, B —1,0,...), (B—1,0,B —1,...). In particular,
the condition ay = 0 is only satisfied by the set T3(p_1)00 and the condition aj = B — 1 only
satisfied by the set Tio(g—1)(B—1)- But then ag —ah =B —1# A —2.
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