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Abstract

The present postdoctoral thesis deals with digitally defined functions. Such a function is defined
via some digital expansion, such as the ubiquitous base-ten expansion, or more general, the
base-q expansion. Our goal is to better understand functions of this kind, from a combinatorial,
number theoretic, as well as from an analytical point of view.

The so-called sum-of-digits function s, in base ¢ > 2 will be our primary source of difficult
problems. The number s,(n), for a natural number n, is just the sum of all base-¢ digits of
n (which are integers and can be summed up). This quantity is also the minimal number of
powers of ¢ needed to represent n as their sum:

sq(n) = min{k > 0 : there exist dg,...,dr_1 € N such that n = qd" + -4 qd’“*l}.

Heuristically, the sum-of-digits function captures much of the complexity connected to digital
expansions, and there are numerous elementary questions that can be asked. The difficulty of
these questions ranges from trivial to intractable, and we are well advised to choose our research
problems from the “middle section”.

Contrary to the first impression that problems of this kind might give, there are questions
concerning digital expansions that are (a) easy to formulate but (b) non-trivial to answer, (c)
non-artificial, and (d) connected to other areas of pure mathematics, such as (harmonic) analysis,
Diophantine approximation, multiplicative number theory, the theory of dynamical systems, or
multiplicative number theory.

Examples that, in our opinion, satisfy all of these very vague criteria, include:

e How is the base-¢ expansion of a sum n + ¢t of natural numbers related to the base-q
expansions of the summands n and t7

e How often does s, along a finite arithmetic progression attain a given value?

e At which positions n do we have (—1)%(™ #£ (—1)%(™+7)? In particular (¢ = 2), we are
interested in the Thue-Morse sequence t(n) = sy(n) mod 2. Where do the “sign changes”
in t, corresponding to r = 1, take place?

e Do we have s3(n) = s3(n) infinitely often?

The four papers we are going to present in this thesis are concerned with these four items,
respectively. They give answers, or partial answers, to each of these four questions. Moreover,
they embed the research topic “digital expansions” into a broader picture by using methods
from various mathematical methods and highlighting further connections such as in (d) above.
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Chapter 1

Introduction

“Fiir die Entwicklung der logischen Wissenschaften wird es, ohne Riicksicht auf
etwaige Anwendungen, von Bedeutung sein, ausgedehnte Felder fiir Spekula-
tion iiber schwierige Probleme zu finden. Wir werden hier in dieser Abhand-
lung einige Untersuchungen aus einer Theorie lber Zeichenreihen, die gewisse
Beriihrungspunkte mit der Zahlentheorie darbietet, mitteilen.”

Axel Thue, 1912 [158]

Thue would perhaps have been interested in observing that “Zeichenreihen” — strings of digits
— would be of fundamental importance later in the 20*" century.

1.1 Included articles

We selected four of our relatively recent articles, three of which are single-authored, and one is
joint work with Michael Wallner (TU Wien). The contribution of each of the two authors to
that latter article can be estimated to be 50%.

All four papers are published or accepted for publication:

1. “The binary digits of n + ¢”, with Michael Wallner,
Ann. Sc. Norm. Super. Pisa Cl. Sci., to appear;

2. “The level of distribution of the Thue—Morse sequence,
Compos. Math. 156 (2020), no. 12, 2560-2587;

3. “Gaps in the Thue-Morse word”,
J. Aust. Math. Soc., published online, to appear ;

4. “Collisions of digit sums in bases 2 and 3",
Israel J. Math., accepted for publication (2022).

The full texts of these articles can be found in Chapters 2-5 below, and are also available
on arXiv.
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Remark 1. For reasons of brevity, we did not include the manuscript “Primes as sums of
Fibonacci numbers” (135 pages), written jointly with M. Drmota and C. Miillner, and recently
accepted (2022) for publication in Mem. Amer. Math. Soc.
https://www.ams.org/cgi-bin/mstrack/accepted_papers/memo

This preprint is available on arXiv.

Notation. For real z, we write

e(x) == exp(2mix), || == min{|z —n| :n € Z},
|z] =max{ne€Z:n<z}, {z}=z-|z]

In our papers, N denotes the set of nonnegative integers.

1.2 Digital expansions

Digital expansions owe their name to the Latin word digitus, meaning finger. Indeed, it is
certainly not a coincidence that using the decimal system — a positional system of numeration,
employing the number ten as base — is quite popular.

More generally, assume that ¢ > 2 is an integer. Every integer n > 0 has a unique expansion

-1
n:Z(quj, (1.2.1)
§=0

where £ > 0 is an integer and (50,...,5571) € {0,...,q — 1}, and either £ = 0 or §,_; # 0.
Due to this uniqueness, we may write d;(n) for the base-g digit of n at index j, and ¢(n) for the
quantity ¢ appearing in (1.2.1) — the length of the base-¢ expansion. We also set d,(n) = 0 for
j > £(n). Note that the base-q expansion of 0 is the empty string. This expansion has length 0.
The tuple (5O(n), ce, 55(,0_1(71)) €{0,...,q— 1} is called the base-q expansion of n, and
we use the notation
n = (0gny-1(n)--- (50(n))q.

For example, in the aforementioned decimal system, the base ¢ is the number ten, and the
set of digits is {0,1,2,3,4,5,6,7,8,9}.

Based on the base-q expansion, we define the sum-of-digits function in base ¢q. Since the
digits of a natural number n in base ¢ are natural numbers, we may form their sum, and define

sq(n) = Z d;(n).

Jj=20

In order to encounter the type of problems that we deal with in our papers, we do not need
to consider “large bases” such as ten. The case ¢ = 2, and problems appearing when combining
this case with the next higher base ¢ = 3, already provides plenty of research opportunities, and
intractable problems, too.

1.3 The binary digits of n +¢

The first paper we want to discuss is joint work with M. Wallner, and will appear in Ann. Sc.
Norm. Super. Pisa Cl. Sci. [153]. The accepted version of this paper can be found in
Chapter 2.
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The binary sum-of-digits function s has a somewhat fractal appearance. For example, the
221 tuple Th,1, where T, = (52(0), .e.,S9 (2“ — 1)), results from concatenating the 2*-tuples
Ty and T + 1, where each value in the latter tuple is obtained from the corresponding entry in
the first tuple, by adding 1. The connection to fractal structures becomes even more apparent
when studying divisibility in Pascal’s triangle (see Figure 1.1 below). Assume that p is a prime
number. Legendre’s formula implies that
n—sy(n)

p—1
which relates the p-valuation of n! to the sum-of-digits function in base p. Here of course
vp(m) = max{k > 0 : p¥ | m} for integers m > 1. Using (2.1.2) thrice, we can express the
relation p’ | (”'H) in the form of the identity

t
n+t
o=1m (")) = s 45,0 - syt 0. (132)
In particular, we see that (") is odd if and only if

SQ(TL + Tf) = Sg(n) + Sz(t). (133)

This property can also be understood using Lucas’ congruence [98]. This well-known congruence
asserts that for t <n and p > max(¢(n), ((t)), we have

(0)= (i) - (G o

(
Since p is a prime number, we have p t (’Z) if and only if none of the factors is divisible by p.
This, in turn, is equivalent to

vp(nl) = : (1.3.1)

9;(t) < 9;(n) for all i < p,
which we denote by ¢ < n for a moment.

For simplicity, we assume in the following that p = 2. In this case, we have t < n + ¢ if and
only if the supports of the sequences of digits of n and t are disjoint:
t <n+t if and only if
for all j > 0: (6;(n),d;(t)) # (1,1).
The proof of this statement is direct and very easy, and does not involve carries.
It is well-known that marking the positions of odd entries in Pascal’s triangle generates, in
a certain sense, the Sierpinski triangle. Therefore, we see that this fractal can be understood
either by means of the sum-of-digits function in base 2 (1.3.3), or by checking “disjointness of
the digits” of n and ¢ (1.3.4). This can also be formulated in terms of carries [91]. Let ¢(n,t) be

the number of carries arising in the addition n + ¢. By Kummer’s paper, we have in particular
c(n,t) = va("1"). For the “base case” we have the following equivalent statements.

(1.3.4)

2¢ (n :_ t) if and only if
so(n +t) = sa(n) + sa(t) if and only if
tn+t if and only if (1.3.5)

for all j > 0: (6;(n),0;(t)) # (1,1) if and only if

c(n,t) = 0.
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Let us now study higher divisibility and assume that & > 0. It is known [78] that the sets

Ap = {(n,t) Loty (’Z)} (1.3.6)

of entries in Pascal’s triangle not divisible by 2¥*1 can be constructed by the following simple
iterative procedure (omitting precise definitions of the used terms).

k = 0: Start with the infinite discrete Sierpinski triangle, which is Aj.

k > 1: Into each triangular hole of A;_1, insert a maximal discrete Sierpiriski triangle, in order
to obtain Ag.

The following picture illustrates this procedure for the first 32 rows of Pascal’s triangle, and
kE<2.

® ® L] ® ® L] ® i ® O.é“ ‘.*.. ] ® $ ..*‘.

Figure 1.1: Binomial coefficients exactly divisible by 2°(), 21(®), or 22(®).

The blue hexagons in this picture correspond to binomial coefficients (”:rt) exactly divisible

by 2, in other words, sa(n +t) + 1 = sa(n) + s2(t) (see (1.3.2)). Purple corresponds to exact
divisibility by 4, and the equation sa(n +t) + 2 = s3(n) + sa(¢).

It looked manageable at first to gain precise understanding of the occurrence of carries when
adding n and ¢, that is, the set

Cnyt = {j € N: a carry appears at index j in the addition n + t}. (1.3.7)

This definition captures, intuitively, the “complexity” of the addition of integers.

We soon came to realize that the task of understanding the sets C,, ; is an infeasible one. In
this context, we would like to first highlight the paper [150] with M. Wallner, where a glimpse
of the apparent complexity of divisibility in Pascal’s triangle can be taken. In that paper, we
give a structural result concerning the quantities

I(j,n) :=#{t<n:2j | (”;”) and 2j+1+<n;rt>}

(the number of terms in row n of Pascal’s triangle that are exactly divisible by 27). We studied
an exact representation of ¥(j,n) in terms of subword-counting functions

1) = #{j > 0 : the word w appears at position j in the binary expansion of n}
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For example, [150]

1
I(1,n)27=0) = §|n|107 and

1

9(16,m)27 ) = S

|n|1S + (872748 monomials),

where each of the 872748 additional monomials is a product of (at most 15) subword-counting
functions ||, (see the Online Encyclopedia of Integer Sequences [140, A275012]). It is important
to note that such a representation by a polynomial in block-counting functions is unique, as soon
as only words w = 1w’0 are admitted [150, Proposition 2.1], moreover there does exist a poly-
nomial representation satisfying this restriction (see Barat—Grabner [12], and Rowland [134]).
Note that the first formula expresses the number of blue hexagons in Figure 1.1, while hexagons
“of color 16” do not appear before line 2'6 = 65536 in Pascal’s triangle.

Another, even more striking, illustration of the complexity of this topic is the very close
connection to the so-called Diatomic Sequence of Stern [154]. This 2-regular sequence (see
Allouche—Shallit [3]) is defined by the deceptively simple recurrence

a(0)=0, a(l)=1, a(2n)=s(n), a2n+1)=a(n)+aln+1). (1.3.8)

The connection to Pascal’s triangle can be seen from the formula
. 2 e T+ 7\ .
a(n+1)—#{(z,j)€N :2z+j—n,< ; > is odd}. (1.3.9)

This identity can be proved using hyperbinary expansions of an integer, see Northshield, [125,
Theorem 4.1]. In other words, Stern’s sequence is given by diagonal sums across Pascal’s triangle
modulo 2 [126]. By the equivalence (1.3.5) and the definition (1.3.7) of C, ¢, we have

a(n+1)=#{i > 0: #C;p_o =0}. (1.3.10)

From this we see that results on the structure of carries occurring in the addition of integers
leads to a better understanding of Stern’s sequence.

Stern’s sequence a, in turn, is closely related to continued fractions (see Stern [154], Lehmer [93],
Lind [95], and Graham, Knuth, and Patashnik [77, Exercise 6.50]): if

n = (1k00k1 BT L 1kr)27
then a,, is the numerator of the rational represented by the continued fraction
[ko; K1y .-y Kl

Therefore, it appears reasonable that “understanding carries occurring in the addition of inte-
gers” leads to “understanding the continued fraction expansion of rationals” (and consequently,
the Euclidean algorithm, Farey series, ...). From this we derive the following informal guideline.

We cannot expect to gain complete understanding of the set Cp ;. (1.3.11)

Due to the apparent difficulties connected to a precise understanding of carries, we have to
lower our expectations.
In the first paper [153] of this series, jointly with M. Wallner, we explore this topic by
investigating the inequality
sa(n+t) > sa(n). (1.3.12)
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Taking (1.3.11) to heart, we will not strive to fully characterize the set of pairs (n,t) such
that (1.3.12) is satisfied. Instead, we will only study the frequency of integers n such that this
inequality holds. In symbols, we set

¢t = lim l #{n < N:sy(n+t)>ss(n)}. (1.3.13)

N—oo N

T. W. Cusick conjectured [private communication, 2011, 2015] that for each ¢ > 0, we have

cp > 1 (1.3.14)
2
Even though the behaviour of ¢; should be more admissible than C,, ;, we expect that the exact
form of the value ¢; will still be very difficult to grasp. We therefore content ourselves with
bounds and asymptotic statements [42,144,148,151-153].

Theorem 2.1.1 from Chapter 2 gives an almost-solution to Cusick’s (Hamming weight)
conjecture. We prove that ¢; > 1/2 if the binary expansion of ¢ contains a sufficient number of
maximal blocks of 1s. That is, we have ¢; > 1/2 as soon as |t|os > M, where M is an absolute,
effective constant.

The second theorem in that paper identifies a Gaussian behaviour within the family (0(, 7)) ez
of densities

6(t,5) = Jim —#{n<N s2(n+1) —s2(n) = j}.

The quality of this normal approximation increases with the number of maximal blocks of 1 in
the binary expansion of t.

Remark 2 (Relation to the main topic of this thesis). Cusick’s conjecture is firmly rooted in the
topic “Subsequences of digitally defined functions”. To see this, it suffices to note the following
items.

1. In Cusick’s conjecture, we may assume that ¢ is odd, for the simple reason that co; = ¢; [42].
2. We have sp(n +t) —s2(n) <s(t) (see (1.3.2)).
3. The relation sy(n + t) — sa(n) = j is in fact periodic in n with some period 29 [17,163].
Taking these points together, we see that Cusick’s conjecture is a question on the subsequence
at) = (S2(nt))n20'

Namely, for ¢ odd, we have

¢ = lim —#{0<n<N (t)(n—I—l)za(t)(n)}.

N—oco N

1.4 The level of distribution of the Thue—Morse sequence

The second paper under discussion is published in Compos. Math. [145], and can be found
in Chapter 3.

Section 2 we saw that Cusick’s conjecture can be formulated as a conjecture on arithmetic
subsequences of so. In Chapter 3, we study arithmetic subsequences again, but with a different
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focus. In this chapter, we are interested in short arithmetic progressions, while Cusick’s con-
jecture is a question on long, in fact, infinite, arithmetic progressions (see Remark 2). Short
arithmetic progressions are, heuristically, more difficult to control than long ones. (The meaning
of “short” can be found in the formulation of Theorem 3.2.1.)

As a compensation, we simplify the function sy by reducing it modulo 2, leading to the
Thue—Morse sequence

t(n) == s2(n) mod 2

14.1
= (011010011001011010010110011010011001011001101001~-~). ( )

This sequence is automatic [5], as it is generated by feeding the binary expansion of n € N into
the following automaton.

0 0
0 0
(D)

Figure 1.2: An automaton generating t

Each time we encounter the digit 0, we stay at the same node, and each time 1 is read, we
change sides. In this way, the number of 1s in binary is counted, modulo 2.

As a second simplification (of our problem to study digital expansions along short arithmetic
progressions), we only ask for the number of times each of the values 0 and 1 is attained by t
along our progression. Meanwhile, Cusick’s conjecture was concerned with consecutive values
of sy along an arithmetic progression, more precisely, the difference so((n + 1)t) — so(nt).

This setup leads us to the notion of the level of distribution, which is a prominent topic in
multiplicative number theory [67,90,164]. For example, the well-known Bombieri—Vinogradov
theorem states that the von Mangoldt function A has level of distribution (at least) 1/2. Loosely
speaking, this theorem asserts in particular that the number of prime numbers in an arithmetic
progression

(a,a+4q,...,a+ (N —1)q),

where a < ¢ and ged(a, q) = 1, is close to 7(Ngq)/p(q), for most moduli ¢ < N(log N)~4. Any
improvement of the level of distribution beyond 1/2 would constitute substantial progress in
multiplicative number theory.

Understanding the behaviour of the Thue—Morse sequence is certainly more manageable than
understanding prime numbers. In this case, it was already known that the value 0.5924, strictly
larger than 1/2, is an admissible level of distribution for the Thue-Morse sequence [64]. We were
able to obtain the (optimal) value 1, which is the content of the main theorem in our second
paper. The precise statement of this theorem (Theorem 3.2.1) is presented in Chapter 3 of this
thesis.

Roughly, this result states that for most moduli ¢ < N, all of the numbers

#{n < N :t(a+ ng) =0},

for a > 0, are close to N/2.
The above-cited result [64] by Fouvry and Mauduit — the Thue-Morse sequence has level of
distribution a = 0.5924 — corresponds to R < o/(1 —«) = 1.453. The substantial improvement
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contained in our theorem is the fact that R may be chosen arbitrarily large. This explains
the term “(very) short arithmetic progression”, as the common difference may be astronomical
compared to the number of terms.

In Chapter 3 we prove this theorem, which has the potential for significant impact on the
field.

Remark 3. We note that the proof strategy of Theorem 3.2.1 has been extended by M. Drmota,
C. Miillner, and the author, in order to handle the Zeckendorf sum-of-digits function z. We were
able to prove, in particular, the following statement [49, Theorem 1.1]:

Let k be a sufficiently large integer. There exists a prime number p that is the
sum of k pairwise different and non-consecutive Fibonacci numbers.

The paper containing this result is going to be published by Mem. Amer. Math. Soc.

1.5 Gaps in the Thue—Morse word

Chapter 4 is of a slightly different flavour, and concerns the paper [147], which will appear in
J. Aust. Math. Soc.

Let a be a digitally defined sequence over the alphabet A, and w a finite word in A. We
start with a property Py ., (¢):

P, ,(¢) < the word w appears at position ¢ in the sequence a.

The object of interest in this paper is the increasing sequence n = (n;);>o of positions ¢ for
which this property holds. (The subsequence j — a(n;) is constant.) We consider in particular
the increasing sequence n = (n;);>0 of positions in the Thue-Morse word at which the subword
01 appears. The main result of this chapter states that the sequence n is not k-regular, for every
k > 2, in the sense of J.-P. Allouche and J. Shallit [3]. Thereby we answer a question of Shallit
in the affirmative.

In fact, what Shallit asked (private communication, 2019) was to prove that the gap sequence

B = (nj41— 1) 50

of occurrences of 01 in the Thue—Morse sequence is not automatic. Since the sequence of
partial sums of k-automatic sequences is k-regular, differences j — f(j + 1) — f(j) of k-regular
sequences are again k-regular, and finite-valued k-regular sequences are k-automatic [3], these
two problems are equivalent. As a corollary to our method, we derive the result that the gap
sequence corresponding to any factor of the Thue—Morse sequence, of length at least two, is not
automatic. Here a factor of a word is any contiguous finite subsequence of that word.

Our proof of Theorem 4.1.1 is based on a close relation to the well-known ternary Thue—
Morse sequence A [2,20,84], see the definition by a morphism in (4.2.1). This sequence on
the letters {a,b,c} is in fact automatic, and we display a corresponding base-2 automaton in
Figure 1.3 below.
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= =
o
o

o
o
= =

Figure 1.3: An automaton generating A

Following the edges according to the binary expansion of an integer, we arrive at one of the
four nodes a, b, b, or c; applying the projection a — a, b — b, b — b, ¢ — c, we obtain the
sequence A on three symbols. (Note that applying the projection a ++ 0, b+ 0, b1, c+> 1
instead, we obtain the Thue-Morse sequence!) The gap sequence B can be recovered from A,
replacing each occurrence of a by 33, each b by 4, and each ¢ by 2.

A — a bca cba bcba ca bca cba ca bcba bca cba bcba ca bcba bca cb---
B = 3342332433424332334233243323342433423324334243323342433423324 - - -

Figure 1.4: A is automatic, while B is not

The gap sequence B is substitutive, or morphic, as a morphic image of an automatic se-
quence (Figure 1.4), see [5, Corollary 7.7.5]. Our main theorem, Theorem 4.1.1, states that the
gap sequence B is not automatic in any base.

The second part of our paper [147] is concerned with the discrepancy of the number of
occurrences of 01. This quantity is defined by

DN::#{0§n<N:tn:o,tn+1:1}—%

To this end, we closely investigate the structure of A. More precisely, we study certain
rotations of letters, which transform A into the periodic word (abcabc - --). Understanding the
nested structure of these rotations is the subject of this part of the paper. In particular, we
represent the discrepancy by means of output sums of a transducer [83], and derive the corollary
that Dy takes every value in 37 infinitely often, see (4.3.22).

1.6 Collisions of digit sums in bases 2 and 3

In Chapter 5 we solve a long-standing folklore conjecture on the joint digital expansion of
natural numbers in bases 2 and 3. The corresponding paper [146] will be published in Israel J.
Math.

The following form of the conjecture — now a theorem (Theorem 5.1.1) — was formulated
at the latest towards the end of the last century.
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Conjecture 1. We have sp(n) = s3(n) infinitely often.

We list some values of the binary and the ternary sum-of-digits functions, where we highlight
collisions — integers n such that so(n) = s3(n) — using boxes.

n | sa(n) ss(n) n_|sz(n) ss(n) n | sa2(n) sz(n)
o]l o 0 0] 2 2 20 | 2 4
1 1 3 3 3 3

2 | 1 2 2 2 22 | 3 4

3] 2 1 3 3 23 | 4 5

41 1 2 14| 3 4 24 | 2 4

5 2 3 15 | 4 3 25 | 3 5
6] 2 2 16 | 1 4 2 | 3 6
3 3 17 | 2 5 27 | 4 1

8| 1 4 2 2 28] 3 2

9 | 2 1 3 3 20 | 4 3

n | sa2(n) s3(n) n | sa2(n) sz(n) n | sa2(n) s3(n)
30 | 4 2 40 | 2 4 50 | 3 6
31| 5 3 41 | 3 5 51 | 4 5
32 | 1 4 42 | 3 4 52 | 3 6
33 | 2 3 43 | 4 5 53 | 4 7
34 | 2 4 44 | 3 6 54 | 4 2
35 | 3 5 45 | 4 3 55 | 5 3
2 2 4 4 5 | 3 4
3 3 5 5 5T | 4 3
38 | 3 4 48 | 2 4 4 4
39 | 4 3 49 | 3 5 5 5

The sequence of collisions therefore begins as follows:
0,1,6,7,10,11,12,13,18,19,21, 36, 37,46, 47,58, 59, .. .,

which is sequence A037301 in the OEIS [140].

An obvious question would be to decide whether there exist arbitrarily long sequences of con-
secutive collisions. It is easy to see, however, that there cannot exist five consecutive collisions.
To this end, assume that sa(n) = sz(n) forn € A = {ng,...,ng+4}. Then {3¢,30+1,3¢+2} C A
for some ¢, which implies

However, so(m + 2) < sy(m) + 1 by (1.3.2), which is a contradiction.
Note that on the OEIS page for sequence A037301, an exhaustive search up to in search
of five or more adjacent collisions is mentioned, an effort that would not have been necessary.

329
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Figure 1.5: blue: number of collisions up to IV; red: powers of 2; black: powers of 3

In Figure 1.5 we can clearly see that for N near powers of 2 and 3, there appear to be
fluctuations in the observed numbers of collisions up to V. Heuristically, this can be explained
as follows. For example, approaching a power of 2 from below, the number of digits 1 in binary
is above average. Since the expected sum of digits in base 3 is larger than the expected sum of
digits in base 2, this bias shifts the expected values closer to each other, and we expect more
collisions.

The main result of Chapter 5 — Theorem 5.1.1 — states that the number of collisions is
indeed infinite. More precisely, a lower bound of the form N, where n > 0, for the number of
collisions up to N is given: we have

#{n < N :sy(n) =s3(n)} > CN"

for some constants C,n > 0.
We would also like to highlight a connection to the base-12 expansion of n! [35, 36, 39].
By (2.1.2), the integer n > 0 is a collision if and only if

n —sz(n)

va(n!) =n —sy(n) =2 5

= 2v3(n!).

This is the case if and only if n! is ezactly divisible by (22 - 3')* = 12* for some k, by which we
mean the property

125 | n! and  ged(12,n!/12%) =1.
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In this case, and in this case only, the last significant base-12 digit of n!, in symbols, £12(n!), is
an element of {1,5,7,11}. Summarizing, we have the equivalences

sa(n) = s3(n) if and only if

va(n!) = 2wv3(n!) if and only if
(1.6.1)
12% exactly divides n! for some k if and only if

l12(n!) € {1,5,7,11}.

Together with J.-M. Deshouillers and M. Drmota (work in progress) we prove that the last
significant digit of n! in base 12 attains each of 1,5,7, and 11 infinitely many times, which is a
refinement of Conjecture 1.

Remark 4. We note that the proof of Theorem 5.1.1, and thus the solution of Conjecture 1,
heavily relies on arithmetic subsequences of sy and sz, and thus fits nicely into the general
framework of this thesis. In fact, the problem greatly simplifies when the sequence n +— so(n) —
s3(n), where n € [N,2N), is rarefied by a certain power 3¢. According to (5.2.44), we will have

¢ 1_10g3 log N
2log2 ) log2 "

The simple heuristics behind this rarefaction is the following: along the arithmetic progression
3*NN[N,2N), the expected values of s3(n) and s3(n) will be similar (within few standard devi-
ations from each other), while the expected values on the interval [N, 2N), without rarefaction,
differ by many standard deviations. The technicalities surrounding this key argument are no-
table, but it should be kept in mind that it is really the essence of the proof. We will not
reproduce the details at this point, but postpone them to Chapter 5. Let us only note that we
were not able to prove the theorem without such an “expectation-adjusting rarefaction”.

Summarizing, passing to a suitable subsequence of a digitally defined function, the formerly
intractable Conjecture 1 becomes manageable.
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Abstract

The binary sum-of-digits function s counts the number of ones in the binary expansion of
a nonnegative integer. For any nonnegative integer ¢, T. W. Cusick defined the asymptotic
density ¢; of integers n > 0 such that

s(n+1t) > s(n).

In 2011, he conjectured that ¢; > 1/2 for all ¢ — the binary sum of digits should, more often
than not, weakly increase when a constant is added. In this paper, we prove that there exists
an explicit constant My such that indeed ¢; > 1/2 if the binary expansion of ¢ contains at least
My maximal blocks of contiguous ones, leaving open only the “initial cases” — few maximal
blocks of ones — of this conjecture. Moreover, we sharpen a result by Emme and Hubert (2019),
proving that the difference s(n 4 t) — s(n) behaves according to a Gaussian distribution, up to
an error tending to 0 as the number of maximal blocks of ones in the binary expansion of ¢
grows.

2.1 Introduction and main result

The binary expansion of an integer is a fundamental concept occurring most prominently in num-
ber theory and computer science. Its close relative, the decimal expansion, is found throughout
everyday life to such an extent that “numbers” are often understood as being the same as a
string of decimal digits. However, it is difficult to argue — mathematically — that base ten
is special; in our opinion the binary case should be considered first when a problem on digits
occurs.

The basic problem we deal with is the (not yet fully understood) addition in base two. Let
us consider two simple examples: 10 +1 = 11 and 11 + 1 = 100. The difference between these
two, and what makes the second one more complicated, is the occurrence of carries and their
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interactions via carry propagation. These carries turn the problem of addition into a complicated
case-by-case study and a complete characterization is unfortunately out of sight. In order to
approach this problem, we consider a parameter associated to the binary expansion — the
binary sum of digits s(n) of a nonnegative integer n. This is just the number of 1s in the binary
expansion of n, and equal to the minimal number of powers of two needed to write n as their
sum. While we are only dealing with this parameter instead of the whole expansion, we believe
that it already contains the main difficulties caused by carry propagation.

Cusick’s conjecture encodes these difficulties by simultaneously studying the sum-of-digits
function of n and n +t. It states (private communication, 2011, 2015') that for all ¢ > 0,

¢ >1/2, (2.1.1)

where L
ct :A}i_{nOONHOSn < N:s(n+t)>s(n)}

is the proportion of nonnegative integers n such that n + ¢ contains it its binary representation
at least as many 1s as n.

This easy-to-state conjecture seems to be surprisingly hard to prove. Moreover, it has an
important connection to divisibility questions in Pascal’s triangle: the formula

s(n+1) — s(n) = s(t) — vy (<” + t)) (2.1.2)

t

essentially due to Legendre links our research problem to the 2-valuation v, of binomial coeffi-
cients, which is defined by v2(a) := max{e € Z : 2° | a}. Note also that the last term in (2.1.2)
is the number of carries appearing in the addition n + ¢, a result that is due to Kummer [91].
The strong link expressed in (2.1.2), and the combination of simplicity and complexity, has been
a major motivation for our research.

In order to better understand the conjecture, we start with some simple examples. For
t = 0 we directly get ¢ = 1. For ¢t = 1 it suffices to consider the last two digits of n to obtain
¢1 = 3/4. Note that in the two binary additions above we have ¢t = 1, where the first one satisfies
s(n+1) > s(n), while the second does not. For more values of ¢; we used the recurrence (2.1.5)
defined below and we verified ¢; > 1/2 for all t < 23° numerically. In Figure 2.1 we illustrate
the first values of c¢;.

The full conjecture is still open, yet some partial results have been obtained [42,54-56,144,
148]. Among these, we want to stress a central limit-type result by Emme and Hubert [55], a
lower bound due to the first author [148], and an almost-all result by Drmota, Kauers, and the
first author [42] stating that for all £ > 0, we have

Ht<T:1/2<c¢<1/24¢€}|=T -0 <lo§T> .
(The symbol O is used for Big O notation throughout this paper.) Moreover, Cusick’s conjecture
is strongly connected to the Tu-Deng conjecture [159,160] in cryptography, which is also still
open, yet with some partial results [29,34,60,61,152,159]. We presented this connection in [152],
in which we proved an almost-all result for the Tu-Deng conjecture and where we showed that
the full Tu-Deng conjecture implies Cusick’s conjecture.

IThe conjecture was initially termed “Cusick problem” or “Question by Cusick” in the community, but in an
e-mail dated 2015 to the first author, Cusick upgraded it to “conjecture”.
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Figure 2.1: Cusick’s conjecture states that ¢; > 1/2 for all ¢ > 0, which is illustrated in this
figure for all t < 2!3, and which we computationally confirmed for all t < 23°. In this paper we
prove that it holds for all ¢ with sufficiently many blocks of 1s, so that only finitely many classes
(each class is concerned with those ¢ having a fixed number of maximal blocks of 1s) remain
open.

The main theorem of this paper is the following near-solution to Cusick’s conjecture, which
significantly improves the previous results. Note that it happens repeatedly that difficult con-
jectures are (more easily) provable for sufficiently large integers and recently even two more
important ones have been resolved in this manner: Sendov’s conjecture [157] and the Erdés—
Faber-Lovéasz conjecture [86]. Our method will combine several techniques such as recurrence
relations, cumulant generating functions, and integral representations.

Theorem 2.1.1. There exists a constant My with the following property: If the natural numbert
has at least My mazimal blocks of 1s in its binary expansion, then ¢, > 1/2.

Remark 5. We note the important observation that all constants in this paper could be given
numerical values by following our proofs. In order to keep the technicalities at a minimum, we
decided not to compute them explicitly. In this paper, we do not rely on arguments making it
impossible to extract explicit values for our constants (such as certain proofs by contradiction).
We are dealing with effective results, without giving a precise definition of this term.

The central objects to tackle the conjecture are the asymptotic densities
. . 1 .
6(j,t) = ]\}gnwﬁ#{o <n<N:s(n+t)—s(n) =3},

where j € Z. The limit exists in our case; see Bésineau [18]. These densities lead to the useful
decomposition
co = 6(jt). (2.1.3)
j=0

The sum on the right hand side is in fact finite, since d(j,¢) = 0 for j > s(t), which follows
from (2.1.2). Therefore we get equality in (2.1.3) — asymptotic densities are finitely additive.

Distinguishing between even and odd cases, one can show that the values §(k,t) satisfy the
following recurrence [42,144,148]:

) 0, Jj>1
5(j,1) = {2],_2 I (2.1.4)
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and for ¢t > 0,

6(4,2t) = 4(j, 1),
‘ 1 1 (2.1.5)
0(5,2t+1) = 55(] - 1,t)+ 55(] +1,t+1).

In particular, the recurrence shows that 6(_,t) is a probability mass function for each ¢:
o) =1, (2.1.6)
JEZ
and 6(j,t) > 0 by definition. Furthermore, the set
{neN:s(n+t)—s(n)=j}

defining 6(7, ) is a finite union of arithmetic progressions a + 2™N, which can be seen along the
same lines.

Our second main result gives an asymptotic formula for the densities §(j,¢) and is obtained
in the course of establishing Theorem 2.1.1.

Theorem 2.1.2. For integers t > 1, let us define

K,Q(t) + Hz(t + 1)

1.
5 +

ka(l) = 2; Ko (2t) = Kka(t); ko(2t+1) =
If the positive integer t has M mazimal blocks of 1s in its binary expansion, and M is larger
than some constant My, then we have
-2

1 J 1o 4
727”{2(25) exp( 2/@2(7&)) +(9(M (log M) )

for all integers j. The multiplicative constant in the error term can be made explicit.

6(j,t) =

Concerning the effectiveness of the constants, we refer to the remark after Theorem 2.1.1.
We will see in Corollary 2.2.3 and in Lemma 2.2.4 that

M < ko(t) < CM

for some constant C'. Therefore, the main term dominates the error term for large M if

a1
il < 5\/M108M~

Note that the factor 1/2 is arbitrary and any value p < 1 is good enough (for M larger than
some bound depending on p). Moreover, in the statement of Theorem 2.1.2, the lower bound
M > My is, in fact, not needed, as it can be taken care of by the constant C' in the error
term. Simply choose C' so large that the error term is greater than 1 (for example, C = Mj is
sufficient, since §(j,t) < 1). We decided to keep the theorem as it is, since we feel that increasing
a constant only for reasons of brevity is somewhat artificial.

Without giving a full proof we note that, by summation, this theorem can be used for proving
a statement comparing A(j,t) = Y.~ d(j’, t) and the Gaussian ®(—j/+/k2(t)). This leads to
a sharpening of the main result in Emme and Hubert [55]. By summing the asymptotic formula
in Theorem 2.1.2 from 0 to /M log M, we also obtain the following corollary.
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Corollary 2.1.3. There exists a constant C' such that
o >1/2— C’M_1/2(logM)5
for allt > 1, where M is the number of mazimal blocks of 1s in t.

The proof is straightforward, and left to the reader. This corollary is weaker than The-
orem 2.1.1, but we stated it here since it gives a quantitative version of the main theorem
in [148].

Notation. In this paper, 0 € N. We will use Big O notation, employing the symbol O. We let
e(z) denote 2™ for real z. In our calculations, the number 7 will often appear with a factor
2. Therefore we use the abbreviation 7 = 2.

We consider blocks of 0s or 1s in the binary expansion of an integer ¢ € N. Writing “block
of 1s of length v in ¢”, we always mean a maximal subsequence ¢, = €41 = - = €41 =1
(where maximal means that €,4, = 0 and either =0 or ¢,_1 = 0). “Blocks of 0s of length v
in t” are subsequences €, = - -+ = €,4,—1 = 0 such that £,4, = 1 and either p =0 ore,_; = 1.
We call blocks of zeros bordered by 1s on both sides “inner blocks of 0s”. For example, 2Fn
and n have the same number of inner blocks of 0s. The number of blocks in t is the sum of the
number of blocks of 1s and the number of blocks of 0s.

All constants in this paper are absolute and effective. The letter C' is often used for constants;
occurrences of C at different positions need not necessarily designate the same value.

In the remainder we give the proof of our main result, Theorem 2.1.1, followed by the proof
of Theorem 2.1.2.
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2.2 Proof of the main theorem

The proof of our main Theorem 2.1.1 is split into several parts. The main idea is to work
with the cumulant generating function of the probability distribution given by the densities
0(4,t), which we define in Section 2.2.1. The crucial observation later on is that it is sufficient
to work with an approximation using only the cumulants up to order 5. This approximation
is analyzed in Section 2.2.2 and used in Section 2.2.3 inside an explicit integral representation
of ¢; to prove our main result up to an exceptional set of ts. It remains to prove that these
exceptional values, which are defined by the cumulants of order 2 and 3, satisfy an inequality
involving the cumulants of order 4 and 5. For this reason, we needed to choose an approximation
of the cumulant generating function up to order 5. Thus, in Section 2.2.4 we determine this
exceptional set and in Section 2.2.5 we prove bounds on the cumulants of order 4 and 5. Finally,
in Section 2.2.6 we combine all ingredients to prove the inequality.
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2.2.1 Characteristic function and cumulant generating function

We begin with the definition of the characteristic function of the probability distribution given
by the densities 6(j,t). In particular, we use the following variant, involving a scaling factor
7=2m. For t > 0 and ¥ € R we define

(@) = 6(4,t) e(j).

JEL

Since §(_,t) defines a probability distribution and |e(x)| < 1 for real x, we may interchange
summation and integration by the dominated convergence theorem:

— e 1/2
n-gonn (& 152} s s
keZ ’ kEZ —1/2 (2 ) 1)
1/2 12 9
N /1/2 e(=59) éd(k,t) e(k¥) dv = /1/2 Y(9) e(—jv) dv.

The recurrence (2.1.5) directly carries over to the characteristic functions. For all ¢ > 0, we have

Y2t () = e (),

o o(— 2.2.2

Yor+1(V) = %%(19) + (219) Yer1(D), ( :
and in particular )
e(d

n() = o)’ (2.2.3)

Therefore, for all ¢ > 1, we have
7 (9) = wi () (9),

where w; is a trigonometric polynomial such that w:(0) = 1. These polynomials satisfy the same
recurrence relation as ;. In particular, noting also that the denominator 2 — e(—) is nonzero
near ¥ = 0, we have Rey,(¢) > 0 for ¢ in a certain disk

Dy ={9eC: || <r)

where r(t) > 0. It follows that
K =logoy; (2.2.4)

is analytic in D, and therefore there exist complex numbers «;(t) for j € N such that

31(0) = exp(, () = exp | 32D iy (2:25)

J=0

for all ¥ € D,. These numbers r,;(t) are the cumulants of the probability distribution defined
by 6(_,t) (up to a scaling by 7); see, e.g., [19]. They are real numbers since characteristic
functions are Hermitian: ~;(¢) = v (—¢). The real-valuedness also follows directly from the fact
that cumulants are defined via the logarithm of the moment generating function, which has real

coefficients. The cumulant x5(t) is the variance: we have

ka(t) = 37005, 1). (2.2.6)

jez
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For t =0, we have k;(¢t) =0 for all j >0, as 6(k,0) =1 if k = 0 and d(k,0) = 0 otherwise. The
recurrence (2.2.2) shows that
Y:(9) = 1+ O(9?)

at 0, which implies ko (t) = k1(t) = 0. Let us write
z; =ki(t), y;=rki(t+1), and z; =k;(2t+1). (2.2.7)

Next, we will express the coefficients z; as functions of the coefficients z; and y;. Therefore
we substitute the cumulant representation from (2.2.5) for 7, (1) into the recurrence (2.2.2) and
obtain that these quantities are related via the fundamental identity

exp (%(zﬁ'ﬁ)? + %3(1'719)3 +-- )
B 1 . Za . 2 , I3
=3 exp( il + 7(2719) +

. (ir9) + - ) (2.2.8)
Ui e B2 e Y g
+ 2exp( ) + 5 (it9)* + 5 (it9)° + ),

valid for 9 € D = Dy N Dyyq N Dapyq. From this equation, we derive the following lemma by
comparing coefficients of the appearing analytic functions.

Lemma 2.2.1. Assume thatt > 0 and let x;, y;, and z; be defined by (2.2.7). We have

= 22 'QF Y2 1: (2.2.9)
T3+ 3
23 = = ) Y3 + 5(532 = Y2); (2.2.10)
T4+ 3
== 2 ot 2(x3 —y3) + 1(902 —y2)* = 2 (2:211)
T5 + 5 5
2y = 0I5 5 ¥ 4 5(954 —y4) + 5(:52 —y2)(z3 —y3) — 10(z2 — y2). (22.12)
In particular,
ko(l) =2, k3(l) =—6, ka(l) =26, ~ks5(1)=—150. (2.2.13)

Proof. Extracting the coefficient of 92 in (2.2.8), we obtain

L 2 ; To . oo L. T2 . \2\2
= 1 Z
22 (iT)QW]< +iTd+ 5 (iT9) +2(ZT?9+ 5 (iT9)?)
1
#1ird PP g i+ Bara)?) = P

where [2¥] 3" frz® = fi denotes the coefficient extraction operator and this gives (2.2.9).
Similarly, we handle the higher coefficients. We proceed with [9%]K,(¥). From (2.2.8) we
obtain by collecting the cubic terms

3 3 3 o 3 1, .3 u3 3 1ys 3 1. .3
i) 9-22 - 73 _9-72 _Z
= G (B + 25 i 4 5 + Bin)® - 252 - i)
T3 + 3
= 32y3+§(x2_y2)5
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which is (2.2.10). For the next coefficient [04] K, (), we have to take the quadratic term of the
exponential on the left hand side of (2.2.8) into account. This yields, inserting the recurrence
for zo obtained before,

2
[ Jesn (Giray+ aro s Shmr) =+ (514 F)

1 2
_T4<§Z x2+y2+(x2+y2)>'

8 8 32

The coefficient of 9¥* of the right hand side of (2.2.8) gives, collecting the quartic terms,
™ (xy 1 (x5 z% 1/ x9 1
(A o (B2 Z(3=2 il
2(24+2(3+4>+6( 2)+24

va 1 ys ¥ 1(&) 1
+24+2< 3+4>+6 )t w

T4<$4+y4 T3 —Ys T Y3 | Ta 1)

s 12 T Tt tu

Equation (2.2.11) follows. Finally, we need the quintic terms. The left hand side of (2.2.8)
yields

(30 + S0+ S+ 2 r0) = (2 + 23)

. 25 1 (@2 +yo r3+ys 3
:(27)5 (12()+12< D) +1) ( 9 +2($2—y2))>,

while the right hand side of (2.2.8) yields

i) 1 1 2\ 1 1
G (x"’ +5 (222 122+ o (3”33 +3”32> +o (42) +

2 120 2 12 24 6 6 4 24\ 2 120

Ys 1( Y2y3 y4> (.3 Y3 1 ( yz) 1
Do (923 _gYhN L (g3 _g¥2) L (422) _
t120 T2 U 12 1) T %6 37 24 \" 2 120

o5 (TstYs  Ta—Ya T3+ Yz  Talz + Yays T5—Y3 | T2 — Yo

= (i) < 240 a8 24 T a1 T TTw )
which implies (2.2.12) after a short calculation. Finally, we compute the values ko(1),...,k5(1)
by substituting ¢ = 0 in (2.2.9)-(2.2.12). D

In the following, we are not concerned with the original definition of &;, involving a disk
D, with potentially small radius. Instead, we only work with the recurrences (2.2.9)-(2.2.12),
which we restate here explicitly as a main result of this section:

k;(2t) = () for all j > 0;
Ko(2t +1) = %(@(t) + Kot +1)) + 1;
k3(2t+1) = %(I{g(t) + Ks(t+1)) + %(@(t) — kot +1));
ka(2t+1) = %(54(15) + Ka(t + 1)) +2(ks(t) — r3(t + 1)) (2.2.14)
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_|_

(ra(t) — kot +1))° = 2;
ks(2t+1) = )

(s (t) + rs(t + 1 +Z( (t) — ka(t + 1))

+ 5 (K2(t) = ma(t + 1)) (ra(t) — Rt + 1))
—10(r2(t) — K2(t + 1)),

for all integers ¢t > 0. Note that xs(t) is obviously nonnegative, since it is a variance; this can
also easily be seen from this recurrence.

Remarks. Let us discuss some properties and other appearances of x;(t).

1. The sequence kg is 2-regular [3,6,7]. More precisely, we define

1 0 0 1/2 1/2 1
By=1(1/2 1/2 1], Bi=10 1 0 (2.2.15)
0 0 1 0 0 1
and
S1(n) Ka(n)
S(n) = 52(mn)| =|r(n+1)
Sg(n) 1
Then for all n > 0, the recurrence yields
S(2n) = BpS(n), S(2n+1) = B1S(n). (2.2.16)

Thus ks is 2-regular, compare to [3, Theorem 2.2, item (e)].

In this manner, we can also prove 2-regularity of ks, k4, k5. Considering for example the
case k5, we introduce a sequence Sy for each term that occurs in one of the recurrence
formulas (2.2.14), such as ka(n)ks(n + 1); we see that it is sufficient to consider two
16 x 16-matrices.

2. The sequence d; = ko(t)/2 appears in another context too: it is the discrepancy of the van
der Corput sequence [43,143], and it satisfies dy = 1, doy = dy, dar1 = (di+di1+1)/2. We
do not know yet if this connection between our problem and discrepancy is a meaningful
one. After all, it is no big surprise that one of the simplest 2-regular sequences occurs in
two different problems concerning the binary expansion.

3. By the same method of proof (or alternatively, by concatenating the power series for log
and 7y;(¢)) the list in Lemma 2.2.1 can clearly be prolonged indefinitely. For the proof of
our main theorem, however, we only need the terms up to k5. Without giving a rigorous
proof, we note that this also shows that x; is 2-regular for all j > 0. Note the important
property that lower cumulants always appear as differences; we believe that this behavior
persists for higher cumulants.

4. More explicit values of k(1) can be easily computed from the closed form (2.2.3). Note
that by (2.1.4) we know that these numbers are the cumulants of a geometric distri-
bution with parameter p = 1/2 and given by the OEIS sequence http://oeis.org/
A000629A000629 with many other combinatorial connections.

In the next section we analyze an approximation of the cumulant generating function ()
anticipating the fact that it captures all important properties for the subsequent proof.


http://oeis.org/A000629
http://oeis.org/A000629
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2.2.2 An approximation of the cumulant generating function

Let us define the following approximation of ;. Set

W) =exp | Y “j,(!t)(iw)j : (2.2.17)

2<;j<5
We are going to replace v, by 7/, and for this purpose we have to bound the difference
Ve (9) = 2 (9) — 7 ().

Clearly, we have 9;(9) = 3:(¢). Moreover,

~ e(d) - * e(—19) - * *
e (0) = "2 (500) 97 9) + S G 9712 0) — 1)
) (—9) (2.2.18)
e(V) - e(—7) .
=5 Y (9) + 5 Yer1(0) + & (),
where ) (—5)
€ * e(— * *
&) = —5 () + 5 Vi1 (D) = Y341 (9). (2:2.19)
We prove the following rough bounds on differences of the cumulants & ;.
Lemma 2.2.2. We have
[ka(t+ 1) — ka(t)] < 25 (2.2.20)
|ks(t + 1) — k3(t)] < 6; (2.2.21)
|[ka(t + 1) — ka(t)] < 28; (2.2.22)
ks (t + 1) — ks(t)] < 240. (2.2.23)

Proof. We prove these statements by induction, inserting the recurrences (2.2.14). We have

K2<t) + I'ig(t + 1)
2

T ma(r) = 20 1; —rll) |y

H2(2t + 1) - H2(2t) =

and

Hg(t) + I{Q(t-l- ].) + 1= Iig(t-l- ].) — I€2(t)
2 2

ﬂ2(2t+2)—1€2(2t+1):Iig(t-i-].)— —]..

Then, by induction, the first statement is an easy consequence. Next, we consider the second
inequality. From (2.2.14) we get

a2t 1) — y2n) = SEFD 2O 340y ),
/4:3(2t + 2) — H3(2t =+ 1) = Hg(t + 1; _ H3(t) + %(Hg(t =+ 1) — Hg(t)),

and using the first part and induction, the claim follows. Concerning (2.2.22),

I€4(t + 1) — I{4(t)
2

(ka(t) — ra(t + 1)) =2,

H4(2t + 1) — I{4(2t) =

+ 2(Hg(t) — Hg(t + 1))

+

] w
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and the last three summands add up to a value bounded by 14 in absolute value, using the first
two estimates and the fact that all cumulants are real numbers. An analogous statement for
K4(2t 4+ 2) — k4(2t 4+ 1) holds. This implies the third line. Finally,

ks(t+1) —rs(t) 5

k5 (2t + 1) — K5(2t) = 5 + 5(m(t) — ka(t+1))
5
+ 5(@(75) — kot +1)) (r3(t) — K3(t +1)) — 10(ka(t) — Ka(t + 1)),
and the sum of the last three summands is bounded by 120 in absolute value. In complete
analogy to the above, this implies (2.2.23). =

Corollary 2.2.3. There exists a constant C' such that for all t having M blocks of 1s we have
k2 (t)] < CM,  |rs(t)] < CM,  [ra(t)| < CM,  |rs(t)] < CM.

Proof. We proceed by induction on the number of blocks of 1s in ¢. Appending 0" to the binary
expansion, there is nothing to show by the identity «;(2t) = k;(t). We append a block of 1s of
length r: Using the following (trivial) identity

Ri(27E4+2" = 1) = rj(t) + (r; (27t +2" = 1) — K;(t+ 1)) — (k;(t) — k(L + 1)),

and since r;((27¢t + 2" — 1) + 1) = k;(t + 1) due to x;(2t) = k;(t), the result follows by
Lemma 2.2.2. ¢

The following lower bound is [143, Lemma 3.1], and essentially contained in [43]; see also [55].
Lemma 2.2.4. Let M be the number of blocks of 1s int. Then ko(t) > M.

We prove the following upper bound for 7;(¢#), using the recurrence (2.2.14) as an essential
input. This proposition is the central property in our proof of the main theorem, showing the
crucial uniformity of our approximation.

Proposition 2.2.5. There exists a constant C' such that for |¥9] < min (M_l/G,T_l) we have

Fe(9)] < CMD°,
|&:(0)] < CW°,

where M is the number of blocks of 1s in t.

Proof. From (2.2.17) and (2.2.18) we see that by construction ¥;(d) = O(9%) and & (9) = O(9°)
as the Taylor coefficients at 9 = 0 of v,(¥) and ~;(9) up to ¥° are the same. It remains to show
that the constants are effective and uniform in ¢. To begin with, there is a constant C' such
that (2.2.24) holds for ¢ € {0,1}; a numerical value can be extracted from the first few 7;(¢J)
and & (1), which have explicit expansions.

We proceed by induction on the length L of the binary expansion of t. As induction hypoth-
esis, we choose the following strengthened statement:

7:(9)] < 20M9°;
1 (9)| < 20M0°;

& ()] < C¥° (2.2.24)
for all t whose binary expansion has a length bounded by L, and for all real
¥ satisfying [9] < 1/7 and |9] < M~Y6, where M is the number of blocks in
t.
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Note that in this proof, and in this proof only, we use the total number of blocks instead of the
number of blocks of 1s because this works well with the induction statement. The statement of
the proposition is not changed by this, since the numbers of blocks of Os and blocks of 1s differ
at most by one.

The statement holds for ¢ € {0,1}. We therefore assume that (2.2.24) holds for all ¢ whose
binary expansion has a length strictly less than L, where L > 2. Our strategy is now to first
prove the inequalities for 3; () and F:41(¢), and after that the one for & (¢). In order to make
the interplay between the statements in the induction hypothesis explicit, we rewrite (2.2.18)
as a matrix recurrence for ¢t > 1:

o) = () clo) = 0= (s )

2

E) =)+ () mo 2= (T 77),

The idea is now to use these relations to reduce the length of ¢. For this purpose, we regard the
run of Os or 1s at the very right of the binary expansion of t.

First, if we have a run of 0s, we can write t = 2¢/, where t’ is odd. Iterating the first matrix
equation above, we accumulate powers of Ag:

(o) =28 (ki) + = 47 (i)

0<j<k
=45 (50) * (o)

where, due to e(9)? = e(jv), we have

By = 3 LI ),

2k—1—j
0<j<k

which satisfies
‘Eo(l?)‘ < 20I%1Ja.<)(k‘§2jt/(19)|.

Now, the binary length of 27¢' is strictly less than the binary length of ¢, therefore we can use
our hypothesis in order to conclude that |Eq(9)| < 2C9¥5. Moreover, the number M’ of blocks
(of 0s or 1s) in ¢’ is the number M of blocks in ¢ decreased by one (since t' is odd). By the
hypothesis and the fact that Ag has row-sum norm equal to 1, we obtain Wt(ﬂ)| < 2CMY% and
|%+1(19)’ < 20 MY° for t = 2F¢.

Second, appending a block of 1s to an even integer ', we obtain from the second matrix

equation
(armsie) = i)+ (707)

E\(9) =) e(_(l;:—ll—;j)§)52-7‘t'+2f—1(79)

0<j<k

where
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satisfies
|E1(9)| < 201;1],a§k\§2w+2j_1(19)|-

As above, we have by our induction hypothesis F; () < 2C9°. Then, since the integer ¢’ has
one block less than ¢ and since A; has row-sum norm equal to 1, we can use our induction
hypothesis (2.2.24) and get [7,(0)| < 2CMY° and [Fi41(9)| < 2CMV° for t = 2F¢' + 2F — 1.

It remains to consider the inequality for & (). We start by dividing Equation (2.2.19) by
~;(¢). This gives

&(0) _o(0) e(=0) R D) =)
-z T e p(2;5 i ( 19))

e D=0 )

2<5<5 J

(2.2.25)

As observed before, we have & () = O(9°) and consequently, dividing by the power series
v (9) = 1+ O(9?), we see that the series of the right hand side also belongs to O(19%). Next,
we get by the triangle inequality and the induction hypothesis

[y ()] < [7e@)] + [Fe(@)| < 1+ 20M0°

and since ¥ < M‘l/s, we obtain
i ()] =00
Now we turn our attention to the right hand side of (2.2.25), where we will treat each

summand separately. The first term e(9)/2 has (i 7)¥/(2 - k!) as coefficients; since 79 < 1, the
contribution of the coefficients for k > 6 is bounded by

< %(719)% —163/60) < (79)S.

1
1234

k>6

Next, we want to show that the contribution of the second term (i.e., the product of two
exponentials) and the third term are each bounded by C(79)%. By Lemma 2.2.2, an upper
bound for the coefficients of the second term is given by the coefficients of

f(9) =exp (2((7'19) + -+ (7‘19)5)) .

Clearly, the term 9% in the j-fold product (9 + 9% + --- + %)/ appears at most 5/ times, but
only for j > k/5. Therefore the coefficient [9*]f (1) is bounded by

.5 103
> o Ynet Y o
k/5<j<k it i>kss J

Consequently, as we only need to consider coefficients of ¥* with k& > 6, and since |79| < 1, we
get

S0k [9F] £(9) < (r0) szq Zm”<cz96
k>6 k>6>k/5 7 §>1 7!

for some absolute constant C’. The same holds for the third exponential in (2.2.25), as |x; (2t +
1) —k;(t)] = |k;(2t4+1) —k;(2t)] < 240. Collecting these results we get an absolute and effective
constant C' such that |&(9)] < C¥° as long as ¥ < M~'/6 and |79| < 1. =
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2.2.3 An integral representation of ¢;
We use the following representation of the values c;.

Proposition 2.2.6 ([148, Proposition 2.1]). Let t > 0. We have

Ct =

1/2
+ °0.1) + %/ Im y; (9) cot () dd, (2.2.26)
~1/2

[N
o

where the integrand is a bounded, continuous function.

We split the integral at the points £, where g = M~Y/2R. Here M is the number of
blocks of 1s in ¢ and R is a small parameter to be chosen in a moment. For now, we assume
that

8<R<MY® and 9y <1/7 (2.2.27)

for technical reasons as, among others, we need to apply Proposition 2.2.5. Note that under
these hypotheses,
9o < MY,

so that the proposition will be applicable. We will choose R = log M; then (2.2.27) will be
satisfied for large M. The tails of the above integral will be estimated using the following
lemma.

Lemma 2.2.7 ([148, Lemma 2.7]). Assume that t > 1 has at least M = 2M' + 1 blocks of 1s.

Then u
92 M"9? M?
< - — < - < _
ACIIES (1 2> _exp( ) > _2exp( 1 )
for |9 <1/2.
We have cot(x) = 1/x + O(1) for < 1/2. The contribution of the tail can therefore be
bounded by
1/2 My? 1
/ exp (— ) cot(md)dd < =TI+ O (J),
M-1/2R 4 T
where 92
I = ex
M /2R p( 4 )
and M2
J = exp ( )
A4 1/2R 4

The integral J is bounded by
O (exp(~M(M~2R)?/4) ) = O (exp(~F2/4))

In order to estimate I, we write

27+1§ 2 2
o M9y 4R
<
I E : / exp( 1 ) 570, = j§> exp( )

7>0 2799

Using the hypothesis R > 1, this is easily shown to be bounded by O (exp(—R2 /4)) by a
geometric series. For |9 < ¥y, we replace () by 77 (9) in the integral in (2.2.26), using
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Proposition 2.2.5. Noting the hypotheses (2.2.27), we obtain |y;(9) — ~; (9)| < M|9|%, where
M is the number of blocks in ¢. Therefore

1/2 Jo
/ Im () cot(7d) d) = /_19 Im 7y, (9) cot () dv) + O (exp(—R?/4))

—1/2

—9

_ /190 T 7 (9) cot (r9) d9 + O <M /190 95 dﬁ) 1 O(exp(-R2/4))  (2.2.28)
0

)
= / Im ~; (¢) cot(nd) d + O(E),
—90

where, due to 99 = M~'/2R, we have
E = MR’ +exp(—R?/4).
Similarly, combining (2.2.1) with the above reasoning, we get
)
5(0,1) :/ Re~; () i) + O(E). (2.2.29)
_/190

Next we return to the definition of v} (+#) from (2.2.17). By the Taylor expansion of exp, using
Corollary 2.2.3, we have for |9]| < g

719)?2 K K
v (9) = exp (—ng(t)(g)> X (1 + %(iﬂ?)?’ + ;El ) (iT9)* + 12(8) (it19)®

i 2 L T L 30 .3\9
+ 5 ma(t)2i79)° + 14453( Jra(8)(i79)" + Tesra(t)* (i)’
+ O(M?9® + M39'0) +4i0(M>9° + M>9'),
where both error terms are real. We note that cot(md) = 2/(79) — 79/6 + O(93) for [9] < 1/2.

Splitting into real and imaginary summands, of which there are three and four, respectively, we
obtain by (2.2.28) and (2.2.29)

¢ = % + % / " exp <—@(t) (”29)2> (1 + ”‘;Ef) (r9)* — %HS( )2(r9)®

—99

ks (t)ra(t) (T9)"

+(~graldr0) + )70 = g

1 196H3(t)3( ) cot(rd) | dv + O(E + E3)
Yo r 2 Ka 9 .
53 /_ , &P ( 0 ;9) ) (1 + QEf) ()" - 7(;) (r9)° — 33(’” (r0)?
+ KZS) ()" “32‘*“) (T9)° + “ggg (r9)® + Kgg) (79) ) a0+ O(E + By)

where p
0
Ey = / (M° + M?9® + M39'°) dy < M~°/2R™.
—Y0
We extend the integration limits again, introducing an error

0 2
B3 < / exp <—/€2(t)192> (14 MY + M9* + M?9° + M>39®).
M-1/2R

In order to estimate this, we use the following lemma.
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Lemma 2.2.8. For real numbers a > 0 and § > 0, and integers j > 0, we define

I :/ z7 exp(—az?).
s
Then
g 2
I < p exp(—a§ ),
R
Iy < ( + 2) exp(—a§2),
a a

5 3
Is < (6 Lo exp(—ad?),

a a® a3
A St ) 9
Iy < (a + pr} + 3 + 0,4) exp(—a6 )

Proof. We have

—z™ exp(fa:vz) = (m:c"“1 — 2axm+1) exp(faac2),

oz
therefore
m © m
I = =5~ eXp(—axQ)‘é + o It
Noting that Iy < exp(—a(52)7 we obtain the above estimates by recurrence. (¢

We insert a = ko(t)/2 and § = ¥y. By Lemma 2.2.4 we have a > M/2 > 0, and by our
hypothesis (2.2.27) we have R < M'/® which implies in particular that § = M~Y/?R < 1. By
these estimates and Lemma 2.2.8, we obtain

By < (14 M7V2R+ M732R) exp (~ra(t)(M~/2R)?/2)
< exp (—R?/2) < E.

Substituting 79 by 9, we obtain

e O S T e O

+ (—K?’(t) - ’“(t))n?,(t)ﬂG + ’%Ejggﬁg) A9 + O(E + E).

Inserting standard Gaussian integrals, it follows that

ﬂ (Iig(t)l/z _ ﬂ2(t)72/2H3(t)

_spa(Ks(t) | ma(t) | As(?)
+ 3ra(t) 7% ( ;6 + 5t ZO>

+ 15k ()72 (—'%(t) - H4(t))%3(t) - 1o5n2(t)9/2W)

(2.2.30)

72 72 648
+ O (M™?R" + exp(—R?/4))
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under the hypotheses that 8 < R < M6 and M~1'/2R < 1/7, where M is the number of blocks
of 1s in ¢. The multiplicative constant in the error term is absolute, as customary in this paper.
In order to simplify the error term, we choose

R =log M. (2.2.31)

Using the hypothesis R > 8, we have exp(—R2/4) < M~2. Then, since x(t) > 0 for all ¢, we
see that for ¢; > 1/2 it is sufficient to prove

v(t) >0,

where

_ K3(t) r3(t)  ka(t)  ks(t)
v(t)—n2<t>4—n2<t>“3+n2<t>2< ) | ml@) ;O>

_ Iig(t) H4(t) K3 (t)3

(2.2.32)
+5/$2(t)( YRR >53(t)+35 516 — Cry(t)” %R,

and C is large enough such that the error term in (2.2.30) is strictly dominated by C'ka(t)%/2M ~2 R,
Usually the first term is the dominant one; the critical cases occur when the first two terms
in (2.2.32) almost cancel. We couple these terms and write

K3 (t) .

D = D(t) = ralt) - =

Let us rewrite the expression for v(t), eliminating x3(t). Clearly, we have r3(t)? = 9ra(t)? —
18 Dkio(t) +9D? and k3(t)3 = 27k3(t)® —81Dk3(t)? +81D?k3(t) —27D3. Omitting the argument
t of the functions x; for brevity, we obtain

T | 1 1
v(t) = Dk + 1/—@3 - ZDHE + éngl@; + %5355
15 15 15 ) 5
_ §n§ + ZDK% - §D2/<;2 — gngm + gDngm
35
+ 5 <m§’ —3DkK3 + 3D%ky — D3> - CK;/2R11 (2.2.33)
11 1 1 77
= (D + 4) Iig — 55}%:‘64 + 2701%%’{/5 — ng’i%
5 45 35 5
+ §DK/2K/4 + XD2K]2 — §D3 — CK2/2R11.

We distinguish between small and large values of D. Note that |x;| < CM, D < CM for
some absolute constant C' (expressed in Corollary 2.2.3), moreover kg > M (Proposition 2.2.4)
and R = log M. Thus, we have |k;| < Ckg and D < Cksy. Therefore there exists an absolute
constant Dy (which could be made explicit easily) such that

v(t) > (D(t) — Do) ra(t)? (2.2.34)

for all ¢ > 1. Clearly this implies v(¢) > 0 for all ¢ such that D(t) > Dg. We have therefore
proved the following result.

Lemma 2.2.9. There exists a constant Do such that, if ka(t) — k3(t)/3 > Dy, then ¢, > 1/2.
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The remainder of the proof of Theorem 2.1.1 is concerned with the case D(t) < Dg. As Dy
is an absolute constant, independent of t and M, we see that D(t)/ka(t)* with A > 0 becomes
arbitrarily small when the number of blocks in ¢ increase. Thus, we obtain from (2.2.33) the
following statement: for all £ > 0 there is an My such that for M > M, we have

11 1 1
u(t) > (D + o 5) K3 — 5&%%34 + 2—05355. (2.2.35)

We proceed by taking a closer look at the values D(t). We have

D(2t+1) = ra(t) + gz(t+ 1) _ rs(t) +’g3(t+ 1) ka(t) — f;z(t—F 1) ey

therefore

D(2t)=D(t) and D(2t+1)=

DO +DE+D) | malt D —mlt) | g
) | 2.

2

By (2.2.13), we have D(1) = D(2) = 4, moreover the term (k2(t+1)—k2(t))/2+1 is nonnegative
by Lemma 2.2.2. This implies

D(t) > 4. (2.2.37)

Choosing € = 1/8 in (2.2.35), we see that it remains to show that
2
53kg — 4Ky + SKJ5 >0 (2.2.38)

if ¢ contains many blocks, and D(t) is bounded by some absolute constant Dy.

This is done in two steps: first, we determine the structure of the exceptional set of integers ¢
such that D(t) is bounded. We will see that such an integer has few blocks of 0s of length > 2,
and few blocks of 1s of bounded length. As a second step, we prove lower bounds for the numbers
—r4(t) and ks5(t), if ¢ is contained in this exceptional set.

2.2.4 Determining the exceptional set

We define the exceptional set
{t: D(t) < Do},

where Dy is the constant from Lemma 2.2.9. In this section we will derive some structural
properties of its elements.
We begin with investigating the effect of appending a block of the form 01*.

Lemma 2.2.10. Fort >0 and k > 0 we have

(25 + Dra() (2" = Dmalt+1)  3(25 1)

k+1 k —
Ra(2Ht 428 — 1) = == ot o (2.2.39)
28 +1 2k —1
(2.2.40)

1 k-1 3k—1
+ <2+2k+1> (ko(t+1) —Ka(t)) + 1+ o7
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Proof. The proof of the first part is easy, using induction and the recurrence (2.2.14).

We continue with the second part. The statement is trivial for £ = 0 and for £ = 1 it follows
from (2.2.39). We use the abbreviations py = 1/2+ (k—1)/2**! and o}, = 1+ (3k — 1) /2%. For
k > 1 we have by induction, using (2.2.36) and (2.2.39),

D2kt 428 — 1) + D(2t + 1)

D(2" 2t 42 — 1) =

2
2t + 1) — (281t + 28 — 1
L 22t +1) — ki + ) 11
2
2k +1 2k — 1 Ok Ok
:WD(t)‘FWD(L‘-FI)-F?(/@(LL-FI)—KQ(LL))+?
D)+ D(t+1 Ko(t4+ 1) — kao(t 1 ko(t) +ro(t+1 1
L DO +DE+1) | ralt+1) = rat) | 1, ralt) +ralt+1) | 1
4 4 2 4 2
1/2k+1 2k —1 2k —1
2k+1+1 9k+1 _q Dk 1 1
= i D)+~ D+ 1) + (2 ta T 2k+2) (Kot + 1) — Ka(t))
Ok 1 3
which implies the statement. (¢

We obtain the following corollary.

Corollary 2.2.11. For allt > 0 and k > 1 we have

D(2k+1t 49k _ 1) > min(D(t),D(t + 1)) + ok—1"

Proof. Set o = (2% +1)/2¥*! and 8 = (2F — 1)/2%T1. By the bound |ka(t + 1) — ka(t)| < 2
from Lemma 2.2.2, it follows from Equation (2.2.40) that

D21t + 28 —1) > aD(t) + BD(t +1) + %(“2@ +1) = ma(t) +2) +

> min(D(t), D(t + 1)) + D

92k—1"

We can now extract the contribution to the value of D of a block of the form 01%0. For this,
we use the notation
m(t) = min(D(t), D(t + 1)).
This notation is introduced in order to obtain the following monotonicity property: by the

recurrence (2.2.36) and the nonnegativity of a(t) = (k2(t + 1) — k2(t)) /2 + 1 we have

D(t)+ D(t+1)
2
> min(D(t), D(t + 1)) = m(t)

min (m(2t), m(2¢t + 1)) = min (D(t), +a(t),D(t+ 1))

(2.2.41)

Note also m(t) > 4 by (2.2.37). These properties will be used in an essential way in the important
Corollary 2.2.13 below, where an induction along the binary expansion of ¢ is used.
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Corollary 2.2.12. For allt > 0 and k > 1 we have

k

27.

Proof. We have D(2F+2¢t42k+1_2) = D(2k+1¢42F —1), and by Corollary 2.2.11 this is bounded
below by m(t) + 5. Also, D(28+2¢ 4+ 2k+1 — 24 1) = D(2"F2¢ 4 251 — 1) > m(t) + L and
clearly, min(k/2"71, (k + 1)/2F) > k/2*.

m (282 4 2T —2) > m(t) +

Moreover, we want to find the contribution of a block of 0s of length > 2. For this, we
append 001 and look what happens: note that

Ko(4t 4+ 1) = ?MZ@ + HZ(tI DN %
D(t) D(t+1 1) —
Dt +1) =2 4(t) + (t: ), meltd g ralt) |y

by (2.2.39) and (2.2.40). Therefore, by the recurrence (2.2.36), we obtain

D@t+1)= 1
(8t +1) 5 3 +
7 1 3 11
=-D(t -D(t+1 - t+1)— 4 —.
gD + gD+ 1) + g (r2(t +1) = ra(®)) + 5
These formulas together with D(8¢ +2) = D(4t + 1) and |k2(t + 1) — k2(t)]| < 2 show that
m(8t+1) > m(t) + 1. (2.2.42)

Corollary 2.2.13. Assume that k > 2 and t > 1 are integers. Let K be the number of inner
blocks of 0s of length at least two in the binary expansion of t, and L be the number of blocks of

1s of length < k. Then
L—-2K -1 k
m(t) >4+ K + max (0, {2D o
In particular, for all integers Do > 2 and k > 2, there exists a bound B = B(Dy, k) with the
following property: for all integers t > 1 such that D(t) < Dy, the number of inner blocks of 0s

of length > 2 in t and the number of blocks of 1s of length < k in t are bounded by B.

Proof. We are going to apply (2.2.42) K times and Corollary 2.2.12 | (L—2K —1)/2] times, using
the monotonicity of m expressed in (2.2.41) in an essential way. We proceed by induction along
the binary expansion of ¢, beginning at the most significant digit. The constant 4 is explained by
the starting value m(1) = min(D(1), D(2)) = 4. Each inner block of 0s of length > 2 (bordered
by 1s on both sides) corresponds to a factor 001 in the binary expansion: we simply choose
the block of length three starting at the second zero from the right. Therefore (2.2.42) explains
the contribution K. For the application of Corollary 2.2.12 we need a block of the form 0170
with » > 1, but we cannot guarantee that the adjacent blocks of Os have not already been
used for (2.2.42). Therefore each of the K inner blocks of Os of length > 2 renders the two
adjacent blocks of 1s unusable for the application of Corollary 2.2.12. Out of the remaining
blocks of 1s of length < k, we can only use each second block, and the first and the last blocks
of 1s are excluded also. That is, if L — 2K € {3,4}, we can apply Corollary 2.2.12 once, for
L —2K € {5,6} twice, and so on. Finally, we note that k/2* is nonincreasing. This explains
the last summand. P

In the following, we will only use the “in particular”-statement of Corollary 2.2.13.
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2.2.5 Bounds for k; and kj5

Lemma 2.2.14. Assume that t contains M blocks of 1s. Then
Ka(t) < 26(M +1).

Proof. Recall that k4(1) = 26 by (2.2.13). Using (2.2.14) and the estimates from Lemma 2.2.2
we get
/‘64(1‘5) + l€4(t + 1)

ka(2t +1) < 5

+13.

Using the geometric series, this implies

(28 — 1) ka(t + 1)
2k

) t
ra(2Ft 428 —1) < K;g) T

+ 26. (2.2.43)

The statement for M = 1 easily follows. We also study ¢’ = 2¥¢ 4 1: In this case, we have

(2" _21k)f$4(t) N M(); : 1)

ke(28E+1) > +13 (2.2.44)
by induction. We consider the values n(t) = min(k4(t), k4(t + 1)) and prove the stronger
statement that n(t) > 26(M + 1) by induction. We append a block 1¥ to t and obtain ¢/ =
2%t 4 2% — 1. Then

H4(t) n (2k — 1)%4(t + ]_)

ra(t') < o X

+ 26 < min(kq(t), ka(t + 1)) + 26 = n(t) + 26,

and ry(t’' + 1) = kye(t + 1). Analogously, we append 0% to ¢t and obtain # = 2¥¢. Clearly,
ka(t') = Kka(t), and

28 — D) ka(t)  ka(t+1
( 2k) ® (2:)

ra(t' +1) < +26 > n(t) + 26.

This implies the statement. =

We want to find a lower bound for x5(¢). In the following, we consider the behavior of the
differences ;(t) — k;(t +1) when a block of 1s is appended to t. We do so step by step, starting
with kg(t). Assume that k > 1 is an integer and set t(*) = 2F¢ 4 2% — 1. Note that by (2.2.14)
we have #;(t*) +1) = k;(¢t + 1). By the recurrence (2.2.9) we obtain

ko (tFD) + kot + 1)
2
o (tF1) — kot + 1)

= 1
2 +1h

K2 (t(k)) — KRg (t(k) + 1) =

+1*I€2(t+1)

which gives by induction

 ka(t) — Kot + 1) N 2k —1

B 2k 2k—1 (2.2.45)
=2+0(27%).

ko (tF) — ko () + 1)

We proceed to x3(t). For k > 1, we have

K3 (t(k_l)) - /€3(t + 1)

K3 (t(k)) — K3 (t(k) + 1) = 9

+34+0(27F)
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by (2.2.10) and (2.2.45). By induction and the geometric series we obtain

K3 (t(k)) — K3 (t(k) + 1) _ H3(t> —2/23@ + 1)

=6+ 0(k27").

+6+ O(k27F) (2.2.46)

Concerning x4(t), we have by (2.2.11), (2.2.45), and (2.2.46)

ra(tFD) — Ry (t+1)
2

3 _ B 2
+Z(n2(t(k DY — ko (t* 1)+1)) )

(k=1)
_ kalt ); ralt+1) gy O(k27%) + Z (2+0027)" -2
Ra(tFD) — kgt +1)

= 5 + 13+ O(k27F)

I€4(t(k)) — H4<t(k) + 1) = + 2(&3 (t(k_l)) — H3(t(k_1) + 1))

and by induction we obtain

ke (™) — kg (t® +1) = 26 + O(K*27F). (2.2.47)
Finally, we have by (2.2.12), (2.2.45), (2.2.46), and (2.2.47)

(k=1)) _
ws (tF)) — ks (1) + 1) = s (¢ )2 ro(t+ 1) + g(m (tFD) — g (R 4 1))

+ g(@ (t(kfl)) _ H2(t(k71) + 1)) (,{3 (t(kq)) _ Hg(t(kﬂ) + 1))

ks (EFY) — ks (t+1)
2

+ 2(2 +0(277)(6+0(k27%)) —20+0(27%)

s (tFTY) — ks(t 4 1)

B 2

+65+0(k*27")

—10(k2(£37D) = (3D 4 1)) =

+ 75+ 0(k27F).

and therefore by induction
ks (tF)) — ks (1) + 1) = 150 + O (k*27F). (2.2.48)

Proposition 2.2.15. Let k > 1 be an integer. Assume that the integer t > 1 has Ny inner
blocks of zeros of length > 2, and N1 blocks of 1s of length < k. Define N = Nog + Ny. If No is
the number of blocks of 1s of length > k, we have

k5(t) > 150Ny — C(N + Nak327F)

with an absolute constant C.

Proof. We proceed by induction on the number of blocks of 1s in . The statement obviously
holds for t = 0. Clearly, by the identity xs5(2¢t) = k5(t) we may append Os, preserving the
truth of the statement (note that N and Ny are unchanged, since we only count inner blocks
of 0s). We therefore consider, for » > 1, appending a block of the form 01" to ¢, obtaining
t' = 27t 4+ 2" — 1. Define the integers N’ and N} according to this new value ¢'. If ¢ is even, an
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additional block of zeros of length > 2 appears, therefore N > N + 1, moreover Nj < Ny + 1.
By the bound |k5(m + 1) — k5(m)| < 240 from (2.2.23), k5(2n) = k5(n), and the induction
hypothesis we have
ks () = (ks (t') — ks (2t + 1)) + (k5(2t + 1) — K5(t)) + K5 (t)

> k5(t) — 480 > 150N, — C(N + Nok327%) + 480 (2.2.49)

> 150N, — C'(N' + Njk*27F)
if C is chosen large enough. The case of odd ¢ remains. The integer ¢ ends with a block of 1s
of length s > 1. We distinguish between three cases. First, let r < k. In this case, N' = N + 1
and N} = Ny, and reusing the calculation (2.2.49) yields the claim.

In the case r > k, we have N’ = N and N} = Ny + 1. This case splits into two subcases.

Assume first that s # k. We first consider the integer ¢ = 2t + 1. The quantities N” and N§

corresponding to the integer t” satisfy N = N and NJ = N, due to the restriction s # k, and
by hypothesis — recall that the induction is on the number of blocks of 1s in ¢ — we have

K5(2t + 1) > 150N, — C(N + Nok*27%). (2.2.50)

In this case, we need to extract the necessary gain of 150 from (2.2.48): this formula yields
together with (2.2.50)

ks(t') = ks(2t + 1) + 150 + O(k*27F)
> 150N — C (N’ + Njk327F)

if C' is chosen appropriately. Finally, we consider the subcase s = k, and again we set ¢/ = 2t +1
and choose N” and N4 accordingly. Here we have N/ = N—1= N'—1and N = Ny+1 = NJ,
and therefore by hypothesis

K5(2t + 1) > 150N, — C'((N — 1) + (N + 1)k*27F).
By the bound (2.2.23) we have
ks(t') > ks (2t + 1) — 240 > 150N} — C'(N' + Njk*27%).

This finishes the proof of Proposition 2.2.15. =

2.2.6 Finishing the proof of the main theorem

By Lemma 2.2.9 there is a constant Dy such that ¢; > 1/2 if D(t) > Dy. Assume that C' is the
constant from Proposition 2.2.15 and choose k large enough such that Ck327% < 20. Choose
B = B(Dy, k) as in Corollary 2.2.13 and assume that D(¢) < Dy. The number Ny of inner
blocks of Os of length > 2 in ¢ and the number N; of blocks of 1s of length < k in ¢ are bounded
by B by this corollary. Furthermore, recall that M = N; + N3, where Ny is the number of
blocks of 1s of length > k. Therefore by Proposition 2.2.15,

ks(t) > 130M — CB.

If ¢ contains sufficiently many blocks of 1s, we therefore have by Lemmas 2.2.4 and 2.2.14

2 4
53ra(1) — 4ka(t) + Zrs(t) = 53M — 104(M + 1) + 52M — OB
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:M—%CB—lOél.

For large M this is positive, and by (2.2.38) it follows that ¢; > 1/2 for sufficiently many (greater
than some absolute bound) blocks of 1s. The proof is complete.

2.3 Normal distribution of §(j,?)

In this section we prove Theorem 2.1.2. By (2.2.1) we have

1/2
6(.]’ t) = / ’Yt(ﬂ) e(—jﬂ) dd.

—1/2
As above, we truncate the integral at £, where
0o = M~'/?R,

M = 2M’ + 1 is the number of blocks of 1s in ¢, and R is chosen later. In analogy to the
reasoning above, we assume that

1
S<R<MY® and 9, < -.
T

Again, by our choice of R = log M below, this will be satisfied for a sufficiently large number M
of blocks. We define a coarser approximation of 7;(¢) than used for the proof of our main
theorem, as it is sufficient to derive the normal distribution-statement. Let

#0) = exp (a7 ).

3D (0) = 1(0) — 12 (9).

The proof of the following estimate essentially only requires to change some numbers in the
proof of Proposition 2.2.5 and we leave it to the interested reader.

Proposition 2.3.1. There exists an absolute constant C such that we have
52 (9)| < M9
for 9| < min(M’l/?’,T*l), where M is the number of blocks of 1s in t.

Noting that 99 < M~/3 and 9y < 1/7 for large M, we obtain from Lemma 2.2.7 and
Proposition 2.3.1

Yo
6uw=/ 7 (9) e(—jt) A + O (exp(—R?/4))

—J0

= /j: 7,5(2)(19) e(—j)dv + O (M_1R4) +0 (exp(—R2/4))

if only M is large enough and R < M'/6. We extend the integral to R, introducing an error

/j: exp(—r2(t)9?/2) A < exp(—ro(t)R?/(2M)) < exp(—R?/2)
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since k2(t) > M by Lemma 2.2.4. We obtain the representation

5t = [ exp(omat)r)/2) e(—j9) 40 + O(E)

— 00

%/OO exp(—ra(t)0?/2 — ijd)) A + O(E)

for large enough M and R < M'/®, where
E=M""R"+exp(—R?/4).
Now, we choose R = log M. Our hypothesis R > 8 implies exp(—R2 / 4) < M~ and therefore
E < M~ (log M)".

The appearing integral can be evaluated by completing to a square and evaluating a complete
Gauss integral:

—ra ()9 /2 — ij0 = — ((’@'2@)/2)1/20 + \/?sz('tym) - 2,32@)

The imaginary shift is irrelevant due to the residue theorem, and after inserting the Gauss
integral and slight rewriting we obtain the theorem.

Data availability statement

The datasets generated and analysed during the current study are available from the corre-
sponding author on reasonable request.
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Abstract

The level of distribution of a complex valued sequence b measures the quality of distribution of b
along sparse arithmetic progressions nd 4+ a. We prove that the Thue-Morse sequence has level
of distribution 1, which is essentially best possible. More precisely, this sequence gives one of
the first nontrivial examples of a sequence satisfying a Bombieri-Vinogradov type theorem for
each exponent § < 1. This result improves on the level of distribution 2/3 obtained by Miillner
and the author.

As an application of our method, we show that the subsequence of the Thue-Morse sequence
indexed by |n°], where 1 < ¢ < 2, is simply normal. This result improves on the range
1 < ¢ < 3/2 obtained by Miillner and the author and closes the gap that appeared when
Mauduit and Rivat proved (in particular) that the Thue-Morse sequence along the squares is
simply normal.

3.1 Introduction

The Thue-Morse sequence t is one of the most easily defined automatic sequences. Like any
automatic sequence, it can be defined using a uniform morphism over a finite alphabet: t is
the unique fixed point of the substitution 0 — 01, 1 — 10 that starts with 0. Therefore t =
(0110100110010110...). Alternatively, this sequence can be defined using the binary sum-of-
digits function s, which counts the number of 1s in the binary expansion of a nonnegative integer
n: we have t(n) = 0 if and only if s(n) = 0 mod 2. The equivalence of these two definitions can
be proved via a third description: start with the one-element sequence t(©) := (0) and define
t("*+1) by concatenating t(™) and the Boolean complement —t(™). Then t is the (pointwise) limit
of this sequence of finite words. In this work, we will adopt the second viewpoint. In fact, in the
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proofs we will work with the sequence (71)5(") instead of t, and we also call this sequence the
Thue—Morse sequence by slight abuse of notation. When working with exponential sums, we will
always use the “multiplicative version” (—1)5("). For an overview on the Thue-Morse sequence,
we refer the reader to the article by Allouche and Shallit [4], which points out occurrences of
this sequence in different fields of mathematics and offers a good bibliography. We also wish to
mention the survey paper [104] by Mauduit on the Thue-Morse sequence. For a comprehensive
treatment of automatic and morphic sequences, see the book [6] by Allouche and Shallit.

The main topic of this article is the study of t along arithmetic progressions and, more
generally, along Beatty sequences |na + (], where a and S are real numbers and « > 0. This
topic can be traced back at least to Gel’fond [72], who proved the following theorem on the base-q
sum-of-digits function s, defined by s,(e,¢" +++-+¢c0q’) =e, + -+ ¢ forg; € {0,...,q—1}.

Theorem A (Gel'fond). Let q,m,d,b,a be integers and q,m,d > 2. Suppose that ged(m,q —
1)=1. Then

|{1SnSx:nzamodd,sq(n)zbmodmﬂzﬁ—l-(’)(x)\)

for some A < 1 independent of x,d,a, and b.

We are particularly interested in the error term for sparse arithmetic progressions, having
large common difference d. This leads us directly to the other main concept of this paper,
the notion of level of distribution. (We use this term in the same way as Goldston—Pintz—
Yildirim [74]; the term is also used for a very similar concept by other authors. Moreover, the
term exponent of distribution is also common.) Very roughly speaking, the level of distribution is
a measure of how well a given sequence behaves on arithmetic progressions. A formal definition
can be found in the article [63] by Fouvry and Mauduit. We adapt this definition.

Definition 1. Let ¢ = (¢p)n>0 be a sequence of complex numbers, and for each integer d > 1
let Q(d) and R(d) # 0 be subsets of Z/dZ such that Q(d) C R(d). The sequence ¢ has level of
distribution 6 with respect to @ and R if for all e > 0 and A > 0 we have for all x > 1

1 —A
pmax  max, | D, en— gy D, e < (og20)t B el

1<d<D - dneo(al 0<n<y 0<n<y 0<n<z
a+dZeQ( )nEa mod d n+dZeR(d)

where D = 2%~¢. The implied constant may depend on A and e. In this definition, the maximum
over the empty index set is defined to be 0.

The most well-known cases are R(d) = Z/dZ or R(d) = (Z/dZ)*; the treatment of the main

term 1
R@ 2= o

0<n<y
n+dZeR(d)

is usually the easy part of an estimate as in the definition. In the case of the Bombieri—
Vinogradov theorem, we use R(d) = (Z/dZ)", since the prime numbers are distributed evenly
in the residue classes relatively prime to d. The summands in Definition 1 measure the maximal
deviation of a sum over an arithmetic progression from the expected value, where the maximum
is taken over a set Q(d) of residue classes, and the length of the progression may also vary.

The level of distribution is an important concept in sieve theory. As a striking application, a
variant of this concept was used in the paper by Zhang [164] on bounded gaps between primes.
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For more information on this subject, we refer the reader to the survey by Kontorovich [90].
Moreover, we wish to draw the attention of the reader to the book [67] on sieve theory by
Friedlander and Iwaniec, in particular Chapter 22 on the level of distribution.

We are ready to present our main result. Note that we use O, to indicate that the implied
constant may depend on €.

Theorem 3.1.1. The Thue-Morse sequence has level of distribution 1 with respect to Q and R
given by Q(d) = R(d) = Z/dZ. More precisely, for all € > 0 we have

PORNCINR

y<n<z
n=a mod d

max max = O (x'71)
y,220 0<a<d

1<d<D ;—y<z

for some 1 > 0 depending on e, where D = z1~¢.

Before presenting some history, we wish to say a word about the proof: we are going to
reduce the problem to the estimation of a certain Gowers uniformity norm of the Thue—Morse
sequence. These expressions appear by repeated application of Van der Corput’s inequality and

have the form
> I e,

0<n<2?  e€{0,1}k
P

where € - r = ), ., g and s, is the truncated sum-of-digits function in base 2 defined by
sp(n) = s(n mod 2°). Note that, strictly speaking, this is not the Gowers norm of the Thue—
Morse sequence, but the Gowers norm of order k of the projection of (—=1)*("™) to Z/2°Z. The
proof of a very similar statement was given recently by Konieczny [89], and we use the proof
from that paper to prove our estimate.

Gowers norms are certain averaged multiple correlations and were introduced by Gowers [75,
76], who used them to give a new proof of Szemerédi’s theorem. These norms are a central tool
in higher order Fourier analysis [156]; this theory can be used to study questions in additive
combinatorics, such as the behaviour of an arithmetic function f on arithmetic progressions
n,n+d,n+2d,...,n+ (£ —1)d. In the groundbreaking paper [80] by Green and Tao, Gowers
norms were used to prove the existence of arbitrarily long arithmetic progressions in the primes.
Our result is a statement on arithmetic progressions too; although it is different in nature,
Gowers norms are applicable here.

In order to put Theorem 3.1.1 into context, we present some related theorems. The well-
known Bombieri—Vinogradov theorem concerns the level of distribution of the von Mangoldt
function A, which is defined by A(n) = logp if n = p* for some prime p and some £ > 1 and
A(n) = 0 otherwise. This theorem states that A has level of distribution 1/2 with respect to Q
and R given by Q(d) = R(d) = (Z/dZ)*.

Theorem B (Bombieri-Vinogradov). Let d > 1 and a be integers and define
Ylaida)= > An).

1<n<z
n=a mod d

For all real numbers A > 0 there exist B > 0 and a constant C such that setting D =

22 (logz)~ B we have for all 2 > 2
Y —-A
; ——— < I .
pax  max |(y;d, a) (p(d)‘ < Cu(log )

1<d<D — ged(a,d)=1
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Here ¢ denotes Euler’s totient function.

No improvement on the level of distribution 1/2 in this theorem is currently known. Mean-
while the Elliott—Halberstam conjecture [53] states that we can choose D = !¢ for any £ > 0.
That is, it is conjectured that the primes have level of distribution 1. Improvements on the
exponent 1/2 exist for certain sequences of integers; we refer to the articles [65,66] by Fouvry,
by Fouvry and Iwaniec [62] and by Friedlander and Iwaniec [68]. Moreover, we mention the
series [21-23] by Bombieri, Friedlander and Iwaniec concerning this topic. In this context, we
also note the result of Goldston, Pintz, and Yildirim [74], who showed in particular the following
conditional result: if the primes have level of distribution 6 for some 6 > 1/2, then there exists
a constant C' such that p,4+1 —p, < C infinitely often, where p,, is the n-th prime. In a ground-
breaking paper we mentioned before, Zhang [164] used the Goldston—Pintz—Y1ildirim method and
a variant of the Bombieri—Vinogradov theorem to prove the above result unconditionally. May-
nard [115] later proved the bounded gaps result using only the classical Bombieri—Vinogradov
theorem.

Improvements on the level 1/2 are also known for the sum-of-digits function modulo m. Fou-
vry and Mauduit [64] established 0.5924 as a level of distribution of the Thue-Morse sequence,
with respect to Q and R, where Q(d) = R(d) = Z/dZ.

Theorem C (Fouvry-Mauduit). Set
A(wyd,a) = [{0<n<x:t(n)=0,n=amodd}|.

Then

Y —A
. < 1.
11;13%(1 orélgfd‘A(y’ d,a) 2d Cz(log 2x) (3.1.1)
1<d<D

for all real A and D = x°°°%*, where C may depend on A.

More generally, for m > 2 they also study the sum-of-digits function in base 2 modulo m,
obtaining the weaker level of distribution 0.55711. Using sieve theory, they apply this result to
the study of the sum of digits modulo m of numbers having at most two prime factors. Later,
Mauduit and Rivat [110], in an important paper, managed to treat the sum of digits modulo m
of prime numbers, thereby answering one of the questions posed by Gel’fond [72].

Miillner and the author [124] improved the exponent 0.5924 to 2/3 — ¢, thereby establishing
2/3 as an admissible level of distribution of the Thue-Morse sequence.

Fouvry and Mauduit [63] also considered, more generally, the sum-of-digits function s, in
base ¢ modulo an integer m such that ged(m,q — 1) = 1. They obtain the result that the level
of distribution approaches 1 as the base ¢ gets larger.

Theorem D (Fouvry-Mauduit). Let g > 2, m > 1 and b be integers such that ged(m,q—1) = 1.
There exists 8, > 0 such that for all A and € > 0 we have for all x > 1

1
—A
max max E 1— - g 1| = O ac(x(log2x

0<y<z 0<a<d d m,q,A,e(T(log 22) ™),
1<d<D n<y,sq(n)=b mod m n<y,sq(n)=b mod m

n=a mod d

where D = x%~¢. The implied constant depends at most on m, q, A and €. As ¢ — oo, the
value of 84 tends to 1.
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As an application of this theorem, they consider the sum of digits in base ¢ of integers having
at most two prime factors; moreover, they study the sum _ Ag(n), where Ay
is the generalized von Mangoldt function of order £ > 2 ([6?%: Téf)igfl(ani)r_ebﬁ)o.d "

Theorem D motivates us to look for sequences having level of distribution equal to 1. In
the paper by Fouvry and Mauduit [63] cited above, for example, a list of sequences having this
property is given. Also, we note [67, Chapter 22.3], which studies the level of distribution for
additive convolutions, giving further examples. However, in these examples, other than the
trivial example ¢, = 1 for all n, the maximum over a does not play a role: the set Q(d) consists
of at most one element.

We are interested in sequences ¢ having level of distribution 1 and such that the set Q(d)
contains “many” residue classes. In other words, we want to find analogues of the Elliott—
Halberstam conjecture. Requiring monotonicity of ¢, examples can be constructed easily: ¢(n) =
n is such an example, and more generally, increasing sequences c satisfying certain growth
conditions have this property. Apart from such “trivial” sequences, no other examples seem to
be known. Our Theorem 3.1.1, giving such an example, might therefore be of interest.

We believe that our method can be adapted to s4(n) mod m for all m > 1 and general bases
g > 2, which would yield 6, = 1 for all ¢ > 2 in Theorem D.

The second focus of this paper concerns Piatetski-Shapiro sequences, which are sequences of
the form (|n°|),>o for some ¢ > 1. In order to state the second main theorem, we do not need
additional preparation.

Theorem 3.1.2. Let 1 < ¢ < 2. The Thue—Morse sequence along |n¢| is simply normal. That
is, each of the letters 0 and 1 appears with asymptotic frequency 1/2 in n+— t(|nc]).

A in our earlier paper [124] with Miillner, this theorem is proved via a Beatty sequence variant
of Theorem 3.1.1. That theorem in turn is proved by arguments analogous to the arguments in
the proof of Theorem 3.1.1, and reduces to the same estimate of the Gowers uniformity norm of
Thue-Morse. Theorem 3.1.2 is therefore an application of the method of proof of Theorem 3.1.1.

Again, we present some historical background. Studying Piatetski-Shapiro subsequences of a
given sequence can be seen as a step towards proving theorems on polynomial subsequences. For
example, it is unknown whether there are infinitely many primes of the form n? + 1; therefore
it is of interest to consider primes of the form |n°] for 1 < ¢ < 2 and prove an asymptotic
formula for the number of such primes. Piatetski-Shapiro [129] proved such a formula for
1 < ¢ < 12/11, and the currently best known bound is 1 < ¢ < 2817/2426 due to Rivat and
Sargos [133]. In a similar way, the study of the sum-of-digits function along |n°¢] can be justified.
It is another problem posed by Gel’fond [72] to study the distribution of the sum of digits of
polynomial sequences in residue classes. Since this problem could not be solved at first, Mauduit
and Rivat [106,107] considered g-multiplicative functions along |n¢| (where a g-multiplicative
function f: N — {z € C: |z| = 1} satisfies f(ag™ + b) = f(ag™)f(b) for nonnegative integers
a, b, m such that b < ¢") and they obtained an asymptotic formula for ¢ < 7/5.

Theorem E (Mauduit—Rivat). Let 1 < ¢ < 7/5 and sety = 1/c. For allé € (0,(7—5¢)/9) there
exists a constant C' > 0 such that for all g-multiplicative functions f : N — {z € C: |z| = 1}
and all > 1 we have

Yoor(nth= Y aym ()| < Cat

1<n<z 1<m<z¢



50 CHAPTER 3. LEVEL OF DISTRIBUTION

Since the Thue-Morse sequence is 2-multiplicative, it follows in particular that the subse-
quence indexed by |n¢| assumes each of the two values 0, 1 with asymptotic frequency 1/2, as
long as 1 < ¢ < 7/5. This means that this subsequence is simply normal. In the paper [37]
by Deshouillers, Drmota, and Morgenbesser, a statement as in Theorem E for arbitrary auto-
matic sequences and 1 < ¢ < 7/5 is proved. Moreover, we wish to note the paper [118] by
Morgenbesser, who proved uniform distribution of s,(|n°]) in residue classes for all non-integer
¢ > 0, as long as the base ¢ is large enough (depending on c).

Some progress on Gel’fond’s question on polynomials was made by Drmota and Rivat [50] and
by Dartyge and Tenenbaum [30]; finally, Mauduit and Rivat [108] managed to answer Gel’fond’s
question for the polynomial n2. This latter paper was generalized by Drmota, Mauduit and
Rivat [45], who showed that in fact t(n?) defines a normal sequence, by which we understand
an infinite sequence on {0,1} such that every finite sequence of length L occurs as a factor
(contiguous finite subsequence) with asymptotic frequency 2~7. This result also generalizes a
paper by Moshe [121] who showed that every finite word on {0, 1} occurs as a factor of n + t(n?)
at least once.

However, the distribution of the sum of digits of |n°| in residue classes, for ¢ € [7/5,2),
remained an open problem. Progress in this direction was made by the author [141], who
improved the bound on ¢ to 1 < ¢ < 1.42 for the Thue-Morse sequence. The key idea in that
paper is to approximate [n¢] by a Beatty sequence |na + 8] and thus reduce the problem
to a linear one. Miillner and the author [124], using the same linearization argument and a
Bombieri—Vinogradov type theorem for the Thue—Morse sequence on Beatty sequences, were
able to extend this range to 1 < ¢ < 3/2. In that paper, we also handled occurrences of factors
in Piatetski-Shapiro subsequences of t, thus showing that t (|n¢]) defines a normal sequence for
1<e<3/2.

Theorem F (Miillner-Spiegelhofer). Let 1 < ¢ < 3/2. Then the sequence u = (t (anj))n>0 is
normal. More precisely, for any L > 1 there exists an exponent n > 0 and a constant C' such
that

[{n < N :un+i) = w for0<i< L} = N/2H| < ON'7

for all (wo, ... ,wr_1) € {0,1}F.

This theorem also improved on an earlier result by the author [142], who obtained normality
for 1 < ¢ < 4/3, using an estimate for Fourier coefficients related to the Thue-Morse sequence
provided by Drmota, Mauduit and Rivat [45].

Our Theorem 3.1.2 finally closes the gap in the set of exponents ¢ such that we have an
asymptotic formula for Thue-Morse on |n°]. This gap appeared with the Mauduit-Rivat result
on squares [108]; at that time, the gap was [7/5,2), now, after our paper with Miillner [124], it
was only left to close the smaller gap [3/2,2).

However, the case ¢ > 2 remains open for now, for ¢ € Z (which is contained in Gel’fond’s
problem on polynomial subsequences) as well as for Piatetski-Shapiro sequences. For example,
it is a notorious open question to prove that 0 occurs with frequency 1/2 in n ~ t(n?).

Mauduit [104, Conjecture 1] conjectures that

1 1
Iim —{1<n<N: ‘N = = —
NLIgoN{ <n< sq(|n°]) = b mod m} —
for almost all ¢ > 1 with respect to Lebesgue measure, where ¢ > 2, m > 1 and b are integers.

While this almost-all result is known for 1 < ¢ < 2, as he notes just before this conjecture,
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we believe (as we noted before) that our method can be adapted to generalize our results to
general sequences sq(n) mod m and thus to prove the asymptotic identity for all ¢ € (1,2).
However, while we are confident that the asymptotic identity in Mauduit’s conjecture holds for
all non-integer ¢ > 1, the case ¢ > 2 cannot yet be handled by our methods.

We note that it would definitely be interesting to generalize the normality result from The-
orem F to all exponents 1 < ¢ < 2.

Notation. For a real number x, we write e(z) = exp(2miz), {z} = . — |z, ||z|| = min,cz|z—n|
and () = |[x+1/2] (the “nearest integer” to z). For a prime number p let v,(n) be the exponent
of p in the prime factorization of n. We define the truncated binary sum-of-digits function

where 0 < n/ < 2* and n’ = n mod 2*, which is the 2*-periodic extension of the restriction of s
to {0,...,2* —1}. For u < \ we define the two-fold restricted binary sum-of-digits function

sua(n) = sa(n) — su(n).
For a real number x > 0, we set
log™2 = max {1,logx} .

The symbol N denotes the set of nonnegative integers.

Constants implied by the symbols <« and O may depend on the variable k (which describes
the number of times that we apply Van der Corput’s inequality), but are otherwise absolute.
Exceptions to this rule will be indicated in the text.

3.2 Results

In order to (re)state our main theorem, we introduce some notation. Let «, 3,y and z be
nonnegative real numbers such that o > 1. We define

Ay, z; 0, 8) = |{y <m < z:t(m)=0 and In € Z such that m = Lna+ﬁj}|.
For integers d = a and a = 3, we clearly have
Aly,z;d,a) = ’{y <m < z:t(m) =0 and m = a mod d}f
Our main theorem is the following result.

Theorem 3.2.1. Let € > 0. There exist n > 0 and C such that

max max
y,22>20 0<a<d
1<d<D ;_y<g

A(y,zd.a) = “2| < Ca'

forallz>1 and D = z'~¢.

Note that this theorem allows intervals [y, z) for arbitrary y > 0, which is more general than
our definition of a level of distribution. Noting that 1 — 2t(n) = (—1)*™), we obtain the form
of this theorem given in the introduction.

As a corollary we obtain an estimate for the least element m in an arithmetic progression
such that t(m) = 1. For most common differences d, we do not have to search for a long time
until we encounter the first 1.
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Corollary 3.2.2. Ford > 1 and a > 0 we define
m(d,a) = min{n € N: t(nd + a) = 1}.
For each € > 0 we have, as D — oo,

{d < D: Iélggm(d, a) > d°}| = o(D).

We note that Dartyge and Tenenbaum considered (among many other things) the homo-
geneous problem concerning a = 0: they proved in particular [30, Théoréme 2.5] that for any
function £(d) tending to oo, we have m(d,0) < £(d) for almost all d in the sense of asymptotic
density. The added value of our corollary lies in the fact that the maximum is taken over all
arithmetic progressions having a given common difference and a given number of terms. We also
wish to note that Morgenbesser, Shallit, and Stoll [119] proved in particular that m(d,0) < d+4
for all nonnegative integers d.

Our second result concerns Piatetski-Shapiro subsequences of the Thue—Morse sequence.

Theorem 3.2.3. Let 1 < ¢ < 2. Then the sequence n — t(|n°|) is simply normal. More
precisely, there exists an exponent n > 0 and a constant C such that

%|{O§n<N:t(LnCJ) — o} —% <CONT,

In order to prove this theorem, we use the general argument presented in Section 4.2 of [124].
This argument uses linear approximation of |n¢] by |na + £| and thus reduces the problem
to Beatty sequences. Therefore Theorem 3.2.3 is a corollary of the following Beatty sequence
version of a statement on the level of distribution.

Theorem 3.2.4. Let 0 < 0, < 0y < 1. There exist n > 0 and C such that

2D
—
/ max max |A(y, z;«, 8) — £V da < Cxtn
D Y220 B>0 2
z—y<x

for all x and D such that x > 1 and 291 < D < 202,

In order to derive Theorem 3.2.3 from this result, it is essential that we have the maximum
over ( inside the integral over «, since we need to approximate |n¢| by inhomogeneous (shifted)
Beatty sequences |na + 8.

Concerning Theorem 3.2.1, we can obtain a weakened version of this result, without the
maximum over a, using Martin, Mauduit and Rivat [99].

Remark 6. Martin, Mauduit and Rivat [99, Proposition 3] proved an estimate of a sum of type
1T containing the following special case: let a,, and b, be complex numbers satisfying |a,,| < 1
and |b,| < 1. Assume that z >2,0<e<1/2, 2° < M,N <z and MN < z. Then

So= > > amba(—1)"" < Cat

M<m<2M N<n<2N
mn<z

for an absolute constant C' and some n > 0 only depending on ¢. By dyadic decomposition and
using the trivial estimate for n < x¢, we obtain

> | X e

M<m<2M|[0<n<2N
mn<zx

<. 17 "og N + Ma®
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for M and N satisfying the same restrictions, and with an implied constant that may depend
on €. Let = be given and assume that #° < M < 2% for some 6 € (1/2,1). Set e =1—-6 < 1/2
and N = x/M. Then N > z¢ and the condition mn < z implies n < 2N. Using dyadic
decomposition again, this time in the variable m, we obtain

DR OIEE

ze<m<D| 0<u<lz
u=0 mod m

<z "og? x + Maflog

for D = 2. Finally, we use Fouvry and Mauduit [64] in order to handle residue classes having
small modulus m, that is, m < z°. We note (as we did in [124]) that the error term in their
estimate [64, equation (1.6)] is in fact 2'~" for some n > 0; this follows from Théoréme 2 in the
same paper [64]. We obtain

> ¥ o son
1<d<D| 0<u<z
n=0 mod d

for D = 2% and some 1 > 0 and C depending on . This is a weak version of a statement of the
type “the Thue-Morse sequence has level of distribution 1”7, where Q(d) has only one element.
We note that we could also handle the maximum over y < z, using the factor e(8mn) that
appears in [99, Proposition 3]. The added value of our paper (compare also to the remark after
Corollary 3.2.2) lies in the maximum over the residue classes modulo d.

Finally, we note the following open questions concerning Theorems 3.2.1 and 3.2.3:

1. In Theorem 3.2.1, can we choose D = z(logz)~? for some B > 0, using z(logz)~4

error term?

as

2. Does Theorem 3.2.3 hold for |2?(logz)~¢| (and similar sequences, possibly with a worse
error term) in place of |2¢]?

Plan of the paper. In Section 4.2.1 we state two results (Propositions 3.3.1 and 3.3.2) from
which Theorems 3.2.1 and 3.2.4 follow; moreover, we prove an important Gowers uniformity
norm estimate for the Thue-Morse sequence in Proposition 3.3.3. We also give an idea of the
proof of Proposition 3.3.1. Using Proposition 3.3.1, the proof of Corollary 3.2.2 is very short,
and we present it in that section. In Section 3.4 we state lemmas needed for proving the results
from Section 4.2.1. Section 3.5 is devoted to proving Propositions 3.3.1 and 3.3.2. Finally, in
sections 3.5.1 and 3.5.2, we prove Proposition 3.3.3 and a technical lemma appearing in the
proof of Propositions 3.3.1 and 3.3.2.

3.3 Auxiliary results

It will be sufficient to prove the following two propositions in order to obtain our main theorems.
To see this, we follow our earlier paper with Miillner [124, Section 4.1}, and Fouvry and Mauduit
[64] for handling small d. In fact, as we noted before, their Théoréme 2 holds with an improved
error term. Moreover, the proof of this result also reveals that the result holds for arbitrarily
shifted intervals [y, 2).
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Proposition 3.3.1. For real numbers N,D > 1 and £ set

So = So(N, D, ¢) = Z max

a>0
D<d<2D —

3 e (;s(nd+a)) e(n£)|. (3.3.1)

0<n<N
Let po > p1 > 0. There exists an 1 > 0 and a constant C' such that

So
— < CN™" 3.2
<o (3.3.2)

holds for all £ € R and all real numbers N, D > 1 satisfying N°P* < D < NP2,

With the help of this proposition, it is not difficult to prove Corollary 3.2.2: we have |{d €
[D,2D) : max,>o m(d,a) > N} < CDN~" for all N, D such that N** < D < N>, and some
C > 0, n > 0. This is the case since we cannot have more than CDN~" many trivial sums
in the expression Sp; this means that for each nontrivial summand we encounter at least one 1
for each a. Tt follows that |{d € [D,2D) : max,>om(d,a) > D} < CD'"" for all ¢ > 0. By
dyadic decomposition the statement of the corollary follows.

Proposition 3.3.2. For real numbers D, N > 1 and & set

> e(isqna+¢ﬂ))e0@>

0<n<N

2D

So=S0(N.D,€) = [ max

| may dov. (3.3.3)

Let p2 > p1 > 0. There exist n > 0 and a constant C' such that

So _
— < (CN™ 3.4
o< (3.3.4)

holds for all real numbers D, N > 1 satisfying N°* < D < N*2 and for all £ € R.

In the proof of these results, we will use the following essential estimate of a Gowers unifor-
mity norm of the Thue-Morse sequence (see Konieczny [89]).

Proposition 3.3.3. Let k > 2 be an integer. There exists some 1 > 0 and some C' such that

1 1 _
o(k+1)p >, e ) Y. splnter) )| <20

0<n<2” e€{0,1}F
0<ry,..,mp <2

forall p >0, where e -r =3 ;) iri-

Remark 7. Since the paper [89] by Konieczny also handles the Rudin—Shapiro sequence, it
is certainly possible to prove analogous theorems for this sequence instead of the Thue-Morse
sequence.

We wish to give a rough idea of the proof of Proposition 3.3.1 (Proposition 3.3.2 being proved
essentially in the same way.)
Idea of the proof of Proposition 3.3.1. The key idea is to reduce the number of digits that
have to be taken into account, and thus to replace the sum-of-digits function s by its truncated
version s,. Here 27 will be significantly smaller than N, so that (we simplify things a bit to
convey the idea) we may replace the sum over s(nd+ a) by a full sum over the periodic function
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sp(n). This reducing of the digits is achieved by a refinement of the method used by Miillner
and the author [124], which in turn builds on the ideas from the papers [108,110] by Mauduit
and Rivat.

First, we apply Van der Corput’s inequality and use a “carry propagation lemma” in order
to replace s by sy. In general, 2* will be much larger than N, so that we have to reduce A
further. The next step is to apply the generalized Van der Corput inequality repeatedly. With
each application, we remove p many digits. This is achieved by appealing to the Dirichlet
approximation theorem, by which we can find a multiple of o = d/27# that is close to a multiple
of 2#. This property can be used to discard the u lowest digits.

By this repeated application the estimate is reduced to an estimate of a Gowers uniformity
norm of the Thue-Morse sequence, and we use the method of proof of Konieczny [89] in order
to obtain this estimate. The application of Van der Corput’s inequality in the context of digital
problems is well-established, beginning with the work of Mauduit and Rivat [108,110]. The
combination with Gowers norms however is novel, and we think that this connection is a fruitful
one: iterated application of Van der Corput’s inequality leads to multiple correlations, which in
a natural way lead to Gowers norms.

3.4 Lemmas

We have the following series of lemmas that can also be found in our earlier paper with
Miillner [124]. The first lemma can be proved by elementary considerations.

Lemma 3.4.1. Let a,b € R and n € N.

If la|l < & and ||b|| > ¢, then |a+b] = {(a) + |b]. (3.4.1)
[lnall < nllal. (3.4.2)
If ||a|| < € and 2ne < 1, then (na) = n{a). (3.4.3)

As an essential tool, we will use repeatedly the following generalized Van der Corput in-
equality [108, Lemme 17].

Lemma 3.4.2. Let I be a finite interval in Z containing N integers and let z, be a complex
number for n € I. For all integers K > 1 and R > 1 we have

>

nel

s% > (—'2') > zZnikeZn (3.4.4)

0<|r|<R nel
n+Krel

Assume that « is a real number and N is a nonnegative integer. We define the discrepancy
of the sequence na modulo 1:

1
Dy(a) = sup i Z Lo,0)4y+z(na) — x|.
o<e<t [N
ye

Applying this definition, using x = 1/(KT), y = t/(KT), and a/K instead of o, we obtain the
following lemma.
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Lemma 3.4.3. Let J be an interval in R containing N integers and let o and B be real numbers.
Assume that t,T,¢ and L are integers such that 0 <t <T and 0 < { < L. Then

{nEJI;S{nOé+B}<t;l,Lna—l—ﬁJEEm0dL}‘:£+O(NDN(z))

with an absolute implied constant.

In the estimation of our error terms, we will use the following mean discrepancy results
(Lemma 3.4 in [124]).

Lemma 3.4.4. For integers u >0 and N > 1 we have

d N2t
> Dy <2M> < Cr———(log"N)*.
0<d<2n

Also, the estimate
(log"N)?
N

holds. The constants C7 and Cy in these estimates are absolute.

1
/ Dy(a)da < Cy
0

The following “carry propagation lemma” will allow us to replace the sum-of-digits function
s by its truncated version sy. Statements of this type were used by Mauduit and Rivat in their
papers on the sum of digits of primes and squares [108,110].

Lemma 3.4.5. Let r, N, A be nonnegative integers and o > 0,8 > 0 real numbers. Assume that
I is an interval containing N integers. Then

Hn el: S(I_(H—F’I“)Oé—‘rﬁj) — S(Lna—i—ﬁj) * SA(L(n—l—r)oz—l—ﬁj)—s,\(Lna—i—,BJ)}‘
<r(Na/2* +2).

Let F,, the set of rational numbers p/q such that 1 < g < n, the Farey series of order n. Each
a € F, has two neighbours ar,ar € Fy, satisfying ar, < a < ag and (ar,a)NF, = (a,ag)NF, =
(). We have the following elementary lemma concerning this set (see [82, Chapter 3]).

Lemma 3.4.6. Assume that a/b, ¢/d are reduced fractions such that b,d > 0 and a/b < ¢/d.
Then a/b < (a+c)/(b+d) < c¢/d. If a/b and c¢/d are neighbours in the Farey series F,, then
bc —ad =1 and b+ d > n, moreover

(a+c)/(b+d)—a/b< i and c/d—(a+c)/(b+d) < %

Let o € R and @ a positive integer. We assign a fraction pg(a)/qg(a) to « according to
the Farey dissection of the reals: consider reduced fractions a/b < ¢/d that are neighbours in
the Farey series Fq, such that a/b < a < c¢/d. If @ < (a+¢)/(b+ d), then set pg(e) = a and
qo(a) = b, otherwise set pg(a) = ¢ and ¢g(«) = d. Lemma 3.4.6 implies

lg@(a)a = pa(a)] < Q7" (3.4.5)

We will call an interval of the form {a € R : pg(a) = p,qg(a) = q} a Farey interval around
/4.
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3.5 Proof of Propositions 3.3.1 and 3.3.2

As in the proof of Proposition 2.5 in [124], for (3.3.2) and (3.3.4) to hold it is sufficient to prove
that there exists 7 > 0 and a constant C' such that

SO(Nv 2V7£)

<CN™T
N2v s¢

for all real numbers £ and for all positive integers N and v such that there exists a real number
D > 1 satisfying N”* < D < N*2 and D < 2¥ < 2D, where S is defined according to (5.2.50)
or (3.3.3).

In order to treat the two propositions to some extent in parallel, we will work with two
measures p: for Proposition 3.3.1 we take the measure defined by pu(A) = |A N Z|, counting the
number of integers inside a set, while for Proposition 3.3.2, u is the Lebesgue measure. We note
that in this proof, implied constants in estimates depend only on the variable k, whose meaning
will become clear later.

By Cauchy—Schwarz, followed by Van der Corput’s inequality (3.4.4) (R will be specified
later), we obtain

2U+1
’SO(N’QV’OF < 2VN+RO/ sup Z ( - |TO|> e(ro€)

R . R
0 B20 o< rol<Ro 0

Y e(is(t(nwo)a +8]) - %S(Lna +5J)> dp(a)
0<n<N
0<n+ro<N

We apply the carry propagation lemma (Lemma 3.4.5), treat the summand ¢y = 0 separately,
and omit the condition 0 < n 4 ry < N. Moreover, we consider ro and —ry synchronously. In
this way we obtain for all A > 0

v 2 v 2 2N
Sov. 2,9 < (2N)Bo+ - 3
1<ro<Ro

e(is,\(L(n+r0)a+BJ) — ;s,\(tnoﬁ—ﬂj))

ov+1

X / sup
v B>0

dp(a),

0<n<N

where R R
1 0 2V 0
Ey=— —.

0 R + ox + N

We apply Cauchy—Schwarz on the sum over ry and the integral over a in order to prepare
our expression for another application of Van der Corput’s inequality. It follows that

2u+1

23I/N2 9 4
So(N,27,€) S / sup|Si|” dp(a) + (2VN) " Eo
| R S T

where

Si= Y QGSA(L(TH'TO)OH-M) - ;SA(L”Q*‘M))-
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(Note that the error term is also squared, but if it is larger or equal to 1, the estimate is
trivial anyway. We will use this argument again in a moment.) We apply Van der Corput’s
inequality (3.4.4) with R = R; and K = K to be chosen later:

9 N—|—K1(R1—1) _@
sif < R S (-5

0<|r1|<R;
1
x Z e<2 Z s,\(L(n—i—Eoro+51T1K1)a+ﬁj)>,
0<n<N €0,e1€{0,1}
0<n+r; K1 <N
therefore, combining the summands for vy and —r; and omitting the condition 0 < n+r; K; < N,
31/N3 2v 1 4
|S6(N, 27, 6)[* <5 > / sup| Sy | dp(ar) + (2VN) " (Eo + E1),
1<ro<Ro p=0
0<7‘1<R1
where
1
Sy = Z e<2 Z s,\(L(n—l—aoTo+€17“1K1)04+5J)>
0<n<N €0,e1€4{0,1}
and RK
By = iv L
Cauchy—Schwarz over 1y, 71 and « yields
8 27V N6 2 U A 8
|So(N, 1, 6)|” < > / sup|Ss|? dp(a) + (2VN)° (B + E).
RQR]_ 1< >0
ro<Ro
O<T‘1<R1

We apply Van der Corput’s inequality with R = Ry and K = K> to be chosen later:

|SO(N,2V7£)|S 1 v+l
— <L (Ey+ E1 + E - 5.ld
(2VN)8 ( o+ L1+ 2) RoR1R22¥ N 1<;R . 21;%’ 3’ H(Oé)
0<ri<R;
0<ra2<Ra

where

1
S3 = Z e<2 Z SA(Lna—l—ﬁ—l—Eoroa—i—slrlKla+52T2K2aj)>

0<n<N €0,e1,62€{0,1}

and Fy = RyK5/N. Continuing in this manner and replacing the range of integration (we note
that we are going to choose A > v later), we obtain

2k'+1

< (Bo+ B+ + Ey)

So(N,2%,€)
2N

1 2*
T RoRy - B2 N > / sup !54! du(a), (3.5.1)

1<ro<Ro
0<r;<R;,1<i<k
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where
1
Sy = Z e<2 Z SA(Lna + B8 + egroa + ey Ky + -+ + ekrkKkaJ))
0<n<N coyenene{0,1}
and
1 Ry2¥ Ry
Ey= — -0
TR T2 TN
R; K; .
Ei:T fOI‘lSZSk.
Now we choose the multiples K7, ..., Kj in such a way that the number of digits to be taken

into account is reduced from X to p := A — (k 4+ 1)u, where p is chosen later. For this we use
Farey series, see (3.4.5). Let

(% P22u+20 (05/22“) .
Ky = azerer (7)o <2<k—> v

_ « Pout20 (a/2(i+1)“)
K = quuree (e ) @20 ( =

«
Ki = quese (g3

where o is chosen later. Moreover, we set

o Po2u+20 (04/22”)
My = po2u+20 (2%)(]2” (2(’”1)“ ;

_ a Pawae (0204 DR) o
M; = pau+2s <2(i+1)#>q20 ( S for 2 <i < k;

) for 2 <i < k;

[0
Mk = Pou+o (W) .

By Lemma 3.4.6, estimating the second factor in the definition of K; and M; by 27, we have

‘Kla — 22MM1| < 2_0;
Kia

gir M| <277 for2<i<k (3.5.2)
K
2:5‘ —9MM,| < 277,

We are going to use these inequalities in order to replace 7; K;« in the sum Sy, starting with
r1Kio. We treat the case when « is an integer first: in this case, K1 = 22#M;, and by the
fact that the arguments of sy corresponding to e; = 0, 1 differ by a multiple of 22 we may shift
the argument by 2u digits and thus reduce the number of digits to be taken into account from
Ato A —2u.

Sy = Z e(é Z Sop ([na+ B

0<n<N
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“+eoroa + 617’1]\/[122# +eoroKoox + -+ - + Ek’l”kKkaJ )>

1 na+ 8 egroa eora Koo erTr Ko
S e<2 D (LIS e )]

0<n<N €0,..,e,€{0,1}

In the case o ¢ Z, we use the inequalities (3.5.2) and the argument that na-sequences are
usually not close to an integer. This can be made precise as follows. Assume that

[no+ 6’| > R1/2°, (3.5.3)

where ' = 8 + goroa + ear9Koax + + -+ + g Kpa, and that 2Ry < 29. Using the in-
equality (3.4.3) in Lemma 3.4.1 with ¢ = 1/27, where o > 1 is chosen later, and (3.4.5), we
obtain
<7‘1K1a> = 7"1<K1a> = 7’122NM1.

Applying (3.4.1), setting e = R;/27, we see that (3.5.3) together with (3.5.2) implies
lna +rmKia+ 8] = [na+r 2% M, + 5'].

The number of n where hypothesis (3.5.3) fails for some eg,e,...,65 can be estimated by
discrepancy estimates for {na}-sequences: for all positive integers N and 2Ry < 2 we have

{ne[0,N —1]:[na+ B < Ri/27}|
=[{ne€0,N —1]:na+p €[-R1/27, R /27| + Z}|
=[{ne[0,N—1]:na€[0,2R/2°] — 8/ — R /2° + L}
< NDy(a) + 2R N/2°.

Therefore, the number of n € [0, N — 1] such that there exist €¢, o, ...,e, € {0,1} with |na +
B'|| < R1/27 is bounded by 28N (Dy(a) + 2R;1/2%), which is < N(Dy () 4+ 2R1/27) by our
convention that implied constants may depend on k.

We replace Ko by 22#M; and subsequently shift the digits by 2 and obtain

1 noa+ [ egroa
Sy = Z e<2 Z 5/\2/1({22#‘? ;2(; +erri My

0<n<N €0,--,6,€{0,1}

eara Koo n epreKpa
22u 22u

D) + O(NDy(a)+ NR1/2)

Repeating this argument for all ¢ € {2,...,k}, we obtain

S4:NO<5N(O‘)+DN (%)‘F""FDN(

1 na+f  eroa cirills
+ > e<2 > SA—(kH”‘(L(kH)u+2(k+1>ﬂ+ > 2<“>*‘J>>’

0<n<N €15, €{0,1} 1<i<k

i>+R1+"'+Rk
2kn 20

where Dy (a) = Dy(a) if a € Z and Dy (a) = 0 otherwise.
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Now the second factor in the definition of K; comes into play. We use the definition of
M; together with the approximation property (3.4.5), and apply the discrepancy estimate for
{na}-sequences again to obtain

° ) Ri+--+ Ry

~ «
= NO (DN(a) +Dw (g22) -+ O (e 20

) +S5,  (3.5.4)

where

1 no + ﬂ EoTroQ
S5 = Z e<2 Z SA(k+1)H({2(k+1)u + 2(k+1)pJ + Z 5mm>>,
€0

0<n<N 1<i<k

and

Po2p+20 (Oé/22u) .
P1 = pa- (M‘ ;

Pou+2a (a/2(i+1)u) ) .
pi :p2‘7 ( Q(k_i)ﬂ fOI' 2 S 1 < k7 (355)

Pk = Daunte (2(,;%)”) .

Our next goal is to remove the Beatty sequence occurring in Ss, and also to remove the
integers p;. The resulting expression can be handled by the Gowers norm estimate given in
Proposition 3.3.3, which will finish the proof.

We start by splitting the Beatty sequence into two summands. Let ¢, T be integers such that
0 <t < T and define

1 na + B+ eoroa
Se = Z e<2 Z S,\(k+1)u({2(k+l)u + Z giriPi | |-
0<n<N €0,..,e,€{0,1} 1<i<k
r<{ st <

We define

_ |t goroa t+1 E0To _
G_{1§t<T'[T+2(k+1)u’ T +2(M)H)mz_w}.

Clearly we have |G| > T — 2, since we have to exclude at most one t. For t € {0,..., T —1}\ G
we estimate Sg trivially, using Lemma 3.4.3: we obtain

N a

Assume that t € G and that t/T < {(na + 3)/2F+Dr} < (t +1)/T. Then

9(k+1)p T o(k+1)u T okt 1)

na+ t £oT0  _ nay + B + egroc na+ t+1 goroQ
T = 2(k+l)p — 2(k+1)p

and the assumption t € G gives

Lna+[3+eoroaJ _ {naJrﬁJ {t EoToc J

2(k+1)p 9(k+1)p T " 9(k+Du
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for eg € {0,1}. From these observations we obtain for ¢ € G:

1 t EoTrot
Se = Z Z e<2 Z 5p <m+ {T + 2(k+1)uJ + Z girip’))'
0<m<2e 0<n<N c0,-.ex€{0,1} 1<

Fe{spEd <

LZFkiJE?“ J =m mod 2°

Note that the Beatty sequence |(na + 8)/2(TD% | does not occur in the summand any more.
We may therefore remove the second summation by estimating the number of times the three
conditions under the summation sign are satisfied. At this point we want to stress the fact that
N is going to be significantly larger than 2¢ = 2*~(*+D# Using Lemma 3.4.3 and the usually
very small discrepancy of na-sequences, this fact will enable us to remove the summation over
n, while introducing only a negligible error term for most «.. This is the point in the proof where
the successive “cutting away” of binary digits with the help of Farey series pays off.

By Lemma 3.4.3, applied with L = 2°, and noting that A = (k4 1)u+ p, we obtain for t € G

N

So = 557 S+ 0 (2"NDN (%)) , (3.5.7)

where
1 t EoTroty
57: Z €<2 Z SP(m_F\‘T—i—WJ_‘_ Z Eﬁ“ipi>>.
0<m<2r €0,k €{0,1} 1<i<k
We note the important fact that this expression is independent of S. This will allow us to
remove the maximum over § inside the integral over «, and thus prove the strong statement on
the level of distribution.

We wish to simplify this expression in such a way that Proposition 3.3.3 is applicable. To
this end, we use the summation over r; and the integral over o. We define

2X
SSZ/ S (80| dpla),
0

0<ry,...,rp<2°

which is an expression that will appear when we expand the original sum Sy.

We are going to apply the argument that for most o < 2* (with respect to p) the 2-adic
valuation of py, ..., py is small. For these «, the term r;p; mod 2” attains each m € {0,...,2°—1}
not too often, as r; varies. We may therefore replace r;p; by r; and thus obtain full sums over
r; — at this point, we set

R, =27 for 1<i<k.

In order to make this argument work, we are going to utilize the following technical result, the
proof of which we give in section 3.5.2.

Lemma 3.5.1. Let u, A\, 0,7, k be nonnegative integers such that k > 2 and
A>(k+Dp, v<A—(k+ 1y,
w>40, o>~ >1.
Let p1,...,pr be defined by (3.5.5) and set

(3.5.8)

A={ae{0,...,2 =1} :2% | p; for somei=1,... k}.
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Then
|A] = 0(2*7).
Analogously, if
A={aec|0,2"]:2% | p; for somei=1,... k}.
Then
A(A) = 0(2277),
where X is the Lebesgue measure. The implied constants only depend on m (and are independent

Of s )‘a g, and ,7)

Let A be defined as in this lemma. We choose R; = 2° for 1 <1 < k.

Assume that o € A. Then by an elementary argument, r;p; mod 2° attains each value not
more than 237 times, as r; runs through {0,...,27 — 1}. The contribution for a € A will be
estimated trivially by the lemma. We obtain

2)\
Sg < 237* / > 1Sol dp(a) + 0 (2”“““)“”),
0

0<r1,...,mp<2P

where
1 t EoTro
59: Z e<2 Z SP<H+LT+WJ+ Z 61’1%)).
0<n<2r €0,---,6,€{0,1} 1<i<k

The next step is removing the remaining floor function, using the integral over . In the
continuous case, the expression |t/T + roKoa/2-+D# | mod 2° runs through {0,...,2° — 1} in
a completely uniform manner. That is, for rg £ 0 and 0 < m < 2” we have

A ({a €0,2%] : {t/T + roa/2(k+1)“J = m mod 2”}) =2*r

where A is the Lebesgue measure. We consider the discrete case. Assume that rg < 2(k+D)u (we
will choose Ry very small at the end of the proof, so that this will be satisfied). Then the set of
a€{0,...,2* —1} such that |[t/T +roa/2*+TV#| = m mod 2° decomposes into at most ro + 1
intervals (note that A = (k + 1) + p), each having < 2*+1Dr /rg 4 1 elements. In total we have
< 27P elements, where the implied constant is absolute. It follows that

Sy < 2Ny L Amedsk NSy (rg, k)],
0<rg,..., T <2P

where
1
S10(roy ..., 1K) = E e 3 E sp | n+ E EiTs
0<n<2e c0snen€{0,1} 0<i<k

As a final step in the procedure of reducing the main theorems to Proposition 3.3.3, we are
going to to remove the absolute value around Syg. For brevity, we set

g(n) = Z sp | n+ Z EiTs

80,..‘7Ek€{0,1} 0<i<k
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By the 2°-periodicity of g we have

S Swlre, o)=Y Yoo (;g(m) + ;g(n2)>

0<r0,...,rp<2P 0<ro,...,rx<2P 0<ni,n2<2P

= > > > e (;9(”1) + %g(nl + Tk+1)>

0<rg,...,rr<2°P 0<n1 <2P 0<rp41 <2°P

Z Z e <;g(n1) + %9(”1 + Tk+1)>

0<rg,...,T+1<2P 0<n1 <2°P

1

S Y e[l X% smeerraana

0<rg,...,rpg+1<2P 0<n; <2° €0y.-,6€{0,1} e+1€{0,1}

= Z SlO(rOa"wrk-‘-l)'

0<ro,...,rp41<2°

We have therefore removed the absolute value around Sig for the price an additional variable
ri+1; see also [81, Section 4] for this type of argument. This means that we have reduced our
main theorems to Proposition 3.3.3.

By this proposition and Cauchy-Schwarz we obtain

Sy < 2 M (k+1)p (2—7 + 237k—np) (3.5.9)

for some n > 0.
It remains to collect the error terms and to choose values for the free variables. Using (3.5.7)
and (3.5.6), we obtain

S5 <<Z< +NDy (2(k+1)u>>+Z(MS7+2pNDN (55 ))

teG

(07 (07
< ﬁ Z Sy + + NDy (THM) 4+ 92°NTDy (27)

and by (3.5.4) and (3.5.1) we obtain

So(N, v, &) |? 1 Ry2 Ry RK, RiLKy
’ 2N <O Ry 28 TN N TN
1 2 ~ « « Ri+---+ Ry
+2VN/ NO (DN(a)+DN (27u>+'“+DN (2(k+1)#)+ 90 )du(a),
Q «Q
i [0 0 ) 2o 3)
_ s ¥ / S ISt du(a). (35.10)
R Rk2N2theG1<ro<Ro 0<ry ., T <27

We employ the mean discrepancy estimates from Lemma 3.4.4. Assume that § < \. In the
continuous case we have

1 ! 2 « (log™N)?
~ [ b ( )d A== 5/ D (7) do < v 1% )7
2 N 2% oK ; N 2% oK N
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while the discrete case gives
2% Ogdzdx Dy <2(i) < 2)‘757”]\7%26(105']\7)2 =2"""(log" N)? (Zif + 215)

In total, noting that A > (k + 1)u, the discrepancy terms can be estimated by

A=V (1ot A7) 2 1 1

< 227" (log" N)=2°T (N+22“>'

By (3.5.9), the last summand in (3.5.10) can be estimated by

< 227V (277 4 287k e)
Moreover, using the facts Ry = --- = Ry, = 2° and K; < 22#139 for 1 <4 < k, we obtain

ok+1

1 | Rg2” | Ry , 20230
< —+ -t —

SO(N71/7§)
’ R 22 TNTT N T

2YN

11 1
22V (log™ N)22°T <N + w) 2PmotATY 4 7+ 227V (277 287k 7ne) (3.5.11)

with some implied constant only depending on k. Collecting also the requirements on the
variables we assumed in the course of our calculation, we see that this estimate is valid as long
as

ROaTzlykZZa’yayvAapth(l Rlz"':szzpa
A> v, =A—(k+1)pu,

g (+ L (3.5.12)
y<p<o-—1, W > 4o,

Ry < g(k+1)n.

It remains to choose the variables within these constraints. Choose the integer j > 1 in such
a way that N7=1 <2¥ < NJ and set k = 35 — 1. Clearly, k > 2. We define

w= Lﬂ—i—ly—H/SJ ;o oo=p/4], p=v—(k+1)pu
We obtain the inequalities N > 23#, > 4o, p > 0. Moreover, for large v we obtain p ~ /8.

Choose v = | pn/(6k)] and Ry = |27/*]. Then the last summand in (3.5.11) is < 2*7¥ (277 +
27P1/2) < 22777 Finally, set A = v+ [7/2], T = 27 and p = A — (k + 1)p. It follows that
p=p+v/2] ~ (1 +n/(12k)) < /8 + p/192. Using these definitions, it is not hard to see
that, for large N and v, the requirements (3.5.12) are met.

Using the statements N”* < D < N2 and D < 2 < 2D we can easily estimate (3.5.11)
term by term and conclude that So(N, v, £)/(2/N) < CN~" for some ' > 0 and some constant
C'. This finishes the proof of Propositions 3.3.1 and 3.3.2 and therefore of our main theorems.
It remains to prove our auxiliary results.

3.5.1 Proof of Proposition 3.3.3

We utilize ideas from the paper [89] by Konieczny. In that paper, he uses the Gowers norm
on intervals in Z, while we are concerned with the cyclic group Z/2°Z. The proof of Propo-
sition 3.3.3 is analogous to Konieczny’s proof. In fact, it is possible to relate the two notions
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of Gowers norms to each other and therefore avoid going into the details of the proof in [89]
(Konieczny, private communication; we also thank the anonymous referee for pointing out this
possibility). In this paper however, we chose to follow the proof from [89], as the argument is
interesting and not unreasonably long.

Set

1 1
Ap@) =i, 2. ez X ster+al)

0<n<2” e€{0,1}*
0<ry,...,re <2

Then in analogy to equation (16) of [89], we get after a similar calculation (using k > 2)

—1)lal
Aa@ =00 Y A6a0). (3.5.13)

€o,--,ex€{0,1}

where |a] =} _c(01yx @ and

a-+eo+ << sieiJ
5 .

5(a,e). = {

We define a directed graph with weighted edges according to (3.5.13). The set of vertices is
given by the set of families a € Z{01}" | There is an edge from a to b if and only if there is an
e=(eg,...,ex) € {0,1}¥1 such that §(a,e) = b and this edge has the weight

—1)lal
w(a,b) = (2:721 |{e € {0, 1L §(ae) = b}|.

Note that
> lw(a,b) =1, (3.5.14)

bezi01}*

which we will need later. We are interested in the subgraph (V, E,w) induced by the set of
vertices reachable from 0. This graph is finite: we have

max |d(a,e)| < 1 ( max |a.|+k+ 1)
c€{0,1}* 2 \ee{0,1}*

and by induction, it follows that max.cf1yxlac| < k + 1 for all a € V, which implies the

finiteness of V.

This subgraph is strongly connected. We prove this by showing that 0 is reachable from
each a € V. This follows immediately by considering the path given by the edges (a(®,a(!)),
(a® a®),. .. (al) alitD)) defined by al® = a and at*t!) = §(a®, (0,...,0)). It is clear from
the definition of § that such a path reaches 0 if j is large enough.

We wish to apply (3.5.13) recursively. We therefore define, for two vertices a,b € V and a
positive integer j, the weight w;(a,b) as the sum of all weights of paths of length j from a to
b. (Here the weight of a path is the product of the weights of the edges.)

In order to prove Proposition 3.3.3, it is sufficient to prove that there is a j such that

> lwi(ab) <1
beV

for all a € V. In order to prove this, it is sufficient, by the strong connectedness of the
graph and (3.5.14), to prove that there are two paths of the same length from 0 to O such
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that their respective weights have different sign. One of this paths is the trivial one, choosing
eg = --- = e; = 0 in each step. This path has positive weight.

For the second path, we follow Konieczny [89, proof of Proposition 2.3]. As in that paper,
we define a(® = alt) =0 and for 1 <i < j,

W _ )L ifer=---=¢; =1;
as - .
0, otherwise.

Assuming for a moment that there is an edge from a®®) to a*+b for all i € {0,..., 7}, it is easy
to see that each edge (a'”,al*1)) has positive weight for 0 < i < j, while (al),aU*1)) has
negative weight. Proving that these vertices indeed define a path is contained completely in the
argument given in [89]. This finishes the proof of Lemma 3.3.3.

3.5.2 Proof of Lemma 3.5.1

We choose an integer v > 0 and bound the size of the set of a < 2* such that 237 | p; for some
i€{l,...,k}. We will need the following two lemmas.

Lemma 3.5.2. Let A be the Lebesque measure. Assume that K > 1 and v > 0 are integers.

Then 1 1
A{r €012 [ gre(@)}) < 5= + -

The constant in this estimate is absolute.
Proof. We have to sum up the lengths of the Farey intervals around p/q such that 27 | q. By

Lemma 3.4.6, each such fraction contributes at most 2/(K¢). By summing over p € {1,...,q},
this gives a contribution 2/K for each multiple ¢ of 27, and we obtain a total contribution

1 1
< Z <ot
1<q<K
27q

=
Lemma 3.5.3. Let zg,...,2p—1 € [0,1] and 6 > 0. Assume that ||x; —x;|| > 6 fori # j. Then

K? 1/1 1

_ g il

[{n €{0,...,M — 1} : 27 | qx (x;) |<< +5<2v+K>'

The implied constant is absolute.

Proof. In each Farey interval around p/q such that ¢ is divisible by 27 there are at most
2/(Kgd) + 1 many points z;. By summing over p and ¢, we can bound the number of points in
such intervals by

< > > <+1> > <;6+q> (K2*7+1)Ki5+ > g

1<q<K 1<p<gq 1<q<K 1<q<K
271q 271q 271q
11 K21 1
T ) o' 2 - _
Sy TR T >, < Frateg B

1<q/< K27
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We proceed to the proof of Lemma 3.5.1. Consider p; and the case “« discrete”. In this
case, we have poauias (a/2%) = a. Assume therefore that o = ag + 2(F~Dra,, where ag €
{0,...,2=Dr 1} and oy € {0,...,2 " (k=Dr 1},

Then

p1 = pao (Oé/Q(k_l)“) = pao- (Oéo/Q(k_l)“) + qao (ao/Q(k_l)”)a1-

By Lemma 3.5.3, using also (3.5.8), it follows that the number of ag € {0,...,2=D# — 1} such
that 27 § goo (ap/2F~VH) is 2=V (1 — O(277)). For each such ag, we let ; run through
{0,...,22=(k=Dr _ 1} Then two occurrences oy, o/ such that 227 | p; are separated by at
least 27 steps; it follows that the number of such «; is bounded by 2*~(*=1r=7_ Putting these
errors together, we see that the number of o € {0,...,2* — 1} such that 227 { p; is given by
2=V (1 — 0(277)) 22~ k=i (1 — O(277)) =2 (1 — O(277)).

Next, we consider the continuous case. We write a = ag + 22#a; + 25+t Dka, | where
ap € [0,2%#) is real and a; < 2F"DH and ap < 22~ (DA are nonnegative integers. Set
P = pazutae (ag/2%) and q = gozu+20 (9 /2%*). Then

Po2u+20 (04/22#) _ P+ (Oél + Q(kil)MOQ)q . p+ aiq
2(k—1)p N 2(k—1)u T 9k—1)u

+ aaq.

By the approximation property (3.4.5) (note that o > 1) we have

_[(ptoa p+aig
pl - 2(’“71)“’ 29 | q2° 2(/(:71)/1,
/bt auq p+ougq ta P+ aiq
=\ o= 27 \ Q=1 20927 \ =1
and we note that the first summand does not depend on «s.
As g Tuns through [0, 22#], we have by Lemma 3.5.2 27 ¢ in a set of measure 22#(1-O(277+
272#=29)) By (3.5.8), this is 2%(1 — O(277)). Assume that ag is such that 27 { ¢ and set
v = vs(q) < . Next, we let oy run. We choose z; = {(p+ jq)/2*F= D1} for 0 < j < 2k=Dr="

and we note that these points satisfy |z; — z;| > 1/2:=D#=7" for i # j. By Lemma 3.5.3 it
follows that

20
(k=Dp—=y" _ 11 . 97 p+aiq 2 (h=1)u—y' [ 1 1
{a1€{0,...,2 1}:2 |q2”(2(k_1)u < > +2 —2W+—2U .

By (3.5.8), this is < 2 =Dr=7"=7 " Performing this also for the other intervals of length
2(’“_1)”_7/, we obtain

- p+ o1q )
{al € {0,.... 207D 1} 27 | gy (Z(k_l)/t >} <2,

Finally, ay runs through {0, ..., A= (k1 _ 1} and we consider p;. For given good a; and
o (such that 27 t g and 27 t goo ((p+a1q) /2= DH)), py is an arithmetic progression in as whose
common difference is not divisible by 227. Similarly to the discrete case, it follows that p; is
divisible by 237 for at most 2*~**+DE=Y many a,. It follows that there is a set of measure

221 (1 — 0(277))2k= k(1 — 0(277)) 22~ kFDr(1 — 0(277)) =2 (1 - 0(277))

of a < 2* such that 237 { p;.
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The cases 2 < ¢ < k do not require any new ideas; we only give a sketch of a proof. Let
2 < i < k. We treat the discrete and continuous cases in parallel. We write o = arg+ 20T Draq +
20kt Dk gy where og < 20FD8 and a; < 2=D8 and ay < 22~ (++DH are nonnegative integers.
Set p = pou+as (ap/20FVH) and g = gou+2s (ap/20FVH). Then

_ /ptoagq P+ oagq ta P+ aiq
pl - 2(k—i)u q2c 2(k—i)p& 24 q2- 2(k—i)u i

as before. By Lemmas 3.5.2 and 3.5.3 we have 27 { ¢ for ag in a set of measure 20+D#(1 —
O(277)), where we used 2u+40 < (i+1)p in the discrete case. (We note that this last inequality
is the reason for defining p; separately, using 2%* instead of 2#.) The remaining steps are as
before, and this case is finished.

Finally, in the case i = k we write a = ag + 2*+Dray, where ag < (k + 1)p and oy €
{0,...,22=(k+Dr _ 1} Then

Pr = Pon+o (060/2(k+1)u) + Gouto (a0/2(k+1)“)a1.

By Lemmas 3.5.2 and 3.5.3 and (3.5.8) we have 27 | gou+s (ag/2FFDH) for o in a set of
measure O(2(F1DE=7) and the statement follows as before.
In total, we have a set of measure 2* (1 — O(277)) of a < 2* such that 237 { p, for all i.
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Abstract

The Thue-Morse sequence is a prototypical automatic sequence found in diverse areas of math-
ematics, and in computer science. We study occurrences of factors w within this sequence, more
precisely, the sequence of gaps between consecutive occurrences. This gap sequence is morphic;
we prove that it is not automatic as soon as the length of w is at least 2, thereby answering a
question by J. Shallit in the affirmative. We give an explicit method to compute the discrepancy
of the number of occurrences of the block 01 in the Thue-Morse sequence. We prove that the
sequence of discrepancies is the sequence of output sums of a certain base-2 transducer.

4.1 Introduction and main result

Automatic sequences can be defined via deterministic finite automata with output (DFAO):
feeding the base-q expansion (where ¢ > 2 is an integer) of 0,1,2,... into such an automaton,
we obtain an automatic sequence as its output, and each automatic sequence is obtained in this
way. One of the simplest automatic sequences — in terms of the size of the defining substitution
— is the Thue-Morse sequence t. It is the fixed point of the substitution 7 given by

7:0~ 01, 1+ 10, (4.1.1)
starting with 0:
t =7%(0) = 01101001100101101001011001101001 - - - . (4.1.2)

(Here 7¢(0) denotes the point-wise limit of the iterations 7%(0), in symbols 7(0) ‘j = limy o0 7°(0) ’j.
We use analogous notation in other places too.) Occurrences of this sequence in different areas
of mathematics can be found in the paper [4] by Allouche and Shallit, which also offers a good

bibliography. Another survey paper on the Thue-Morse sequence was written by Mauduit [104].
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Much more information concerning automatic and general morphic sequences is presented in the
book [5] by Allouche and Shallit.

Terms 1 through 12 of the Thue-Morse sequence (the Oth term is omitted) make a peculiar
appearance in The Simpsons Movie [26]:

Russ Cargill: ‘[...] T want 10,000 tough guys, and T want 10, 000 soft guys to make
the tough guys look tougher! And here’s how I want them arranged:
tough, tough, soft, tough, soft, soft, tough, tough, soft, soft, tough, soft.’

This could, of course, be a coincidence. A different, more sensible explanation of this ap-
pearance is along the lines of Brams and Taylor [24, 36-44]. They rediscover the Thue-Morse
sequence while seeking balanced alternation between two parties ‘Ann’ and ‘Ben’. However,
Brams and Taylor do not attribute the resulting sequence to Thue and Morse (and neither to
Prouhet).

We are interested in counting the number of times that a word occurs as a factor — a
contiguous finite subsequence — of another word; a related concept is the binomial coefficient of
two words, which counts the corresponding number concerning general subsequences. We wish
to note the related paper by Rigo and Salimov [132], defining m-binomial equivalence of two
words, and the later paper by Lejeune, Leroy, and Rigo [94], where the Thue-Morse sequence
is investigated with regard to this new concept.

It is well known that the sequence t is uniformly recurrent [96, Section 1.5.2]. That is, for
each factor w of t there is a length n with the following property: every contiguous subsequence
of t of length n contains w as a factor. The factor 01 therefore appears in t with bounded
distances. We are interested in the infinite word B (over a finite alphabet) describing these
differences. We mark the occurrences of 01 in the first 64 letters of t:

R R e
0110100110010110100101100110100110010110011010010110100110010110, (4‘1~3)
from which we see that

B = 334233243342433233423 - - - .

The blocks 000 and 111 do not appear as factors in t, since t is a concatenation of the blocks 01
and 10. Therefore the gaps between consecutive occurrences of 01 in t are in fact bounded by
4, and clearly they are bounded below by 2 (since different occurrences of 01 cannot overlap).
It follows that we only need three letters, 2, 3, and 4, in order to capture the gap sequence.

The set of return words [52,85] of a factor w of t is the set of words x of the form z = wZ,
where w is not a factor of Z, and wZw is a factor of t. The gap sequence is the sequence of
lengths of words in the decomposition t = zgx; - of the Thue-Morse sequence into return
words of 01, which are 011, 010, 0110, and 01 in order of appearance.

An appearance of the factor 01 marks the beginning of a block of 1s in t. Moreover, no other
block of 1s can appear before the next appearance of 01: between two blocks of 1s we can find a
block of one or more 0s, and the last 0 in this block is followed by 1. The assumption that we see
a block of 1s before the next appearance of 01 therefore leads to a contradiction. This argument
is clearly visible in (4.1.3). The sequence B therefore gives the distances of consecutive blocks of
1s. We will see in Lemma 4.2.3 that the sequence B is morphic, or substitutive. That is, it can
be described as the coding of a fixed point of a substitution over a finite alphabet. Jeffrey Shallit
(private communication, July 2019) proposed to prove the non-automaticity of B to the author.
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In the present paper, we investigate the sequence B and the closely related, very well-known
automatic sequence A defined in Section 4.2.1. In particular, we prove the following theorem.

Theorem 4.1.1. Let w be a factor of the Thue—Morse word of length at least 2, and C the
sequence of gaps between consecutive occurrences of w in t. Then C is morphic, but not auto-
matic.

Note that the set of positions where a given factor w appears in t is 2-automatic — that
is, its characteristic sequence is automatic. This follows from the following theorem by Brown,
Rampersad, Shallit, and Vasiga [27, Theorem 2.1].

Theorem A. Leta = agaias--- be a k-automatic sequence over the alphabet A, and let w € A*.
Then the set of of positions p such that w occurs beginning at position p is k-automatic.

Concerning factors of length 1, the corresponding gap sequence is automatic too; this follows
from [20].

The second part of our paper is concerned with the discrepancy of occurrences of 01-blocks
in t. More precisely, assume that IV is a nonnegative integer. We count the number of times
the factor 01 occurs in the first N terms of the Thue-Morse sequence, and compare it to N/3:

N
Dy = #{0§n<N:tn:07tn+1:1}—§. (4.1.4)
From Theorem A we can immediately derive that the sequence (Dy)n>o is 2-regular [3,7] as

the sequence of partial sums of a 2-automatic sequence: the sequence having

2/3  if tptye1 = 01
—1/3 otherwise

as its nth term is automatic as the sum of four 2-automatic sequences, and Dy is the sum of the

first N terms of this sequence [3, Theorem 3.1]. Our second theorem shows, more specifically,

that Dy can be obtained as the output sum of a base-2 transducer (see Heuberger, Kropf, and

Prodinger [83], in particular Remark 3.10 in that paper).

Theorem 4.1.2. The sequence (Dn)n>o is the sequence of output sums of a base-2 transducer.
In particular, Dy < C'log N for some absolute implied constant C. Moreover,

(Dy:N >0} = %Z. (4.1.5)

Note that the unboundedness of Dy follows from Corollary 4.10 in the paper [16] by Berthé
and Bernales on balancedness in words.

Plan of the paper. In Section 4.2 we prove that the gap sequence for a factor w of t is
not automatic. The central step of this proof is the case w = 01, which will be handled in
the first three sub-sections. Section 4.2.4 reduces the general case to this special case. In
Section 4.3 we study the automatic sequence A on the three symbols {a,b, c}, closely related
to the gap sequences. In particular, we lift this sequence to the seven-letter alphabet K =
{a, E), l_a, b,b,c, <E}. From this new sequence we can in particular read off the discrepancy Dy
easily, which leads to a proof of Theorem 4.1.2.
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4.2 Proving the non-automaticity of gap sequences

The main part of the proof of Theorem 4.1.1 concerns non-automaticity of the gaps between
occurrences of 01. As a second step in our proof, the general case will be reduced to this one.

4.2.1 An auxiliary automatic sequence

We start by defining a substitution ¢ on three letters:
p: arrabc, brac, cr—b. (4.2.1)

The morphism ¢ can be extended to {a,b,c}" by concatenation, and we denote this extension
by ¢ again. The unique fixed point (of length > 0) of ¢ is

A = abcacbabcbacabcacbacabcbabcacbabcbacabcbabcacbac: - - .

This fixed point is a morphic, or substitutive, sequence [5, Chapter 7]. As a fixed point of
 — without having to apply a coding of the fixed point — it is even pure morphic. The
sequence A is in fact 2-automatic, which follows from Berstel [13, Corollaire 4]. It is a ‘hidden
automatic sequence’ as treated very recently by Allouche, Dekking, and Queffélec [2]. In fact,
every automatic sequence can also be written as a coding of a fixed point of a non-uniform
morphism [8] and this sense is a ‘hidden’ automatic sequence. We will re-state a corresponding
2-uniform substitution found by Berstel further down. The sequence A, called ternary Thue—
Morse sequence (for example, in the OEIS [140, A036577]), Istrail squarefree sequence [2,84],
or vtm [20], is well-known. Citing Dekking [32], we note that it appears in fact twelve times
on the OEIS [140], featuring all renamings of the letters corresponding to permutations of the
sets {0,1,2} and {1,2,3}. These twelve entries are A005679, A007413, and A036577—A036586.
The sequence A encodes the gaps between consecutive 1s in t [20]. Thue [158] showed that A
is squarefree, while Rao, Rigo, and Salimov [130] later proved the stronger statement that A
even avoids 2-binomial squares [132], thus settling in particular the question whether 2-abelian
squares are avoidable over a 3-letter alphabet. We will use the squarefreeness property in our
proof of Theorem 4.1.1.

Lemma 4.2.1 (Thue). The sequence A is squarefree. That is, no factor of the form CC, where
C is a finite word over {a,b,c} of length at least 1, appears in A.

We have the following important relation between A and our problem.
Lemma 4.2.2. The Thue—Morse sequence t can be recovered from A via the substitution

f:ar 011010, brs 0110, ¢+ 01, (4.2.2)

by concatenation: we have
t= f(Ao)f(Ar)-- . (4.2.3)

We will prove this in a moment. From this observation, noting also that each of the three
words f(a), f(b), and f(c) begins with 01, we see that we can extract from A the sequence of
gaps between occurrences of the factor 01 in t: each a yields two consecutive gaps of size 3,
each b yields a gap of size 4, and each ¢ a gap of size 2.
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Proof of Lemma 4.2.2. We prove that for k£ > 1,

tio.g.20) = f(Ao)f(A1) -~ f(AL,), (4.2.4)

where L, = 3-2¥~1 —1, by induction. The case k = 1 is just the trivial identity 011010011001 =
f(a)f()f(c).
Note that 7(f(a)) = f(a) f(b)f(c), T(f(b)) = f(a)f(c), and 7(f(c)) = f(b). Extending f by

concatenation, for convenience of notation, to words over {a, b, c}, we obtain 7(f(x)) = f(¢(x))
for each x € {a,b,c}. An application of the morphism 7 to both sides of (4.2.4) yields

to,6.26+1) = 7(f(A0)) - 7(f(AL,)) = f(0(A0)) - f(e(AL,))
= f(QD(AoALk)) = f(Al "'ALk+1) = f(AO)"'f(ALk+1)'

Note that we see by induction that ¢*(abc) contains each of the three letters 2% times, hence
the numbers L. This proves the lemma. (¢

Since each of the words f(a), f(b), and f(c) starts with 01, the differences a; = k41 — k;
between successive occurrences of 01 in t are easily obtained from A by the substitution

r:ar— 33, b—4, c—2 (4.2.5)

Here each a yields two blocks 01, and each of b and ¢ one block.
Let B be the sequence of gaps between consecutive occurrences of 01 in the Thue-Morse
sequence, and B the corresponding sequence for 10.

Lemma 4.2.3. The sequence B is a morphic sequence, given by the substitution v on the four
letters a, a, b, c, together with the coding p,

¥: ar»aada, arrbc, brraac, c— b,

4.2.
p: a3, a— 3, b— 4, c— 2. ( 6)

Let B denote the fived point of ¢ starting with a.
The sequence B is morphic. More precisely, it is the image of B under the morphism

p:ra—24, a+— 33, br»233, c+— 4. (4.2.7)

Note that B is the pointwise limit of the finite words 1*(a), and begins as follows:

B = aabcaacbaabcbaacaabcaacbaacaabcbaabcaacbaabcbaac:--- .

Proof. Let g be the morphism that replaces a by aa and leaves b and ¢ unchanged. We show
by induction on the length of a word C' over abc that

q(p(C)) = ¥(a(C)). (4.2.8)

This is clear for words of length 1, since ¢(¢(a)) = aabc = 9(g(a)), q(v(b)) = aac = ¥(q(b)),
and ¢q(¢(c)) = b = 9(g(c)). Appending a letter z € {a,b,c} to a word C for which the
identity (4.2.8) already holds, we obtain

¢(p(Cx)) = q(2(C)p(x)) = q(£(O))q(¢(x))
= (q(C)Y(q(z)) = ¥(q(C)g(x)) = ¥ (q(Cx))
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and therefore (4.2.8) for C replaced by Cz. Next, we prove by induction, using (4.2.8), that

a(¢"(a)) = ¥*(q(a)).

Clearly, this holds for £ = 1. For k > 2, we obtain

a(¢"(a)) = q(e(¥" ' (a)) =¥ (a(¢" () = v (" (q(a))) = ¥*(a(a)).

Noting that ¢(a) = ¢(a) and p o ¢ = r, the proof of the first part of Lemma 4.2.3 is complete.
We proceed to the second part, concerning B. Note that by Corollary 7.7.5 in [5] we only
have to prove that B = ]5(]:3)).
Let

f:ar» 011010, ar» 011001, b~ 01101001, c > 0110, (4.2.9)

and extend this function to words (finite or infinite) over {a,a,b, c} by concatenation.
Applying 7, we see by direct computation that

7(f(a)) = 011010011001 = f(a)f(a) = f(¢¥(a)),

and analogously, we get T(f(x)) = f(z/J(a:)) for each letter z € {g,b,c}. Applying this letter by
letter, we obtain

T(f(w)) = f(v(w)) (4.2.10)

for every finite word over {a, 3, b, c}. By induction, we obtain
™(f(a) = [(¥*(2)),

using the step

(f(@) = (7" (f(2) = 7(f(¥*()) = F(v" ' (a)).
Noting that f(a) begins with 0, we obtain t = f (B) In other words, the sequence B yields the
decomposition t = oz - - - of the Thue-Morse sequence into return words of 0110, where ; =
f (B j). From this decomposition we can easily read off the sequence of gaps between occurrences
of 10, since this word appears in each of the four return words, and the first occurrence always
takes place at the same position, which is 2. In this way, we obtain the gaps 2 and 3 from
the return word f (a) each time a appears in B. Analogously, a yields the gaps 3 and 3, the
letter b the gaps 2, 3, and 3, and finally c yields the gap 4. This proves the second part of
Lemma 4.2.3. =2

Remark 8. A hint how to come up with the definition of ¢ can be found by combining the
substitutions ¢ and r, given in (4.2.1) and (4.2.5) respectively, and considering the first few
words wy = 7(¢F(a)): we have w; = 3342, wy = 33423324, w3 = 3342332433424332. We
see that a first guess for a definition of v, choosing 3 — 3342, leads to the incorrect result
33423342 - - - after the next iteration; we are led to distinguishing between ‘the first letter “3”’
and ‘the second letter “3”’ in each occurrence of 33, which is exactly what our definition of v
does. On the other hand, we directly obtain (4.2.6) by inspecting the decomposition of t into
return words of 01. (Equivalently, we can study return words of 0110, as we did in the second
part of the proof of Lemma 4.2.3.) We can write the image under 7 of each return word as a
concatenation of return words, which yields the desired morphism.
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4.2.2 Factors of B appearing at positions in a residue class

The main step in our proof of Theorem 4.1.1 is given by the following proposition. For com-
pleteness, we let 9° denote the identity, such that ¢°(w) = w for all words w over {a,a,b,c}.

Proposition 4.2.4. Let i > 0 be an integer. The sequence of indices where ¥*(a) appears as
a factor in B has nonempty intersection with every residue class a + mZ, where m > 1 and a
are integers.

In the remainder of this section, we prove this proposition. We work with the fourth iteration
o = * of the substitution ¢: we have

o(a) = aabcaacbaabcbaac, o(a) = aabcaacbaacaabcb,

CoeEm R oomeek s (4.2.11)
o(b) = aabcaacbaabcbaacadbecb, o(c) = aabcaacbaac.
We have the following explicit formulas for the lengths of o*(z), where x € {a,a,b, c}:
ay = ’ak(a)| = ‘O’k(é)| = 16%,
4-16%F —1
— |5k —
b = |o"(b)| = I (4.2.12)
216 +1
o = |t (o) =
The proof of this identity is based on the formula
44 4 4\" 16% /4 16* /4 16* /4 16% /4
4 4 4 4| 16 /4 16% /4 16% /4 16% /4
5 5 6 5  |@a6*-1)/3 (168 -1)/3 (16*+2)/3 (16*—-1)/3 |
3 3 2 3 (16* +2)/6 (168 +2)/6 (16% —4)/6 (16" +2)/6

valid for k > 1, which takes care of the numbers of the letters a, a, b, and c in o¥(a), o*(a),
o%(b), and o*(c). This formula can be proved easily by induction. Moreover, (4.2.12) also holds
for k= 0.

By applying ¥ on the first line of (4.2.11), we see that each letter in {a, a,b,c} is replaced
by a word having the respective lengths ax, ag, bg, cp. For each v > 0, it follows that the factor
0" (a), of length a, = 16", can be found at the following positions in o *1(a):

A0 =0, AWY =4 . 167,
4-16Y —1 4.2.13
A2 =8.16v, AW =12.16" + — ( )
We may repeat this for v — 1,v — 2,..., u, where u < v is a given natural number, from which
we obtain the following statement. For all integers 0 < u < v and all € = (EM,EM_H, e ,5,,) €

{0,1,2,3}7#+1 the factor o#(a) of length 16 can be found at the position
N, = Alen) + Alpt1ens1) Lt Awew) (4.2.14)

in B. There are other positions where the factor o#(a) appears, but for our proof it is sufficient
to consider these special positions. We will show that we can find one among these indices N¢
in a given residue class a + mZ.

Let us sketch the remainder of the proof. The case that m is even causes mild difficulties.
We therefore write m = 2¥d, where d is odd, and proceed in two steps. As a first step, we will
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find integers u1, v, and €., €441, ..., ex—1 € {0,1,2,3}, such that N., ., ., .. ., lies in any given
residue class modulo 2¥. The second step will consist in refining the description by appending a
sequence (€y,...,e,-1) € {0,1, 2}”_/\. Since we exclude the digit ¢; = 3, and we will take care
that 16# > 2%, we have

Neers =N, mod 2F.

seeEX—1

We will choose the integers €; for A < j < p in such a way that any given residue class modulo
d (note that d is odd), is hit. Due to the excluded digit 3, this is a missing digit problem, and
a short argument including exponential sums will finish this step. Combining these two steps,
we will see that every residue class modulo 2¥d is reached. We will now go into the details.

The first step: hitting a residue class modulo 2F

We are interested in appearances of the initial segment ¢*(a) in B at positions lying in the
residue class @ + 2FZ. Let us assume in the following that

16+ > 2k, (4.2.15)

This lower bound on g will not cause any problem.
We will choose A > 1 in a moment, and we set €, = --- = ex_1 = 3. Let us consider the
integers ag =0, and for 1 </ <\ —p,
= Ney oo

Assume that 0 < ¢ < A\ — p. By (4.2.14), (4.2.15), we have

4-16MTF -1 4-160+F -1

Qpp1 —op =12 16M+ + 3 = 3 mod 2¢
= Z 47 mod 2¢ = Z 47 mod 2¢.
0<j<2u+2¢ 0<j<2p

The latter sum is an odd integer, and independent of ¢. It follows that (ay)o<e<r—, is an
arithmetic progression modulo 2%, where the common difference is odd; choosing A > u + 2F,
we see that (ag)o<e<r—, hits every residue class modulo 2% We summarise the first step in the
following lemma.

Lemma 4.2.5. Let k > 0 and pn > k/4, and choose €4 = 3 for £ > 0. The integers Nepooena
hit every residue class modulo 2%, as X runs through the integers > pu.

A discrete Cantor set — missing digits

We follow the paper [59] by Erdés, Mauduit, and Sarkézy, who studied integers with missing
digits in residue classes. Let W, be the set of nonnegative multiples of 16* having only the
digits 0,4, and 8 in their base-16 expansion. Set

1 1
U(a) = 3 Z e(4ka) and G(a, A\ v) = 3 Z ) e(ja),
0<k<2 0<;<16"
JEW
where e(z) = exp(2miz). Note that elements j € W, have the form j =3, _, 4¢,16%, where
n>0and g € {0,1,2} for A < k < 7. In particular, Wy N[0, 16") has 37~ elements for n > \.
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We obtain
1
G(a,\v) = v Z e(4ex16a+ - +4e,_116"'a)
(EA,.wEV71)6{1713}V_A
1
= 11 5(e(0-167a) +e(4-16"a) +e(8 - 167a)) (4.2.16)

A<r<v
II vaea

A<r<v

The purpose of this section is to prove the following lemma.

Lemma 4.2.6. Let A > 0 be an integer, and a,d integers such that d > 1 is odd. Then
Wi N (a + dZ) contains infinitely many elements.

In order to prove this, we first show that it is sufficient to prove the following auxiliary result
(compare [59, (4.3)]).

Lemma 4.2.7. Assume that d > 1 is an odd integer, and £ € {1,...,d —1}. Let A > 0 be an

integer. Then
lim G (f ) =0.
V—00

In fact, by the orthogonality relation

1 1, ifd]|E
d Z e(nk/d) = { 0, otherwise,

0<n<d

we have

#{O<]<16” jEWj_amodd}—f

3u>\z Z j_a/d)_é

0<4<d 0<j<16”
few (4.2.17)

3V Qu—X

. J4
== E Ea/d 3% g e(ﬂ/d) < g G(d,)\,u> .
1<e<d 0<j<16" 1<t<d
JjEW

If G(¢/d, A\, v) converges to zero as v — oo, for all £ € {1,...,d — 1}, the last sum in (4.2.17) is
eventually smaller than 1/d. This implies that the cardinalities #{0 <jF<16”:5 €Wy j=
amod d} diverge to co, and therefore Wy N (a + dZ) is infinite.

Proof of Lemma 4.2.7. By (4.2.17), we have to show that the product
II vaere/ay= T (1+e(4-167¢/d) +e(8-167¢/d)) (4.2.18)
A<r<v A<r<v
converges to zero as v — oo. To this end, we use the following lemma [33] by Delange.
Lemma 4.2.8 (Delange). Assume that g > 2 is an integer and z1, . . . , Zg—1 are complex numbers

such that |z;| <1 for 1 < j <gq. Then

<1- i max (1 fRezj).

1
—(1 . _
‘q( + 21+ +Zq 1) =~ 2q 1285,
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Since d is odd and 1 < ¢ < d, the integer 4k16"¢ is not a multiple of d for k € {1,2}. It
follows that Re e(4k167"€/d) <1 — ¢ for some € > 0 only depending on d.

Therefore each factor in (4.2.16) is smaller than 1 — ¢, where ¢ > 0 does not depend on
r. Consequently, by Lemma 4.2.8 the product (4.2.18) converges to zero. Lemma 4.2.7, and
therefore Lemma, 4.2.6, is proved. PINS

Now we combine the two steps, corresponding to the cases (i) 2¥ and (ii) d odd.
Let £ > 0 and d > 1 be integers, and d odd. We are interested in a residue class a + 2Fd Z,
where a € Z. Choose
aV = amod 2* € {0,...,2" —1}.

Choose 1 large enough such that 16* > 2*. By Lemma 4.2.5 there exists A > yu in such a way
that
kM = aM mod 2k

where k(1) .= N,

Epuyers sEX—1

and gy = 3 for p < £ < \. Next, choose
a?® = (a — Ii(l)) mod d.

By Lemma 4.2.6, the set W, N (a(2) + dZ) is not empty. Let Z)\<£<D46516€ be an element,
where ¢/ € {0,1,2} for A </ < v. By (4.2.14) we have -

K= N, = kM + £,

Epser s EX—1:EN--s €L —1

where
2) .
£?) = Neyiena

The integer £V lies in the residue class a(*) + 257 by construction, while £ is divisible by 2,
as no digit among €, ...,e,_1 equals 3. It follows that x € a¥) + 2¥Z = a + 2¥Z. Moreover,
by (4.2.13),
K32 = Z 4016 € a'® +d 7,
A<b<v

hence k = kM) + £ = kW + (a — kM) = a mod d.

Summarising, we have x € (a + 2’“2) N (a + dZ). Since 2% and d are coprime, which implies
287Z.NdZ = 2*d Z, we have (a+2kZ) N (aerZ) = a+2*dZ (applying a shift by a) and therefore
k € a + 2FdZ. This finishes the proof of Proposition 4.2.4. D¢

4.2.3 Non-automaticity of B

In order to prove that B is not automatic, we use the characterization by the k-kernel: a sequence
(an)n>0 is k-automatic if and only if the set

{(apsrin), o3 =0,0<L <k} (4.2.19)

is finite.

We are now in the position to prove that any two arithmetic subsequences of B with the
same modulus m and different shifts ¢y, {5 are different: the sequences (B(El + nm))n>0 and
(B(lz + nm))n>0 cannot be equal. This will prove in particular that the k-kernel is infinite and
thus non-automaticity of the gap sequence for 01.
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Let us assume, in order to obtain a contradiction, that the sequence B contains two identical
arithmetic subsequences with common differences equal to m, indexed by n — ¢; + nm and
n +— lo + nm respectively, where ¢1 < 5. Let r = ¢5 — {1, and choose p large enough such that
16 > 2r. By Proposition 4.2.4, the block o#(a) appears in B at positions that hit each residue
class. In particular, for each s € {0,...,r — 1} we choose the residue class ¢; — s + mZ, and we
can find an index n such that o*(a) appears at position £; — s +nm in B. Since 16™ > 2r > s,
this means that ¢; + mn hits the sth letter in o#(a), in symbols,

By, nm = J“(a)’s.

Since s + r is still in the range [0, 16#), we also have

Béz-i—’ﬂm = Uu(a)|s+7‘

for the same index n. Applying the coding p defined in (4.2.6), and our equality assumption,
we see that

Bs = p(U#(a)L) = B&—i—nm = B@g—i-nm = p(U“(a)‘HT) = Bs+7‘~

Carrying this out for all s € {0,...,r — 1}, we see that the first 2r terms of B form a square.
Now there are two cases to consider.

The case r = 1. Assume that By, ynm = B, +14nm for all n > 0. By Proposition 4.2.4, the
positions where the prefix 3342 = ByB1ByB3 appears as a factor in B hit every residue class.
In particular, there is an index n such that the block 3342 can be found at position £ —1+nm
in B. This implies 3 = B1 = By, tnm = By, +14nm = B2 = 4, a contradiction.

The case r > 2. In this case we will resort to the fact, proved below, that B does not contain
squares of length > 2. Therefore we get a contradiction also in this case. In order to complete
the proof that B is not automatic, it remains to prove (the second part of) the following result.

Lemma 4.2.9. The infinite word B is squarefree. The word B does not contain squares of
length > 2.

Proof. We begin with the first statement. Note first that, by the morphism (4.2.5), letters ‘3’ in
B appear in pairs; moreover, the squarefreeness of A implies that there are no runs of three or
more 3s. This implies that the morphism r defined in (4.2.5) can be ‘reversed’ in the sense that
A can be restored from B by the (unambiguous) rule 7 : 33 — a, 4 > b, 2+ c. Also, B can
be restored from B by the (unambiguous) rule 33 — a3, 4 — b, 2 — c, thus reversing the effect
on B of the morphism p defined in (4.2.6). In particular, since A is squarefree, each occurrence
of the factor aa in B is bordered by symbols € {b,c} (where of course the first occurrence at 0
is not bordered on the left by another symbol).

Assume, in order to obtain a contradiction, that the square CC is a factor of B. We
distinguish between two cases.
The case |C| = 1. Let C consist of a single symbol = € {a,a,b,c}. The squarefreeness of A
forbids = € {b, c}; moreover, we saw a moment ago that a and a may only appear together,
bordered by symbols € {b,c}. This excludes the possibility = € {a, a}, therefore this case leads
to a contradiction.
The case |C| > 2. There are two cases to consider. (i) Assume that C begins with a. In this
case, C has to end with a: the concatenation CC has to be a factor of B, and therefore the
symbol a at the start of the second ‘C” has to be preceded by a symbol a. Analogously, each
occurrence of the word C'C is immediately preceded by a, and followed by a. That is, aCCa
appears as a factor of B. Writing C' = aya for a finite (possibly empty) word y over {a,a,b, c},
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we see that adayaayaa is a factor of B. Applying the coding p, it follows that T = aayaayaa
appears in B, and it is a concatenation of the words 33, 4, and 2. Consequently, it makes sense
to apply the ‘inverse morphism’ 7 : 33 — a, 4 — b, 2 + c. Therefore 7#(T) = azaza, for some
finite word z over {a,b,c}, appears in A. This contradicts Lemma 4.2.1. (ii) Assume that C
starts with a letter € {a,b,c}. In this case, C' ends with a letter € {&,b,c}: otherwise, the
concatenation C'C, and therefore B, would contain aa, which we have already ruled out. We
apply p, and in this case p(C) is a concatenation of the words 33, 4, and 2. Therefore we can
form 7(p(C)), revealing that the square 7(p(C))7(p(C)) is a factor of A. This is a contradiction.

We have to prove the second statement. Assume that CC is a factor of B, where |C] > 2.
This proof is analogous to the corresponding case for B, and we skip some of the details that
we have already seen there. (i) Assume that C begins with exactly one a. In this case, C' has
to end with exactly one a, and therefore C' = aya for a finite word y over {a,b,c}. It follows
that aayaayaa is a factor of B. Applying 7, we obtain a contradiction to Lemma 4.2.1.

(ii) Assume that C starts with aa, b, or c. In this case, C' ends with aa, b, or c, otherwise
CC, and therefore B, would contain a block of as of length # 2. We apply p on the word CC,
followed by 7, which yields the square 7(p(C))7(p(C)). Again, this contradicts Lemma 4.2.1.

&

Summarising, arithmetic subsequences of B with common difference m are distinct as soon
as their offsets differ. In particular, for each integer k > 2 the k-kernel of B is infinite. Therefore
B is not automatic, which proves the case w = 01 of Theorem 4.1.1.

4.2.4 Occurrences of general factors in t

We begin with the case w = 10. We will work with the Thue-Morse morphism 7 : 0 — 01,
1+ 10, defined in (4.1.1). First of all, we recall the well-known fact that az,; = 7°71(0) can
be constructed from ar = 7%(0) by concatenating a; and its Boolean complement @, (which
replaces each 0 by 1 and each 1 by 0). The proof of this little fact is by an easy induction. For
k = 0 we have a; = 01 = 00. The case k > 1 makes use of the identity 7(w) = 7(w), valid for
each word w over {0, 1}, which follows from the special structure of the morphism 7. Applying
this identity and the induction hypothesis, we obtain

g1 = T(Tk(o)) =7 (ap-1ar-1)
=7 (ar-1)7(@r=1) = 7(ar-1)7(ar-1) = aray.

Using this, we show that for even k > 0, the word 7%(0) is a palindrome. The case k = 0 is
trivial. If a;, = 7%(0) is a palindrome, then ayyo = 7(7(ax)) = 7(arar) = arararay is clearly a
palindrome too, and the statement follows by induction. In particular, we see from the above
that

*0) = 7*10)r* (1), F() =7t R o) forall k> 0. (4.2.20)

Note that, by applying 7% on t, every 0 gets replaced by 7%(0) and every 1 by 7%(1), and the
result is again t since it is a fixed point of 7. It follows that

for all K >0, we havet = Ay, A, Ag, -,

4.2.21
where A, = 7%(z) for x € {0,1}. ( )

Let (r;);>0 be the increasing sequence of indices where 10 occurs in t. For k even, let J =
J(k) be the number of occurrences of 10 with indices < 2k —2. Note that r;_1 = 2F —2. We read
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the (palindromic) sequence ay, of length 2*, backwards; it follows that (28 —1—7r;_1_;)o<j< is
the increasing sequence of indices pointing to the letter 1 in an occurrence of 01 in aj. Therefore

<2k -2 — rJ*l*j)O§j<J

is the increasing sequence of indices where 01 occurs in a. Consequently, by the definition of
B as the differences of these indices, we obtain B; = —r;_1_(jy1) +rj-1-;for 0 <j < J—1
and thus

Tijy1 —T5 = BJ,Q,j for 0 Sj S J —2. (4222)

We have to prove that the sequence
B = (141 —75)j20 (4.2.23)
is not automatic. More generally, we prove that any two arithmetic subsequences

LW = (B(t; +nd)) L® = (B(f; + nd))

n>0’ n>0’

where d > 1 and ¢; # /5, are different. In order to obtain a contradiction, let us assume that
LW = L and let k > 0 be even. By (4.2.22), we get arithmetic subsequences My, My of B
with common difference d, different offsets mq(k), ma(k) € {0,...,d — 1}, and length equal to
J(k) — 1, such that

Bml(k)+7Ld = Mj(l) = M](Q) = Bmg(k)+7Ld for 0 <n < J(k) —-2.

Note the important fact that the offsets m;(k) are bounded by d. Since there are only d(d—1)/2
pairs (a,b) € {0,...,d — 1} with a # b, it follows that there are two different offsets 0 <
m1, Mg < d with the following property: there are arbitrarily long arithmetic subsequences of
B with indices of the form m7 + nd and m3 + nd respectively, taking the same values. This
is just the statement that the infinite sequences (Bm—1+nd)n20 and (Bm—2+nd)n>0 are equal. In
the course of proving that B is not automatic (which is the case w = 01 of Theorem 4.1.1) we
proved that this is impossible, and we obtain a contradiction. The sequence B is therefore not
automatic either, which finishes the case w = 10.

We proceed to the case w = 00. Let (a;);>0 be the increasing sequence of indices j such that
t;tj11 = 00. Assume that ¢ > 0, and set j := a;. We have j =1 mod 2, since tg;s = ta;/41 for all
j' > 0 (where the overline denotes the Boolean complement, 0 — 1, 1 +— 0). Equality t; = t;41
(as needed) can therefore only occur at odd indices j, and we choose j' > 0 such that j = 25/ +1.
Necessarily, t;; = 1 and t;~1; = 0, since the identities ty; 11 = ﬁ and ty;r 4o = t;/41 would
produce an output to;/41t2j 19 # 00 in the other case. On the other hand, t;t; ;1 = 10 indeed
implies t2;/11t2;:42 = 00. Each occurrence of 00 in t, at position j, therefore corresponds in a
bijective manner to an occurrence of 10, at position (j — 1)/2 (which is an integer). It follows
that the corresponding gap sequence equals 2B, which is not automatic by the already proved
case w = 10.

In a completely analogous manner, we can reduce the case w = 11 to the case 01, and the
gap sequence equals 2B, which is not automatic either.

We will now reduce the case of general factors w of t of length > 3 to these four cases.

Lemma 4.2.10. For z,y € {0, 1}, let (a}”) k>0 be the increasing sequence of indices j such that
tjtjr1 = xy. We have
adt <a’ <aP' <a’ <ad <ay <--- and

(4.2.24)
agt <ad <ai* <aP <ay <a¥ <.
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Proof. First of all, t begins with 011, whence the first items of the two displayed chains of
inequalities. The first chain is almost trivial since after each block of consecutive 0s, a letter 1
follows, and vice versa.

Let us prove the second series of inequalities by induction. Assume that a(()n) < a(()oo) <

(00) _ (11)

- < a;,_1{ <a;’ =j. Then t;t;;; = 11, and it follows that t;;o = 0, since 111 is not a

factor of t. Two cases can occur. (i) If tj;3 = 0, then clearly a£11) < aZ(oo) = j+ 2 by our
hypothesis. (ii) Otherwise, we have t;t;11t;410t;13 = 1101. Necessarily, j is odd: if j = 25/, it
would follow that t;t;; € {01,10}, but we need 11. Moreover, j = 3 mod 4 is also not possible:
Let j+1=4j'. Then t; 1t 1ot;43 € {011,100}, but we need 101. It follows that j = 1 mod 4,
and therefore t;44t;45 = 00, which implies agoo) = j+4. By a completely analogous argument

(reversing the roles of 1 and 0), we may finish the proof of Lemma 4.2.10 by induction. (¢

Let w be a factor of t, of length > 3. Choose k£ > 0 minimal such that w is a factor of
some a;’ = 7%(z)7*(y), where z,y € {0,1}. By minimality, w is not a factor of 7%(0) or 7*(1),
using (4.2.20). Consequently, w appears at most once in each a;”’. Next, we need the fact that
t is overlap-free [14,27,158], meaning that is does not contain a factor of the form azaxa, where
a € {0,1} and x € {0,1}*. We derive from this property that w cannot occur simultaneously
in both members of either of the pairs

(@’ ay), (e, ar’), (@i’ ap), (a3 a;). (4.2.25)
For example, assume that w is a factor of both a?® and a?'. By minimality, as we had before,
7*(0)7%(0) = AwB, 7%(0)7%(1) = AwB,

where A and A’ are initial segments of 7%(0), and B resp. B’ are final segments of 7%(0)
resp. 7%(1), and all of these segments are proper subwords of the respective words. We have
A # A since otherwise 7%(0) = wB = wB’ = 7F(1) for some 1 that is not the empty word.
This contradicts the fact that 7%(0) = 7%(1). Let us, without loss of generality, assume that
|A] < |A’]. The first 2% letters of Aw and A’w are equal, in symbols,

(Aw)] (g 51y = (Aw)[ (g 50- (4.2.26)

We can therefore choose a € {0,1} and wy,wy € {0,1}* in such a way that aw;ws = w and
Aaw; = A’. Then trivially Aw = Aawjwy = A'ws, and since |A| < 2%, |A'| < 2% it follows
from (4.2.26) that we = aws for some ws € {0,1}*. Finally, the factor A’w of t can be written as
A'w = Aaww = Aawrawiws = Aawiawaws, which contradicts the overlap-freeness of t. The
other three cases, corresponding to the second through fourth pairs in (4.2.25), are analogous.
We have therefore shown that the set of A € {a?’,al',a}°, a;'} such that w is a factor of A is a
subset of either {a%', i’} or {al°, a}!}.

First case. Let w be a factor of al!, or of a;°. Assume first that w is a factor of a}*, but
not of a;°. In this case, we show that the gap sequence for w is given by the gap sequence for
af*: (i) each occurrence of af! yields exactly one occurrence of w (involving a constant shift);
(ii) by (4.2.21), every occurrence of w takes place within a block of the form a}?; (iii) only the
block a?! is eligible. We prove that ad! appears exactly at positions 2¥j in t, where t;t;1 = 01.
The easy direction follows from (4.2.21): each occurrence of 01 yields an occurrence of at,
where the index has to be multiplied by 2¥. On the other hand, it is sufficient to show that
al' can only appear on positions 2Fj. Given this, there is no admissible choice for (tj,t41)
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different from (0, 1), by (4.2.21). Suppose that we already know this for some k& > 0 (the case
k = 0 being trivial). Assume that

aiﬂ_l = 78(0)7%(1)7%(1)7%(0) appears on some position /. (4.2.27)

Since 7%(0)7%(1) = a$*, we know by hypothesis that £ = 0 mod 2*. Assume that the case
¢ = 2% mod 251 occurs. We set ¢ = (25 + 1)2* for some j > 0. Our assumption (4.2.27)
implies 7%(1) = 7%(ta;42) = 7%(t;4+1) and therefore t; 1 = 1, which implies that 7571 (t;41) =
7%(1)7%(0) appears on position ¢ + 2% = (24 + 2)2% in t. This is incompatible with (4.2.27). In
particular, the gap sequence for w, which is identical to the gap sequence for al', is given by
2¥B, and therefore not automatic. Switching the roles of 0 and 1 in this proof, we also obtain
non-automaticity for the case that w is a factor of al, but not of a* — with the sequence 2B
as the corresponding gap sequence.

Let w be a factor of both a$* and a}°. In this case, each occurrence of w in t takes place
within a subblock of t of one of these two forms. By Lemma 4.2.10, combined with the above
argument that occurrences of a?! resp. a;° in t take place at indices obtained from occurrences
of 01 resp. 10, multiplied by 2%, these blocks occur alternatingly. Assuming, in order to obtain
a contradiction, that the gap sequence (gj) j>o for w is automatic, we obtain a new automatic
sequence (ga2; +9g2;+1);j>0 as the sum of two automatic sequences (note that the characterisation
involving the 2-kernel (4.2.19) immediately implies that (g2;+¢);>0, for € € {0, 1}, is automatic).
By the alternating property, this is the gap sequence for a9', which is not automatic, as we have
just seen. A contradiction!

Second case. Let w be a factor of al° or of a}'. This case is largely analogous. We assume
that w be a factor of a°, but not of ajl. Ab in the case al!, the gap sequence for w in this
case is identical to the gap sequence for al°, and we only have to show that this sequence is
not automatic. We know already that the gap sequence for 00 is not automatic. Therefore it
suffices to prove that 7%(0)7%(0) can only appear at positions in t divisible by 2¥. Suppose that
we already know this for some k > 0 (the case k = 0 being again trivial). Assume that

ay, = 7%(0)7%(1)7%(0)7* (1) appears on some position £. (4.2.28)

Since 77(0)7%(1) = a!, we know by hypothesis that £ = 0 mod 2*. Assume that the case
¢ = 2F mod 2+ occurs. We set £ = (2 + 1)2* for some j > 0. Our assumption (4.2.28)
implies 7%(1) = 7% (t2;44) = 7%(t;12) and therefore t; 1o = 1, which implies that 751 (t;42) =

7%(1)7%(0) appears on position ¢ + 3 - 2¥ = (2j 4+ 4)2* in t. On position £, we therefore see the

factor
T (0)r*(1)7(0) 7 (1)7#(0),

which contradicts the overlap-freeness of t.

Again, the case that w is a factor of a}*, but not of a?° : is analogous; the case that it is a
factor of both words can be handled as in the case {al!,a}°}, this time with the help of the
second chain of inequalities in (4.2.24).

Summarising, we have shown the non-automaticity for all gap sequences for factors w of t
of length > 2.

In order to finish the proof of Theorem 4.1.1, we still have to prove that the gap sequence
is morphic for the ‘mixed cases’. That is, assume that w is a factor of two words of the form
ay? ) where z y € {0,1}, and where k is chosen minimal such that w is a factor of at least one
of af®,al*, a;’, ail. Let us begin with the case {a}',a;°}. The positions where w appears in t
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are given by 2¥j + 0o, where b;jbj1 = 01, and 2k + o1, where bjb; 1 = 10. Here og, 0 are
the positions where the word w appears in a' and a}° respectively. As before, this follows since
tjt; 1 = 01 is equivalent to (t,... 7t£+2k+1,1) = af', and the corresponding statement for 10.
We see that it is sufficient to write t as a concatenation of the words

w,a =011, wz =010, wp,:=0110, and w. = 01, (4.2.29)

since each word w, takes care of one 01-block, followed by one 10-block, and the gap sequence
for w is obtained by replacing each w, by a succession of two gaps. Applying the morphism 7, we
obtain 7(w,) = waws, T(wz) = Wywe, T(Wp) = Wawzwe, T(Wwe) = Wy. This mimics the morphism
¥; proceeding as in the proof of Lemma 4.2.2 (alternatively, as in the proof of Lemma 4.2.3),
we obtain

t = WR, W, WR, " * - (4.2.30)

Since B is morphic, the succession of gaps with which w occurs in t is morphic by [5, Corol-
lary 7.7.5] (that is, ‘morphic images of morphic sequences are morphic’).
The case {a}°,a;'} is similar. Defining

W, = 011010, wjz = 011001, wy := 01101001, and w. := 0110,

it is straightforward to verify that 7(0,) = WaWs, T(Ws) = WpWe, T(Wp) = WaWsWe, and 7(W,) =
wWp. Again, we can spot the morphism v, and we obtain

t = ’LTJB Wg (4.2.31)
in exactly the same way as before. Each of the words w, in this representation yields a block

11 in t, followed by a block 00. Therefore, also in this case, the gap sequence for w is a morphic
image of a morphic sequence. This finishes the proof of Theorem 4.1.1. (¢

Remark 9. Let us have a closer look at the gaps in the ‘mixed case’ {ad* ,ako} Let 0g be the
index at which w appears in a}', and oy the index at which w appears in a}°. By (4.2.30) and
the choice (4.2.29), each letter = € {a,a,b,c} in B corresponds to two gaps, as follows.

Letter in B Gap 1 Gap 2

a 01—00+2k+1 00—01+2k

a o1 — oo + 2k o9 — oy + 2k F1 (4.2.32)
b 0'1—0‘0-1—2k+1 0'0—0'1—}—2k+1

C 01—00+2k 0'0—0'1+2k

It follows that there are at most four gaps that can occur in this case. For example consider
the gap sequence for the factor w = 010. In this case, k = 2, and we have a3* = 01101001
and a3’ = 10010110, where the occurrences of w are underlined. We have og = 3 and o1 = 2.
This yields the gaps 3, 5, 7, and 9, occurring only in the combinations (7,5), (3,9), (7,9), and
(3,5). Noting also the first occurrence tstyts = 010, the first few occurrences of 010 in t are
at positions 3, 10, 15, 18, and 27, compare (4.1.2). In particular, the gap sequence is not of the
form 2‘B or 2‘B for some ¢ > 0, each of which has only three different values.

Similar COHSlderatlons hold for the case {a?’, a}'}. More premsely7 let og be the index at
which w appears in a}' and oy the index at which w appears in a}°. Each letter occurring in B
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corresponds to two gaps for w, as follows.

Letter in B Gap 1 Gap 2

a o1 —0g+4-2F o0 — o1 +2-2F

a op—0oo+2-28  og—o0y +4-2F (4.2.33)
b 01700+4'2k L')'()7(7'1<|>4'2]C

Cc 01—00+2'2k 0’0—0’1—1—2'2k.

An example for this case is given by the word 00110, which is a factor of a3® = 01100110 and
of ' = 10011001. We have gg = 1 and o7 = 3, and therefore the gaps 6, 10, 14, and 18, which
appear as pairs (18,6), (10, 14), (18,14), and (10, 6).

4.3 The structure of the sequence A

In this section, we investigate the infinite word A, in particular by extending it to a word over
a T-letter alphabet. This extension allows us to better understand the structure of A, and gives
us a tool to handle the discrepancy Dy. In particular, we prove Theorem 4.1.2.

4.3.1 A is automatic

It has been known since Berstel [13] that A is 2-automatic. In this section, we re-prove this
statement using slightly different notation. Note that we had similar proofs (of Lemmas 4.2.2
and 4.2.3) in the first part of this paper. First of all, we recapture Berstel’s 2-uniform morphism.
Introducing an auxiliary letter b, we have the morphism @ as well as the coding 7:

©: arvab, brsca, b+rac, crcb,

o (4.3.1)
T: ar>a, b+— b, b+— b, c—cC.

We wish to prove that
m(A) = A, (4.3.2)

where A is the fixed point of P starting with a. For this, we will show, by induction on k > 0,
that the initial segment

sk = @ (abe)
of A, of length 3 - 2%, is a concatenation of the three words wy = abc, w; = ac, and wy = b.

We also call the words w; ‘base words’ in this context, and the latter statement ‘concatenation
property’. Having proved this property, we use (recall the morphism ¢ defined in (4.2.1))

m(p(w1)) =abcach =¢
m(B(wz)) =abcb = p(m(w1)); (4.3.3)
m(P(ws)) =ac =9

in order to obtain
p(n(sk)) =7 (P(sk)) (4.3.4)

for all £ > 0, by concatenation. In other words, ¢ and @ act in the same way on an initial
segment of A of length 3 - 2.

We may also display the relation (4.3.4) graphically. Define S = {s; : k > 0} C {a,b,b,c}"
and Q = {a, b, c}". Then the following diagram is commutative.
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S Q
SP{ JW
S Q

s

Gluing together copies of this diagram, we obtain, for all £ > 1,

¢ (s0) = ¢ (m(s0)) = " (m(B(50)))
= " (p(m(B(50)))) = ¢ (7(@(50))) = -+ = 7 (& (s0))-

For each index j > 0, choose £ so large that 3 -2¢ > j. Then

A= (s0)|, = (@ (s0))], = 7 (@ (s0)|,) = 7(A:)

for 0 < i < j. Therefore the infinite word A is 2-automatic, being the coding under m of the
2-automatic sequence A, and thus we have derived (4.3.2) from the concatenation property.

We still have to prove that si is a concatenation of the base words. Clearly, this holds
for sy = abc = wp. Assume that we have already established that s, = we, we, --- for some
e; €{0,1,2}. We have

»(wy) = abcacb = wowws,
®(wy) = abcb = wows,

P(w3) = ac = wy,

and thus
ska1 = P(sk) = Pwey JP(we,) - -
is a concatenation of the w; too. This proves (4.3.2).

Complementing this result, we note that Berstel [13, Corollaire 7] also proved that A itself
is not a fixed point of (the extension of) a uniform morphism.

4.3.2 Transforming A

We will identify circular shifts, or rotations, of factors of length L > 2 appearing in the se-
quence A. Such a rotation of a word (a;);>o replaces the subword a; ajq1---aj4rr—2a;4+0-1
by aj+1---@j+r—2ajrr—1 a; (rotation to the left), or aj4r—1a;ajy1---ajrr—2 (rotation to the
right), respectively.

Carrying out a certain number of such rotations, we will see that the sequence A is reduced to
the periodic word (abc)®. Of course, this is possible for any word containing an infinite number
of each of a, b, and c, and it can be achieved in uncountably many ways. In our case however,
an admissible sequence of rotations can be made very explicit, by defining a new morphism ¢*.
This morphism has the fixed point A, which maps to A under a coding. From this augmented
sequence, we will see very clearly the ‘nested structure’ of the above-mentioned rotations. In
particular, we can find a certain non-crossing matching, defined in (4.3.13), describing the
intervals that we perform rotations on, and the direction of each rotation. Moreover, in the
process we learn something about the discrepancy of 01-blocks in t, which was defined in (4.1.4).
Let us consider the iteration %2 of Berstel’s morphism:

?2: arvabca, b+ cbab, brsabcb, ¢+ cbac. (4.3.5)
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We introduce certain decorations— connectors — of the letters. Their meaning will become
clear in a moment. Based on the morphism %2, we define the following decorated version, which
is a morphism on the 7-letter alphabet

K:{a7.JB’.BL7.Jb7.bL7JC7CE}' (4'36)

ot : arrabca, b abch, b abeb, ~ (4.3.7)
b — cbab, b — cbab, c — cbac, c — cbhac.
J LJ J L LJ L J J L 4 L LJ L

This morphism has a unique fixed point AT starting with a. The image of AT under the obvious
coding v given by
at a,
¥: beb, beb, bbb b, (4.3.8)
crc, crc
yields the sequence A. Based on this, we will speak of letters of types a, b, and c, thus referring

to letters from {a}, {b,b,b, b}, and {¢, ¢}, respectively.
From the substitution (4.3.7), we can immediately derive the following lemma.

Lemma 4.3.1. Let j > 1, and (x,y,2) = (AT A}',A‘*‘ ). Then

i1 J+1
y=b = xyz=cba; y=b = xyz=cba; (43.9)
y=b = xyz=abc; y=b = zyz=abc.
We wish to connect the ‘loose ends’ of the connectors — we say that two connectors at

indices ¢ < j match if the connector at i points to the right and the connector at j points to
the left. The very simple algorithm FindMatching joins matching connectors, beginning with
shortest connections. Only pairs of free connectors are connected, that is, each letter may be
the starting point of only one link.

procedure FindMatching(w) :
M«—{};
SelectedIndices<{};
n<1;
while n < w.length:
for all i such that there are matching connectors at i and i+n:
if i ¢ SelectedIndices and i+n ¢ SelectedIndices:
Add the pair (i,i+n) to the set M;
Add i and i+n to the set SelectedIndices;
n<n+l;
return M;
end.

Algorithm FindMatching. Link free connectors

Note that we have to pay attention that previously selected indices are not chosen again,
whence the introduction of SelectedIndices. A connection between the two letters at indices
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i and j is just a different name for the pair (i,j). For any finite word w over the alphabet K
this procedure yields a (possibly empty) set M (w) of pairs (7, j) of indices.
We wish to prove that the algorithm is monotone.

Lemma 4.3.2. Let w and w’ be finite words over the alphabet K, and assume that w is an initial
segment of w'. Let M(w) resp. M(w') be the sets of pairs found by the algorithm FindMatching.
Then

M(w) C M(w'). (4.3.10)

Proof. We show this by induction on the length j of w. Clearly this holds for j = 0. Let us
append a symbol z € K to w (at position j). Define M,(w) as the set of connections (a,b) for
w of length strictly smaller than ¢, found by the algorithm. Define M;(wx) analogously. We
prove by induction on ¢ that M;(w) C My(wz), and that, if the inclusion is strict, we have
My(wz) = Me(w) U {(4,4)} for some ¢ < j. Suppose that this is true for some ¢ (clearly it
holds for ¢ = 0). We distinguish between two cases. (i) If (i,7) € My(wz) for all i, we have
My(w) = My(wz) by hypothesis; we add each pair (a,b) with b < j having matching connectors
and such that b — a = £ to the sets My(w) and M,(wz), and possibly one more pair (i, j), for
some i < j, to Mp(wx). (ii) If (i,7) € My(wz) for some i, we have £ > j — i by the definition of
My (wz); we add the pairs (a,b), with b < j, having matching connectors and such that a # ¢ and
b —a =/ to both sets My(w) and My(wz). There are clearly no more pairs added to M,(wz),
since 7 and j are already taken; moreover, the condition that ¢ > j — i renders impossible the
chance of another connection (4,b), where b < j, to be added to My(w). PINS

We extend M to a function on all (finite or infinite) words w over K, in the following
obvious way: for each ¢, form the set M;(w) of all pairs (a,b) satisfying b — a = ¢, having
matching connectors, such that neither a nor b is a component of any M (w), where £/ < (. Set
M (w) = s Me(w). The following lemma gives us a method to compute a matching for an
infinite word by only looking at finite segments.

Lemma 4.3.3. Let w be an infinite word over K. Then

U M (wl,,) = Mw). (4.3.11)
j=>0

Proof. Let My(w) be the set of connections added in step ¢ of the algorithm FindMatching. We
prove, more generally, that

U Me(wlyy ;) = Mie(w). (4.3.12)

j=0
We prove this by induction on ¢, and we start at connections of length ¢ = 1. Let (i,s+ 1) €
M, (w‘ o0 j)). Then there is a pair of matching connectors at indices 7 and i+ 1 (where i +1 < j),

and therefore this pair is also contained in M, (w). This proves the inclusion “C”. On the other
hand, if (4,74 1) is a link connecting matching connectors in w, this link is also to be found in the
0,i+2)" hence the inclusion “2”. Assume that (4.3.12) holds for some ¢ > 1. If the

algorithm finds a pair (i,7 + £) of matching connectors in w|[0 iy where (4,4 + ¢) & M, (w|[

sequence ’U}| [

03))
this pair trivially also matches in the (unrestricted) word w. By hypothesis, the connectors at
i and i + ¢ are not used by M;(w), hence the inclusion “C”. On the other hand, a link (4,7 + £)
of matching connectors in w that is still free in step £ is also free in w’[o iret1) by hypothesis,

which proves (4.3.12) and hence the lemma. =
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Our algorithm avoids crossing connections: if i < j < k < £ were indices such that (i, k) €
M(w) and (j,¢) € M(w), then the connector at index j is pointing to the right, and the one at
k to the left, so the shorter connection (j, k) would have been chosen earlier. This contradicts
the construction rule that indices may only be chosen once.

More generally, a non-crossing matching for a word w over K (finite or infinite) is a set M
of pairs (7, j) such that

i<j for all (i,7) € M,

w;w; € {be, be, cb, cb} for all (i,7) € M,

w; =a for all i & |J M, (4.3.13)
(i,5) = (k. £) or

i<k<l<j or for all (i,7) € M, (k,¢) € M.
k<i<j<lt

Here | UM = {i: (i,5) € M for some j or (j,i) € M for some j}.
We call a word w closed if there exists a non-crossing matching for w.

Lemma 4.3.4. Let w be a word over K. There is at most one non-crossing matching for w. If
there exists one, FindMatching generates it by virtue of (4.3.11).

Proof. Let m be a non-crossing matching of w. Since all connectors have to connect to some-
thing and the connecting lines must not cross, we see that all pairs (¢,4 + 1) of indices where
matching connectors appear have to be contained in m. It follows that M, (w|[0 j)) C m for all

4, and therefore M (w) C m by (4.3.12). On the other hand, the definition of a non-crossing
matching only allows matching connectors, therefore each connection (i, + 1) in m is found by
FindMatching, for j =i+ 2.

Similar reasoning applies for longer connections too. Let us assume that the set of connections
of length < ¢ coming from FindMatching is the same as the set of connections of length < ¢
contained in m. Assume that ¢ is an index such that the connectors at indices ¢ and i 4 ¢
match, and neither ¢ nor i + £ appears in a connection of length < ¢ in m. Since m is a
matching, the connector at index ¢ has to be linked to a connector at an index j > ¢. Indices
je{i+1,...,i+¢—1} are excluded by our hypothesis, indices j > i + ¢ are impossible by
the non-crossing property, therefore (i,i + ¢) € m. Again, other connections of length ¢ cannot
appear in m, therefore FindMatching finds all pairs (i, +¢) contained in m. This completes our
argument by induction. Therefore m = M (w), and both statements of Lemma 4.3.4 follow.  §3

Lemma 4.3.5. The sequence A" is closed.

Proof. First of all we note that it is sufficient to prove that o+ maps closed words w to closed
words. If this is established, we obtain, by induction, that the initial segments (p7)*(a) of
AT are closed. Since non-crossing matchings are unique, the corresponding sequence (my)r>o
of non-crossing matchings satisfies my C mygy1, and Uk>0 my is easily seen to be the desired
matching for AT, B

We prove by induction on the length n of a closed word w that o+ (w) is closed. This is
obvious for the closed words of length n < 2: the word p*(a) = abca is closed, and the cases
bc, fe ¢, cb,and cL‘E) are also easy. Moreover, a concatenation of two closed words is also closed:
one of the matchings has to be shifted (both components of each entry have to be shifted), and
we only have to form the union of the matchings.
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If w is of the form IEC’S: for some nonempty word C' over K, we obtain a non-crossing
matching for C' by stripping the pair (1,n) from a corresponding matching for w. Therefore C
is closed. Applying ¢T, we see that

¢F(w) = abebp™ (C)cbac. (4.3.14)

This is closed by our hypothesis, since C is shorter than w. The other case <EC b is analogous
(note that there are no more cases by (4.3.9)), and the proof is complete. =

Remark 10. We note that this proof can also be used to show that the substitution o+ respects
non-crossing matchings, in the following sense. If m is a non-crossing matching for w, then there
exists a (unique) non-crossing matching m’ for ¢ (w); the matching m can be recovered from m’
by omitting certain links, and applying a renaming (¢, j) — (u(%), u(j)) to the remaining links,
where p : N — N is nonincreasing. The proof is not difficult: if this procedure works for the
closed word C', we can also carry this out for I_BCS: by (4.3.14); we see that the additional link
1_3 -++ ¢ is still present in ot (I_BCS:). Also, the procedure of recovering m’ from m is compatible
with concatenations of closed words C' and D, as a matching for 1 (CD) = o7 (C) p* (D) does
not connect letters in ¢ (C) and o+ (D).

The construction of the matching in the proof of Lemma 4.3.5 also shows the following result.

Corollary 4.3.6. Let m be the non-crossing matching for AT. By virtue of m, each letter of
type c is connected to exactly one letter, which is of type b, and each letter of type b is connected
to exactly one letter, which is of type c.

Our interest in the link structure of AT stems from the fact that we may transform the
sequence A into a periodic one, using the following transparent mechanism. Let m be the non-
crossing matching for A", and let ((ix,jx))k>0 be an enumeration of m such that (jx — ix)k>0
is nondecreasing. We define a sequence (A*));>¢ as follows.

o Set A0 = AT,

o Let k> 0. If Agf) = ¢, we rotate the letters in A®) with indices iy, + 1,..., 5, to
the right by one place, yielding A®*+1) . Otherwise, we necessarily have A;l}:)
rotate the letters with indices ig, i + 1,..., 7 — 1 to the left by one place.

=c and we

In more colourful language, in each step some letter of type b is moved along its connecting
link and inserted just before the letter of type c it is connected to. Note that due to the
monotonicity requirement and the non-crossing property, the kth rotation does not change the
indices at which the subsequent rotations are carried out. Therefore the sequence (A(k))kzo is
well-defined. Moreover, the result does not depend on the particular nondecreasing enumeration
of m for the same reasons. Since the first IV indices eventually remain unchanged, the limit

p(AT) = y(klir& AR (4.3.15)

exists (note that 7, defined in (4.3.8), replaces each letter of type x by z). The definition
of A®) is summarised in the algorithm RotateAlongLinks. As in the case of the algorithm
FindMatching, we require a finite word w (and a finite set m C N?) as input in order to
guarantee finite running time.

procedure RotateAlongLinks(w,m)
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if m is not a non-crossing matching for w:
exit (Error: a non-crossing matching is required) ;
Create a list m’ from m, ordered by SecondComponent-FirstComponent
for p inm’:
i<—p.FirstComponent;
j4<p.SecondComponent;
if wlil=c:
#Rotate right
wlil, ..., wlj-11,wliDD+ wljl,wlil,...,w(j-11);
else:
#In this case, w[j]=9. Rotate left
(wlil,wli+1d, ... ,wlj-11)«(wli+1],...,w[j-1],wl[i]);
return w;
end.

Algorithm RotateAlongLinks. Transform a closed word according to a non-crossing matching

By the above remarks, the words RotateAlongLinks (wk, M(wk)) converge to p(AT) as k — oo,

where w = (gp+)k(a). We have the following central proposition.

Proposition 4.3.7. Let m be the non-crossing matching for At. Then
p(A") = (abc)“. (4.3.16)

Proof. Let us first note that the limit itself can be obtained in a simpler way. For any closed
word C' over K,

(1) apply 7, (2) remove all occurrences of b, (3) reinsert b before each c.

The resulting word equals p(C). This statement simply follows from the facts that (i) both
procedures do not change the order in which the underlying letters a and c appear, that (ii) each
occurrence of ¢ in both results is preceded by b, and that (iii) in both results, b does not appear
at other places. We therefore see that Proposition 4.3.7 is equivalent to the following. Let
C be the sequence obtained from A" by deleting all decorations, and all occurrences of b and
b. Then C = (ac)”. In other words, we only have to show that a and c occur alternatingly
in A, with the empty word or one occurrence of b in between. We prove a stronger statement
concerning the sequence A, which will complete the proof of Proposition 4.3.7.

Lemma 4.3.8. There are sequences (¢)k>0 and (€}, )k>0 in {0,1} such that
A= a(bc(ac)sol_)a(ca)sé) (bc(ac)sll_)a(ca)s/l) e

In order to prove this, we apply the second iteration %? of Berstel’s morphism on one of the
expressions in brackets. We use the abbreviation

b(e,e") = bec(ac)®ba(ca)® .

Direct computation yields
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no

©°(b(0,0)) = cbabcbacabcbabca = cba b(0,1)b(0,0)bca,

72(b(0,1)) = cbabcbacabcbabcacbacabca = cbab(0,1)b(0,0)b(1, 1)bca,
%2(b(1,0)) = cbabcbacabcacbacabcbabea = cba b(0, 1)b(1,1)b(0, 0)bca,
%2(b(1,1)) = cbabcbacabcacbacabcbabcacbacabca

= cbab(0,1)b(1,1)b(0,0)b(1,1)bca.

Arbitrary concatenations of these expressions are again of the form cbaRbca, where R is a
concatenation of words b(e,e’). Assuming that w is of the form a][,_, b(¢;,€})bca, we obtain

®%(w) = ab(1,0)Rbca. Since the words (@2)k(a) approach a fixed point, and
?*(a) = ab(1,0)b(0,1)bca,

it follows by induction that A is indeed of the form stated in the lemma, and we have in
particular proved Proposition 4.3.7. =

From this algorithm, we can clearly see that a given letter a is shifted, one place at a time,
for each link that is passing over this letter. The direction in which a is shifted depends on
whether ¢ or ¢ appears in the link we are dealing with. We will use considerations of this kind
in the following section, together with Proposition 4.3.7, in order to determine the discrepancy
of 01-occurrences in t.

4.3.3 The discrepancy of 01-blocks

For an integer j > 0 let us define the degree of j as follows. Let m be the non-crossing matching
for AT and set
deg®(j) = #{(k,0) em: k < j <land A} = c},
deg™(j) = #{(k,0) em: k < j <l and AT = c}, (4.3.17)
deg(j) = deg™ (j) — deg™ (j).
We will also talk about the degree of a letter in A*, where the position in question will always
be clear from the context.

We display the first 192 letters of AT, obtained by applying the third iteration of ¢+ on
the word AGATAY} = abc, and we connect associated connectors by actual lines for better
readability. On position 10 = (22)4 in AT, we have a letter a of degree —1, and on position
170 = (2222)4, a letter a of degree —2. These positions are marked with an arrow.

_ 9 _ _ _ _ _ _
abcacbabcbacabcacbacabcbabcacbabcbacabcbabcacbac
L L | Sy S L L 1 L L L | Sy S L L | I—
abcacbabcbacabcacbacabcbabcacbacabcacbabcbacabchb
() () | Iy | () () 1 L () () () () () 1 L
_ _ _ _ _ _ _ _ (4;3.18)
abcacbabcbacabcacbacabcbabcacbabcbacabcbabcacbac
() () | Iy | () () 1 L () () | Iy | () () | —
abcacbabcbacabcbabcacba cBgca cacbacabcbabcacbac

From this initial segment we see that the sequence (deg(j));> starts with the 48 integers

0,0,0,0,0,0,0,0,0,0,-1,0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,
~1,0,0,0,0,0,—1,—1,-1,—1,0,0,-1,0,.. ..,
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0]0, 3|0 3]0

3/0 3|0

Figure 4.1: A base-4 transducer that generates the degree sequence

corresponding to the first line of (4.3.18). Applying the substitution (p)? on bac appearing
on positions 169171, we obtain the following 48 letters. The marked letter a has degree —3,
and it corresponds to the position (222222),.

abcacbabcbacabcba
(- (- — (- \

In general, on position (22%),, a letter a of degree —k appears. This can be seen by considering
the images of a and ¢ under ot.

By Proposition 4.3.7, deg(j) has the following meaning in the case that AJ; = a. A number
of deg™ (j) letters b is transferred from the right of the letter a to the left of it; note that the
letter a is shifted to the right deg™( j) places. Analogously, deg™ (j) letters k_g are transferred
from the left of a to the right, and the letter a is shifted to the left deg™ (j) places. In total,
the letter a (among other letters) is shifted by deg(j) places, and bs or bs are moved to account
for the generated trailing space. The proposition states that the letters to the left of a’s new
position j+deg™ (7) are balanced — after removing decorations and replacing b by b, the letters
a, b, and c occur the same number of times. If A"; e{ c, (E}’ similar considerations hold. The
case of letters of degree b is different, since a single rotation may shift such a letter to a remote
place.

The transducer 77 displayed in Figure 4.1 allows us to compute the degree of an arbitrary
position j: starting from the centre node, we traverse the graph, guided by the base-4 expansion
0y—1---0g of j (read from left to right). Along the way, we sum up the numbers k whenever
a vertex 0; | k is taken. The sum over these numbers is the degree of j, multiplied by 3. The
transducer 77 is derived directly from the decorated, 4-uniform morphism ¢* given in (4.3.7).
Note that a change of degree takes place whenever new letters are inserted, by virtue of the
morphism ¢, into the range of already existing links, which happens for b and ‘53; or, if a new



96 CHAPTER 4. GAPS IN THE THUE-MORSE WORD

link together with a letter a in its range is created, which happens for c.
We will now apply Proposition 4.3.7 to the discrepancy Dy of occurrences of 01 in t.

Proposition 4.3.9. Let j € N and set d = deg(j). Then

Dy =dJ3, if AT = a
Dyjyo =d/3, if AT = b;
D4j+2 :d/371/37 ZfA—;zs;,
Dyjio =4d/3, if AT =c

In each of these cases, the subscript of D is the position in t that corresponds to the jth letter
in A via (4.2.3).

Proof. Choose € € {0,1,2} and n € N such that j = 3n + ¢. Let us consider each of the seven
cases corresponding to letters from K.

First case. Assume that AJJT = a. By Algorithm RotateAlongLinks and Proposition 4.3.7,
a total of d letters of type b have to be shifted from the right of our a in question to the left (if
d > 0), or the other way round (if d < 0). After this procedure, the numbers of letters of types
a, b, and c to the left are equal. It follows that ¢ = —d mod 3; moreover, m = n + (¢ + d)/3
is the number of letters a (and also the number of letters of type c) strictly to the left of j.
The number of letters of type b to the left of j is m’ = n + (¢ — 2d)/3. Symbols of type a
contribute two blocks 01 and correspond to a factor of length six in t, by (4.2.2); letters of type
b contribute one block and correspond to a factor of length four; letters of type c contribute
one block and correspond to a factor of length two. It follows that below position

e—2d
3

N =(6+2) <n+€+d>—|—4(n+

3 ):12n+45:4j,

we find

@2+1) <n+5+3d> + (n+ 5_32d> —dn+de/3+d/3
blocks 01. This proves the case A? =a.

Second case. If A? = ‘53, we note that necessarily A?—s-l = a, by Lemma 4.3.1. We apply the
first case on position j -+ 1, which has degree d. Noting that a letter of type b in AT corresponds
to 0110 in Thue-Morse, we obtain Dy; = Dyjtq + 1/3 = d/3 + 1/3, where 45 resp. 45 + 2
correspond to the jth resp. (j + 1)th position in A*.

Third case. Assume that A'; = fe In this case, the letter at j 4+ 1 is a by Lemma 4.3.1 and
j + 1 has degree d — 1. It follows that Dy; = Dyjia +1/3=d/3—-1/3+1/3 =d/3.

Fourth case. If AJJr = b, we note that necessarily A§—1 = a; we apply the first case on
position 57 — 1, which has degree d 4 1. since a corresponds to 011010 in Thue—-Morse, we have
Dyjyo = Dyj_q = d/3 +1/3, where 4j — 4 resp. 4j + 2 correspond to the (j — 1)th resp. jth
positions in A*.

Fifth case. Assume that A; = b. Then A;_l = a, and j — 1 has degree d. Analogously to
the fourth case, we obtain Dyjio = Dyj_y = d/3.

Sixth case. If AJ]r = ¢, this letter is connected to a letter of type b to the left, which stays
on the left of ¢ after applying the rotations. Therefore the number of letters of type b to the left
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are changed by d, and the numbers of letters of types a or ¢ to the left stay the same. Similarly
to the first case, it follows that € = 2 — d mod 3. The numbers of letters, of type a, b, and ¢
respectively, to the left of j, are therefore m =n+ (e +d+1)/3, m —d, and m — 1 respectively.
It follows that, below position

1 -2 1 -2
3 3 3
=12n+4e+2=14j+2,

there are
3 3 3 B 3 3 3
blocks 01.

Seventh case. If AJ]T = ¢, a letter of type b is taking its place after one rotation. In this
case, we have ¢ = 1 — d mod 3; the numbers of letters to the left of j, of types a, b, and ¢
respectively, are therefore m = n+ (e +d+2)/3, m —d — 1, and m — 1 respectively. Therefore,
below position

d+2 —2d—1 d—1

N=6(n+ P02 py(ny 2207 ) (o (e otet

3 3 3
= 12n+4e+2=4j+2,

there are
9 +5+d+2 n +6—2d—1 n +5+d71 _ 4 +4e+d+2
" 3 " 3 " 3 )T 3 T3
blocks 01, which proves the last case. =

Since deg(j) is easy to obtain, Proposition 4.3.9 gives us a simple method to compute the
discrepancy Dy for any given N.

Proposition 4.3.10. Let N > 0 be an integer and j = | N/4].

1. If A'; € {a,b, b}, choose & = Dy;/3 = deg(j)/3 + ¢, where e € {0,1/3} is given by the
first block of (4.3.19). Then

(D4j, Daji1, Dajy2, Dajys) = (6,6 +2/3,6 +1/3,0). (4.3.20)

2. If A‘; € {b,b,c,c}, choose 6 = Duji2/3 = deg(j)/3 + €, where e € {~1/3,0,1/3} is
given by the second block of (4.3.19). Then

(Daj, Dyji1, Dajio, Dajis) = (6 +2/3,0 +1/3,8,6 +2/3). (4.3.21)

The scaled sequence of discrepancies (multiplied by 3) therefore begins with the 48 integers

0,2,1,0, 2,1,0,2, 1,0,-1,1, 0,2,1,0, 2,1,0,2, 1,3,2,1,
0,2,1,0, 2,1,0,2, 1,0,—1,1, 0,2,1,0, —1,1,0,—1, 1,0,—1,1.

The partition into segments of length four is for better readability. Each segment corresponds
to one symbol in AT,
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Proof of Proposition 4.3.10. For the first sentence of each of the two cases, there is nothing to
show, by Proposition 4.3.9. Let us begin with the first case. By the proposition, the position 4;
in the Thue-Morse sequence corresponds to a letter a or b in A (on position j), and by (4.2.2)
we have (tuj,taji1,ta542,t4543) = (0110). Therefore (4.3.20) follows. Concerning the second
case, Proposition 4.3.9 gives us an expression for Dysjyo in terms of deg(j), and the position
4j 4 2 corresponds to the index j in A. By (4.2.2), we have (taj42,t4543) = (0,1). Therefore

(Dajta, Daji3) = (6,6 +2/3).

In order to compute Dy; and Dyj11 in this case, we note that b and b are always preceded by
a (as we noted in the proof of Proposition 4.3.9), and c and ¢ are always preceded by a letter
of type a or b, since A is squarefree. It follows that the letter at index j — 1 is of type a or b,
and therefore (t4;,ts;41) = (10). Consequently, we have

(Daj, Dyji1) = (6 +2/3,6 +1/3),

and (4.3.21) follows. =

4.3.4 Proof of Theorem 4.1.2

We may now show that the sequence (Dy)n>o of discrepancies is given by a base-2 transducer.
The transducer in Figure 4.1 may be described by eight 7 x 7-matrices A, W® for 0 < ¢ < 4,
where rows and columns are indexed by the letters of K, in the order (a?, fg, b,b,c, cL).

The entry AE? equals 1 if there is an arrow with first component equal to ¢ from the jth
node to the ith node in Figure 4.1, and it is zero otherwise. The matrices A®) are permutation
matrices. The entry WZ-(E-) is the second component of the arrow from j to ¢ with first component
£, if there is one, and equal to zero otherwise.

The final modification given by (4.3.20) and (4.3.21) is dealt with by four more matrices Z(*),
where 0 < ¢ < 4. The first three columns of these matrices are given by (4.3.20), as follows.
Define the quadruple (qo, g1, ¢2,93) = (0,2/3,1/3,0) (containing the shifts in (4.3.20)), and the
triple (r1,72,73) = (0,1/3,0) (taking care of the shifts present in the first block of (4.3.19)).
Let 1 < j < 3 (corresponding to the letter at which an arrow starts), and 0 < ¢ < 4 (a base-4
digit; the first component of the label of the arrow). There is a unique ¢ € {1,...,7} such that
AEZJ) = 1, and we set Zi(? = q¢ + 14, and ZZ(,Z)J = 0 for i # i. The remaining four columns
are filled with the help of (4.3.21), as follows. Define (go, 41, d2,G3) = (2/3,1/3,0,2/3) and
(ra,rs,7r6,77) = (1/3,0,—1/3,0). Let 4 < j <7 and 0 < ¢ < 4. There is a unique ¢ € {1,...,7}
such that AE? =1, and we set Zi(? =q¢+rj;, and Zl(,e)j =0 for ¢ # 1.

In order to generate the discrepancy, we blow up the transducer by a factor 28, in order to
keep track of the arrow that led to the current node (that is, we need to save the previously
read digit ¢’ € {0,1,2,3} and the node in 77 that was last visited).

In each step, the contribution of Z () is cancelled out, and the contributions of A®) and
Z®) are added (where £ is the currently read digit). More precisely, let (i, ¢, 7), for 1 <i,5 <7
and 0 < ¢ < 4, be the 196 nodes of our new transducer T3. There is an arrow from (5, ¢/, k) to
(i,£,7") if and only if j = j/ and Aglz) =1 — that is, if there is an arrow from j to i in 73 whose
label has ¢ as its first component. We may now define the weight of an arrow (4, ¢, k) — (4,4, j)
as

(©) ) )
Zij =2 Wi
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The initial node is (1,0,1), which corresponds to the fact that leading zeros do not make
a difference. Let us illustrate, by a short but representative example, the easy proof that
the transducer 75 generates the discrepancy sequence. We wish to compute the discrepancy
D41 = D321, The corresponding path in 75 is given by

(1,0,1) — (5,2,1) — (1,2,5) — (4,1, 1).

Note that the first and third components correspond to letters in K, that is, to nodes in 77, via
l1=a,4=Db,and 5 = c. The sum of the weights simplifies, due to a telescoping sum and
W) =2z =0, to
W+ w4z

The first two summands sum up to deg((22)4) = —1/3 by the construction of our transducer,
while the last summand consists of two parts: the shift in the first line of the first block of (4.3.19)
(which is 0), and the shift in the second component of (4.3.20) (which is 2/3). Summing up,
we obtain Dy = 1/3. It is clear that the proof of the general case is not more complicated this
example.

Since the integers 2 and 4 are multiplicatively dependent, in symbols, 2™ = 4™ for (m,n) =
(2,1), the sequence D is also generated by a base-2 transducer. In order to carry out this
reduction to base two, the four arrows starting from a given node in our base-4 transducer have
to be replaced by a complete binary tree of depth 2, where two auxiliary nodes have to be
inserted. The proposition is proved, and thus the first part of Theorem 4.1.2.

The output sum of a base-¢g transducer is clearly bounded by a constant times the length of
the base-¢q expansion we feed into the transducer. This immediately yields Dy < log V.

We easily see from Figure 4.1 that the integers

16% —1 64% — 1
3 63

have degrees —k and k respectively, for £ > 1, and that the letter a is attained at these positions.
Therefore Proposition 4.3.9 implies

(22%), =2 and  ((110)%), =20

D8(16k—1)/3 == 7]{5/3 and D80(64k—1)/63 = k/3 (4322)

for k > 1, and clearly Dy = 0. In particular, {Dy : N > 0} = (1/3)Z, which finishes the proof
of Theorem 4.1.2. =

By considering the path given by n’ = (22*~1); instead, we end up in the node ¢, and the
position n’ has degree —k + 1. Proposition 4.3.10 implies D,, = —k/3, where n = 4n’ + 2 =
((10)**)5. This was observed by Jeffrey Shallit (private communication, 2021), but such an
unboundedness result does not seem to be stated in the literature.
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Abstract

We prove a folklore conjecture concerning the sum-of-digits functions in bases two and three:
there are infinitely many positive integers n such that the sum of the binary digits of n equals
the sum of the ternary digits of n.

5.1 Introduction and main result

Representations of the same number z in two or more multiplicatively independent integer bases
apparently look very different. This topic is far from being understood, and the relation of the
base-q; and the base-go expansion to each other is a source of difficult problems.

The base-¢ expansion is intimately connected to powers of ¢q. In order to understand the
relation of different bases ¢; and g2 to each other better we consider, as a start, the arrange-
ment of powers of 2 and 3. Assume that the set containing all powers of two and three (with
nonnegative exponents) is sorted in ascending order:

(an)ns0 = (1,2,3,4,8,9,16,27, 32,64, 81,128,243, 256, 512, 729, 1024, . . )

(this is sequence A006899 in Sloane’s OEIS [140]). In what manner are the powers of two and
three interleaved? Taking logarithms, we see that the answer to this question is encoded in the
Sturmian word

w = (L(n +1)a) - I_naj)n,ZO’

where a = log3/log2 = log,(3), as follows: start with 3° = 1, append the first wy = 1 powers
of two — that is, the integer 2 — append 3!, then w; = 2 powers of two, followed by 32 and
we = 1 powers of two, and so on. Our question is therefore equivalent to understanding the

101
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continued fraction expansion of a (consult, for example, Berthé [15] for an explanation of this
connection). However, it is not even known whether the sequence of partial quotients of « is
bounded, that is, whether « is badly approximable; any system in this sequence has yet to be
found. The number « is transcendental by the Gelfond—Schneider theorem [70,71]; by Baker’s
theorem [9-11] we obtain

log3 p‘ S °

=
for all integers ¢ > 0 and p and some effective positive constants ¢ and p. More precisely, a
bound for the irrationality measure p(a) of a, which is the infimum of p for which there exists
¢ such that this estimate holds for all p,q, was given by Rhin [131, Equation (8)]: we have
p(a) < 8.616. Also, Wu and Wang [162] obtained the bound u(log3) < 5.1163051. Note that
badly approximable numbers have irrationality measure 2. We would also like to mention the
interesting blog entry by Tao! on the topic.

In view of the above problem we have to expect major difficulties when we try to mix different
bases. In this context, the following unsolved conjecture of Furstenberg [69] is of interest,
concerning multiplicatively independent integer bases p,q > 2 (that is, such that p* # ¢* for all
k,¢ > 1): define

log2 ¢

Ou(z) = {a"*z mod 1 : k € N}
and let dimy (A) be the Hausdorff dimension of a set A C [0,1]. Then
dimg (0y(z)) + dimp (O4(z)) > 1 (5.1.1)

for all irrational z € [0,1]. Furstenberg’s conjecture underlines the idea stated before: dif-
ferent bases should produce very different representations of the same number. We note the
papers [139,161] for recent progress on this conjecture, and the recent preprint [1] by Adam-
czewski and Faverjon, where related independence results can be found.

The related topic of studying the base-p expansion of powers of ¢ is very difficult and has
attracted the attention of many researchers; we note the recent preprint [87] by Kerr, Mérai, and
Shparlinski and the references contained therein. Erdés [57] conjectured that the only powers
of two having no digit 2 in its ternary expansion are 1,4, and 256 (see also Lagarias [92]). This
conjecture is open, and Erdés wrote “[...] as far as I can see, there is no method at our disposal
to attack this conjecture” [57]. Meanwhile, there is a close connection to to Erdds’ squarefree
congecture [58], stating that the central binomial coefficient (27?) is never squarefree for n > 5.
The latter conjecture was proved for all large n by Sdrkozy [135], and solved completely by
Granville and Ramaré [79]. The connection between these two conjectures can be understood
by considering the identities

() s (2)) -2

where s, is the sum-of-digits function in base ¢, and v, is the p-adic valuation of an integer > 1
(with p prime). That is, (27:‘) is divisible by the square 4 if n > 1 is not a power of two, and so
a stronger form of the (already proved) squarefree conjecture would follow from a proof of the
conjecture that

s3(2%) — s3(2" 1) /2> 2 for k > 09. (5.1.2)

In fact, (5.1.2) implies 4 | (*") or 9 | (*") for each n > 257, while (25132) is divisible by neither 4

nor 3. Equation (5.1.2) in turn would follow if we could prove that the integer 2% contains at

Ihttps://terrytao.wordpress.com/2011/08/21/hilberts-seventh-problem-and-powers-of-2-and-3/
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least two digits equal to 2 in ternary for £ > 9: in this case at least two carries appear in the
addition 2* 4 2* in ternary. We also would like to note the recent preprint [40] by Dimitrov and
Howe on this topic.

The main objects in this paper are the sum-of-digits functions s; and s3. For a nonneg-
ative integer n and a base g, the integer sq(n) is in fact the minimal number of powers of ¢
needed to represent n as their sum (which can be proved using that the g-ary expansion is the
lexicographically largest representation of n as a sum of powers of ¢).

Senge and Straus [138] proved the important theorem that for coprime integers p, ¢ > 2 and
arbitrary ¢ > 0, there are only finitely many integers n > 0 such that

sp(n) <c and s4(n) <c. (5.1.3)

This statement is, at least heuristically, close to Furstenberg’s conjecture (5.1.1): digital expan-
sions of a number in multiplicatively independent bases usually cannot be simple simultaneously.
Extensions of (5.1.3) were proved by Stewart [155], Mignotte [117], Schlickewei [136,137], Peth6—
Tichy [128], and Ziegler [165]. See also [25,28,97] for related results.

Gelfond [73] proposed to prove that

xT

#{n < x:sq (n) = mod my and sq,(n) = f> mod my} = + O(mé) (5.1.4)

mimsa

for some & < 1, where ¢1,g2 > 2 are coprime bases, m1, mo are integers satisfying ged(my, 1 —
1) = ged(ma, g2 — 1) = 1, and ¢1,02 € Z. A weak error term o(1) for this problem was proved
by Bésineau [17], while the full statement was obtained by D.-H. Kim [88].

Drmota [41, Theorem 4] proved (among other things) an asymptotic formula for the propor-
tion

%#{n <@ Sq,(n) = k1,5q,(n) = ka}, (5.1.5)

where q1,q2 > 2 are coprime bases, with an error term (logz)~!. This may be called a local
limit theorem for the joint sum-of-digits function n — (s,(n), sq(n)). Note that Bésineau’s result
follows as a special case, as the two sum-of-digits functions on [0, ) are mostly found close to
their expected values, compare (5.2.48) below.

We also wish to note the recent paper by Drmota, Mauduit, and Rivat [47], who proved a
result on the sum of digits of prime numbers in two different bases.

The starting point for the present paper is the article [38] by Deshouillers, Habsieger, Lan-
dreau, and Laishram.

“[...] it seems to be unknown whether there are infinitely many integers n for which
s2(n) = s3(n) or even for which |sy(n) — s3(n)| is significantly small.” [38]

They prove the following result.
Theorem. For sufficiently large N, we have

#{n < N :[s3(n) — s2(n)| < 0.1457205logn} > NO-970359,

Note that the difference s3(n) — s2(n) is expected to have a value around C'logn, where

B
~ log3 log4

= 0.18889...;
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by the above theorem there exist indeed many integers n such the difference |sy(n) — s3(n)] is
“significantly small”.

This result was extended by La Breteche, Stoll, and Tenenbaum [31], who proved in particular
that

{sp(n)/sq(n) :n>1} (5.1.6)

is dense in R™ for all multiplicatively independent integer bases p, ¢ > 2.

We also wish to note the papers [114] by Mauduit and Sarkézy, and by Mauduit, Pomerance,
and Sarkozy [105]. In these papers, integers with a fixed sum of digits and corresponding
asymptotic formulas are studied, and possible extensions to several bases are addressed.

Let us call a natural number n such that ss(n) = s3(n) a collision (of so and s3). The
question on the infinitude of collisions, mentioned in [38], is not a new one. M. Drmota (private
communication to the author) received a hand-written letter from A. Hildebrand more than
twenty years ago, in which the very same problem was presented.

In the present paper, we give a definite answer to this question.

Theorem 5.1.1. There exist infinitely many nonnegative integers n such that
sa(n) = s3(n). (5.1.7)
More precisely, for all § > 0 we have
log3 s
#{n < N : sy(n) = ss(n)} > Nisi (5.1.8)
where the implied constant may depend on 6. Note that log3/logd = 0.792.. ..

The difficulty in proving this theorem lies in the separation of the values of sa(n) and
s3(n). The sum-of-digits functions can be thought of as a sum of independent, identically
distributed random variables, and they concentrate (according to Hoeffding’s inequality, for
example) around the values %logQ N and logg N respectively, where 0 < n < N. More precisely,
the variances are of order log N, and the tails of these distributions decay as least as fast
as exp(—C(z — u)?/0?), where u is the expected value, and o2 the variance. Since the gap
(1/log3 — 1/log4)log N comprises =< (log N)'/? standard deviations, we can only expect a
number < N? of collisions, where § < 1 is some constant. In the light of this argument, we see
that our result cannot be too far from the true number of collisions.

The increasing sequence s 3 of nonnegative integers n such that so(n) = s3(n) is listed as
entry A037301 in the OEIS [140]. The question whether this sequence is infinite had to remain
open there. The first few collisions are as follows:

nin binary 0 1 110 111 1010 1011 1100 1101 10010 10011 10101 100100
nin ternary 0 1 20 21 101 102 110 111 200 201 210 1100
nin decimal 0 1 6 7 10 11 12 13 18 19 21 36.

Remarks. Note the subsequence (10,11, 12, 13); contiguous subsequences of N of length greater
than four do not appear in s; 3, since s3 on such a subsequence contains two consecutive up-
steps, while sy decreases or stays constant after one up-step. We expect that it is possible to
extend our proof to arbitrary patterns in sp 3: for example, we expect that there are infinitely
many n such that

sa(n+wv) =s3(n+v) for ve{0,1,2,3}, (5.1.9)
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and infinitely many n (the integer n = 13 is an example) such that
{ve{0,...,23} : sa(n+v) = s3(n+v)} ={0,5,6,8,23}. (5.1.10)

More generally, every pattern that appears at all should appear infinitely often in s, 3. To this
end, we will have to study certain residue classes modulo 2¥3¢ — note that for n € (2 + 8Z) N
(1+92Z), for example, we have sa(n +v) — s3(n+v) = ¢ for some ¢ and all v € {0,1,2,3}. The
next step would be to scan these “candidate residue classes” for collisions, using our method.
But residue classes of this form are used in our proof anyway, therefore we are optimistic
that the main problems have already been overcome. (Note that also a suitable replacement
for Proposition 5.2.1 below will have to be found. This proposition takes care of the parity
restriction sz(n +t) — s3(n) = s3(t) mod 2.)

We would like to note that our proof of Theorem 5.1.1 is not a constructive one. We do not
give an algorithm that allows us to find integers n such that sa(n) = s3(n). We leave it as an
open problem to find a construction method for such integers n.

Also, it is a very interesting open problem to prove that sa(p) = s3(p) for infinitely many
prime numbers p. We believe that this question is difficult. This guess is due to the analogy to
missing digit problems, where sparse sets S C N (that is, #(SN[1, N]) < N° for some § < 1) of
a similar kind are studied; Maynard [116], in an important and difficult paper, could prove that
infinitely many primes excluding any given decimal digit exist. Our set S = {n : s5(n) = s3(n)}
is even less understood than the set of integers in Maynard’s result, hence our scepticism.

Plan of the paper.

The main body of the paper concerns the proof of the auxiliary statement, Proposition 5.2.1
below, which directly leads to the main theorem. This proof is organized into three main steps,
represented by Propositions 5.2.2-5.2.4. After the statement of these results, in Section 5.2.1,
we prove Proposition 5.2.1 and thus Theorem 5.1.1 from these three propositions. The three
sections thereafter, Sections 5.2.2, 5.2.3, and 5.2.4, are dedicated to the proofs of the three main
steps. At the end of the paper, we present (mostly difficult) research questions.

Notation. The symbol log denotes the natural logarithm, and log, = @ log is the logarithm
in base a > 1. We use Landau notation, employing the symbols O, <, and o. The symbol
f(n) < g(n) abbreviates the statement (f(n) < g(n) and g(n) < f(n)), while f(n) ~ g(n)
means that f(n)/g(n) converges to 1 as n — co. We also use the exponential e(z) = exp(2miz).
For M > 0, the statement “a is M-close to b” means |a —b| < M.

5.2 Proofs
Our main theorem follows from the following proposition.
Proposition 5.2.1. For all § > 0 the number of n < N such that
s2(n) — s3(n) € {0,1} (5.2.1)
is bounded below by CN}Z%_‘S (where the constant C may depend on 0).

We call an integer n such that (5.2.1) is satisfied an almost-collision.
Let N > 4 be an integer. We are going to find many collisions in the interval [N, 2N) for all
large enough IV, which will prove Theorem 5.1.1. Let £ > 0 be arbitrary throughout this proof.
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This variable is used as exponent of loglog IV, and its value, as long as it is strictly positive, is
irrelevant for our proof. For given IV, we define A\, i, f, m, and J as follows. Set

Ao =log N, 1= A" fo = (log X)/2%, mg = \?/fo, Jo = f2,
A= [Xo], n=4[n/4], f=fo], m = [mo], J = |Jo].

We wish to give a rough and very imprecise idea of the meaning of this choice of variables.
The length of a binary or ternary expansion of n € [N,2N) is of size < A, and the standard
deviation of a (binary or ternary) sum-of-digits function on [N,2N) is of order < (log N)'/2.
The variable m is smaller than the standard deviation by a factor f (the fineness), and taking J
steps of length m, we cover sufficiently many standard deviations. That is, the tail (comprising
deviations larger than Jm from the expected value) is bounded by A=P for all D > 0 due to
the presence of € > 0. Finally, 7 is the ternary length of certain integers a and b that we choose
freely. It is large enough to allow for differences of ternary sum-of-digits functions larger than
the standard deviation =< A/ by any logarithmic factor (log\)? (compare to (5.2.32)), and
small enough so that a concatenation of 2J + 1 ternary expansions of length 7 is still much
shorter than .

After this very informal explanation of our choice of parameters, we give a brief description
of the proof. The search for collisions will consist of three main steps.

(5.2.2)

1. “Preparation”: find a residue class A’ on which f(n+1t)— f(n) takes prescribed, constant
differences, where f(n) = sa(n) — s3(n);

2. “Rarefaction”: concentrate the values of f(n) into the interval [—Jm, Jm] by finding a
rarefied and truncated arithmetic progression A” C A’, and considering only integers
ne A’

3. “Fair share”: select only those n € A” such that f(n) € mZ.

Steps 2 and 3 are used to find many values of n from a given given residue class such that
f(n) € Q = {=Jm,(—J 4+ 1)m,...,Jm}. The purpose of Step 1 is to define in advance a
larger residue class A’ = L + 2"3%7 and a set d = {d_j;,d_ji1,...,d;} of shifts such that
fin+d;) — f(n) = jm+¢; foralln € A, all j € {—J,...,J}, and some &; € {0,1}. This
procedure yields many n such that f(n) € {0, 1}, by choosing for each index n such that f(n) € Q
the appropriate shift d(n) € d. A short argument involving differences s;(n+1) — s;(n) of sum-
of-digits functions on residue classes (where j € {2,3}) allows us to get rid of the unpleasant
correction term §;.
We will prove the following three propositions, corresponding to our three steps.

Proposition 5.2.2. Let § = (2J + 1)n + 1 and choose the integer v > 1 minimal such that

2v=1 > 3P, Set
3G+1+D)n _ q

2

There ezists L € {0,...,2"3% — 1} such that L = 9 mod 12, and &; € {0,1} for —J < j < J
such that

dj = (10F+no) =3 (5.2.3)

fn+dj)—f(n)=jm+¢& forallje{—J,...,J} and alln€ A" =L +2"3°N. (5.2.4)
Proposition 5.2.3. For an integer ¢ > 0, define

A" = (L +2"3%TN) N [N,2N) (5.2.5)
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and
I={keN:N<L+2"3*k <2N}. (5.2.6)

Herev, B, and L are given by Proposition 5.2.2. For all D > 0 there exists a constant C = C(D)
such that the following statement holds.

There exists a sequence (CN)N>4 of nonnegative integers such that
(v ~logs(N)(1—log3/log4) as N — oo, and for all N and all but at most (5.2.7)
C|I|A=P integers n € A", the quantity f(n) is Jm-close to 0.
Note that I and A” in this statement depend on { = Cn, which in turn depends on N.
Proposition 5.2.4. Using the set A” from (5.2.5), we set

P:=#{neA": f(n) e mZ}. (5.2.8)
As N — oo, we have
_
pP=— (1+0(1)). (5.2.9)

That is, the residue class mZ receives the expected ratio A\='/%(log \)1/?>+ of the values of f(n) =
sa(n) — s3(n) along the finite arithmetic progression A” defined in (5.2.5).

5.2.1 Deriving Theorem 5.1.1 from Propositions 5.2.2-5.2.4

The expected number P of integers n € A” such that f(n) € mZ is given by Proposition 5.2.4.
At the same time, Proposition 5.2.3 states that for all D > 0, f(n) lies in the interval [—Jm, Jm]
for |I](1—O(A~P)) many integers n € A” (where the implied constant depends on D). Note that
for D > 1/2 this error term is of smaller magnitude than P. Consequently, any choice D > 1/2
will yield many integers n € A” such that sa(n) — s3(n) = jm for some j € {—J,...,J}.
By (5.2.4) the integer n’ = n+d_; satisfies so(n’) — s3(n’) € {0,1}. Noting that ¢ =< log N and
Jn < (log N)*/*(loglog N)'*2¢, we see that the shifts d; are asymptotically smaller than the
common difference 23%+¢ of A”. Varying N, we get an almost-collision (as in Proposition 5.2.1)
in each large enough interval [IV,2N) and thus the qualitative statement in Theorem 5.1.1.

Considering the asymptotic sizes of v, 3, and (, it is easy to see that the interval I defined
in (5.2.6) is in fact of size > N'0&3/1084=0 for all § > 0. Most k € I yield a value f(k) =
f(L +2v3°tCk) € [=Jm, Jm] by (5.2.7), and the expected proportion ~ m~=" > (log N)~1/2
of them satisfy f(k) € mZ, see (5.2.9). These k yield pairwise different values k + djky as
before. Here the integer j = j(k) is chosen suitably from {—J,...,J} in order to force an
almost-collision.

Let 6 > 0 be given and set A = log3/log4 — ¢. If the number of n < N such that
s2(n) — s3(n) = 0 and n = 9 mod 12 is > N4, there is nothing to be done. Otherwise, we
note that n = 9 mod 12 is equivalent to (n = 0 mod 3 and n = 1 mod 4), therefore s3(n + 1) =
s3(n)+1 and so(n+1) = s3(n). The existence of a number > N4 of solutions of s3(n)—s3(n) = 1
on (9 +12Z) N [N,2N) therefore implies a number > N4 of collisions on (10 4+ 12Z) N [N, 2N).
This establishes (5.1.8) and completes the proof. =

Remark 11. In the last step towards finding almost-collisions — choosing j € {—J,...,J}
suitably — the “element of non-constructiveness” in our argument is clearly visible. Currently
we do not have any control over the choice of j.

In order to prove Theorem 5.1.1, it is sufficient to establish Propositions 5.2.2-5.2.4.
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5.2.2 Constant differences of sum-of-digits functions — proof of Propo-
sition 5.2.2

We will use blocks in ternary, whose lengths are given by the integer 7. Let us choose nonnegative
integers d_j,d_j41,...,ds by concatenating such blocks of ternary digits. Set

311

=

where 17 denotes n-fold repetition of the digit 1. Define d;, for —J < j < J, by (j + 1+ J)-fold
concatenation of 17, with 0 appended at the right, as in (5.2.3). The emphasis on “blocks of
length n” will become clear in the construction of the integers k; further down (see (5.2.36)).
Since the ternary expansion of d; consists of blocks 1111 and ends with 0, we have d; = 0 mod 12
(note that 4 | (1111)3 = 40). Choose the integer v > 1 minimal so that

b= (1’7)3

V=1 > 32/ n+1, (5.2.10)

In particular,
d; < 2" 1. (5.2.11)
The next important step consists in choosing a certain integer a € {1,...,2*~1 —1}; its meaning
will become clear in a moment. The size restrictions imply d; +a < 2" for all j € {—J,...,J}.

This means in particular that no carry from the (v —1)th to the vth digit occurs in the addition
d; + a, which implies the simple but important identity

52(2'n+a+d;) —s2(2"n+a) = 5(2'/) (a+d;) — S(QV)(CL) (5.2.12)

for all n > 0. The function defined by sgj) (n) = sa(n mod 2¥) is the truncated binary sum-
of-digits function. Note that the right hand side of (5.2.12) is independent of n; we want
to use Chebychev’s inequality for choosing a value a such that these values are small for all
j € {—J,...,J}. In order to obtain an estimate for the variance, needed for Chebychev’s
inequality, we adapt parts from [149]. For integers ¢, L > 0 and j, we define a probability mass
function ¢(_,t, L) by

1
Pt L) = gr#{0<n <2 s (n+ 1) — s (n) = 5}, (5.2.13)
and the characteristic function
1
wi(¥, L) = Z o(g,t, L)e(jv) = oL Z e(ﬁsgm (n+1t) — 1955“(71)), (5.2.14)
JEL 0<n<2L

where e(z) = exp(2miz). Noting that
s$EPY2n) = s () and sV @n+1) = s (n) + 1, (5.2.15)

the proof of the following statement is not difficult and left to the reader.
Lemma 5.2.5. For allt,L >0 and j € Z we have

272 _L+2<j5<1;

e(j,1,L) =927 j=-L;
0, otherwise, (5.2.16)
e(j,2t, L+1) = ¢(j,t, L),

1 1
w2t +1,L+1) = 5@(]'71,t,L)+§sﬁ(j+1,t+1,L).
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The characteristic function satisfies

|wt(197L)| S 1;
LUQt(’&,L+ 1) :wt(ﬁ,L), (5217)
9 -
o 0.L+1) = P,y + i) fore> 1,
The recurrence (5.2.17) leads to a recurrence for the moments
mi(t, L) =Y @(j.t,L)j* (5.2.18)
JEZ
of ¢(_,t,L). Using the identity
t,L
w(@,L) =38 t)e(jz) = > % (2mid)" (5.2.19)
JEL k>0 :
(all involved series are absolutely convergent), we obtain
my(t, L) = L[ﬁk]w (¥, L) (5.2.20)
) (27-”)k t\V ’ el

from which we can iteratively obtain recurrences for the moments myg/(¢, L).
From (5.2.16) we clearly see that mo(t, L) = >, 0(j,t, L) = 1, ma(t, L) = > .5 d0(d,t, L) =

0, p(4,2t, L+1) = (4, t, L), and mo(1, L) = 2—2~E+1. Moreover, (5.2.17), (5.2.19), and (5.2.20)
imply

1

ma(2t+ 1, L+ 1) = =5 [97] (1 + 2mit) — 26%92) (1 = (272)ma(t, L))
77
+ (1= 2mi0 — 22%0%) (1 = (27%)ma(t +1,1)) )
=mao(t,L)/2+mo(t+1,L)/2 + 1.

Summarizing, for all kK > 0, ¢t > 1, and L > 0, we have

mo(t,L) = 1,
ml(tvL): )
ma(1, L) =2 = 27+, (5.2.21)
mk(2t,L—|—1) :mk(tL),
t, L t+1,L
ma(2t+1,L +1) = ma(t, L) + ma(t +1, L) 1.

2

From the recurrence (5.2.17) for the characteristic function we could easily obtain recurrences
for the higher moments too (compare [149, (2-11)]), but here we only need the first and second
moments. In analogy to Corollary 2.3 in [153] we obtain the following statement.

There exists a constant C such that for all integers B,L > 1, and ¢ > 1 having B
blocks of 1s,
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However, we only need the following version, which follows directly from (5.2.21): we have
ma(t,v) <2v for all t,v > 1 such that ¢ < 2". (5.2.22)

In particular, this holds for ¢t = d; defined in (5.2.3), and for this estimate we do not need to
know what d; looks like in binary. We are interested in the differences on the right hand side
of (5.2.12). By Chebychev’s inequality and (5.2.22), the number of integers a € {0,...,2" — 1}
such that

s (a + dj) — sg”(a)’ < Ry(20)/? (5.2.23)

is bounded below by
2"(1-1/R3).

Intersecting 2.J + 1 sets, we obtain the set of a < 2¥ that satisfy (5.2.23) for all j € {—J, ..., J},
having cardinality > 2" (1 — (2J 4+ 1)/R3). We choose Ry = \/(2v), which is < A/8/(log \)1/2+¢
as N — oo. It follows that the set of a € {0,...,2" — 1} satisfying

s (a + d;) — s;”(a)\ <A2 forallje{—J,...,J} (5.2.24)
has at least
21/(1 _ O((log )\)2-‘1‘48)\—1/4))

elements, by the definitions (5.2.2). Since powers win against logarithms for large N, we obtain
some integer a with the properties that

a =1mod 4,
0<a<2""! and (5.2.25)
|6;] < A1/2 forall j € {—J,...,J},
where
5; = s (a+d;) — s (a). (5.2.26)

Note that the first two restrictions in (5.2.25) will pose no problem since asymptotically
almost all a < 2¥ (as N — 00) satisfy the third.
By (5.2.12) we have therefore found an arithmetic progression

A=a+2"N (5.2.27)
such that each of the sequences

0j = (s2(m+d;) = s2(m)), 4
for —J < j < J, is constant, and attains a value §; bounded by A'/2 in absolute value.
In the next step, the ternary sum of digits will come into play, and we rarefy the progression
A by a factor 3%, where
B=2J+1)n+1. (5.2.28)

Note that 1 < A%/* has been used in the definition (5.2.3) of the values d; before. The selection
of this subsequence has to be carried out with care, so that certain differences f(n+d;) — f(n),
where

f(n) = s2(n) — s3(n), (5.2.29)
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are attained on this rarefied progression for —J < j < J. Sure enough, in order to obtain these
differences we will have to “repair” the deviation J; from O caused by the differences of binary
sums of digits. We are going to select a residue class B = K + 3°N, where K < 3%, on which
certain differences

53(n+dj) 753(71) (5230)

occur for n € B. This process will be executed step by step, thinning out the current residue
class by a factor 37 for each j € {—J,...,J}. We have found a certain arithmetic progression
Ain (5.2.27). A sub-progression A’ of A having the desired difference properties in bases 2 and
3 — that is, sao(n +d;) — sa(n) = J; and (5.2.39) below — will be obtained by the intersection

ANB=(a+2"N)n (K +3°N) = L +2"3°N, (5.2.31)

where 0 < L < 2"3%. We need to find K. This number will in fact be divisible by 3 (hence the
definition of d; as a multiple of three) — together with a = 1 mod 4 this leads to L = 9 mod 12.
The construction is similar to the definition of d;, where we concatenated ternary expansions of
length 7, given by b = (1")3. We begin with the integer k_ ;. By our preparation, the quantity
Jm +6_ (of size A\'/2 times a logarithmic factor) is considerably smaller than 7 (of size A%/4).
The large number of 1s in b can be used to find some a € {0,...,37"! — 1} and £ € {0,1}

such that
ss(a+b) —sz(a) =Jm+d_; - & (5.2.32)

In fact, such an integer a is found by assembling blocks of length four of ternary digits, where
no carry between these blocks occurs, using the following addition patterns in base 3:

0112 0202 0200
+ 1111 + 1111 + 1111
= 2000. = 2020, = 2011.

We see that each block of length four can be used to obtain a variation € {—2,0,2} of the
ternary sum of digits; there are n/4 > A3/4 such blocks, while the needed variation is =
A/2(log A)*/2+¢ and thus much smaller. Moreover, by construction (5.2.2), the integer 7 is
divisible by four, so there are no phenomena due to trailing digits. Using any £ € {0,1} and
a < 377! satisfying (5.2.32), we set

k_y:=3a and &_j:=¢. (5.2.33)
Trivially, we obtain
53(k_J+d_J) —Sg(k'_J) =Jm+d_5—E_j. (5.2.34)

Since a < 377!, there does not appear a carry to the n + 1th ternary digit in the addition
k_y+d_j. Assume that k;_; has already been defined, for some —J < j < J. In analogy to
the above, choose a € {0,...,37 ! — 1} and ¢ € {0,1} in such a way that

53(a+ b) — 53(a) =—-m — (5]‘_1 + gj—l + (5]‘ —&, (5235)

and set
kj=kj_1 +3Utn g and ¢ =€ (5.2.36)

Note that the target value satisfies —m — 0;_1 + &§j—1 +0; — § < A/2 which is again small
compared to the number of 1s in b. Since carry propagation between blocks of length 7 is not



112 CHAPTER 5. COLLISIONS OF DIGIT SUMS IN BASES 2 AND 3

possible by construction (as in the case j = —J), we obtain by concatenating blocks of length 7
and applying a telescoping sum,

Sg(k}j + d]) — 83(/{1]') =—jm+4; =& forall je {—-J,...,J}. (5.2.37)

Finally, set K = k; and note that 8 = (2J 4 1)1 + 1 according to (5.2.28), so that K < 3°. By
construction (note that the ternary digits of d; from (5 + 1+ J)n + 1 on are zero) we have

S3(K+ d]) — S3(K) =—jm+ 5j —fj for aH] c {—J, .. ,J} (5238)

Similar to (5.2.12), noting that there is no carry propagation in base three to the Sth digit in
the addition K + d;, we have in fact

33(n—|—dj) —53(’/1) = —jm—|—5j —gj (5239)

for alln € K+3°N. Define L by (5.2.31). By construction, the residue class L+2"3°Z is a subset
of both 3Z and 1 + 4Z, therefore L = 9 mod 12, and we obtain the difference property (5.2.4)
and thus Proposition 5.2.2.

5.2.3 Small values of f(n) — proof of Proposition 5.2.3

By our difference property (5.2.4) it is sufficient to prove the existence of (many) elements
n € A’ such that
fn)e@, where Q={m:—-J<j<J} (5.2.40)

After all, for each n satisfying (5.2.40) we can adjust the value of f, up to a correction term
€ {0,1}, by any amount ¢ € @ using a suitably chosen shift d(n) € {d_;,d_ji1,...,ds}.
Having done so, we arrive at the desired property f(n + d(n)) € {0,1}. Since for each given
N the constructed quantities d; are nonnegative and smaller than the common difference of A’
— by (5.2.3) we have d; < 2”37 — this will show that there are infinitely many solutions to
s2(n) —ss(n) € {0,1}, and in fact we will give a quantitative lower bound. Proving that (5.2.40)
has many solutions in A’ will be the subject of this and the following section, constituting the
second (“rarefaction”) and third (“fair share”) stages of our proof, respectively.

In the present section we are concerned with restricting our residue class A’ in order to
obtain f(n) € [—Jm, Jm] for many integers n in the new set A”. The third step will consist in
the study of the property f(n) € mZ, which will be carried out in Section 5.2.4.

Note that for all M, the value s3(a+nM) will be Cy/log N-close to log, (N) for asymptotically
almost all n < N as N — oo, while s3(a + nM) will be C+/log N-close to log;(IN) most of the
time. Therefore a concentration property of f(n) can only be satisfied for a finite segment of
any arithmetic progression. The fact that the values of f can be concentrated around zero by
selecting a finite arithmetic subsequence is an essential point. It is based on the consideration
that 37n has the same ternary sum of digits as n for all integers 7 > 0, while the binary sum of
digits — usually — increases considerably under multiplication by 37. This small remark is in
fact the main idea that started the research on the present paper.

Recall the definition (5.2.5) of A”, for a natural number ¢ that will be chosen in due course.
Suitable choice of ¢ will cause most values of f along A” to lie in the interval [—Jm, Jm]. At
this point we only note that 3¢ will be much larger than 2 and 3°, in orders of magnitude,
v = B < A3/4(log \)1+2¢, while ¢ < \. Trivially, (5.2.4) is satisfied on the subsequence A” too.
We are therefore interested in the expression

F(L+230%Ck) = so(L +2"3°%Ck) — s3(L +2"3°*k), (5.2.41)
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where k varies in the interval I defined in (5.2.6). We can decompose (5.2.41) in the form

F(L+273P%Ck) = s5(ba + 3°7Ck) — s3(bs + 27k) + s2(r2) — s3(r3), (5.2.42)
where
by = |27VL] and by = [37°7CL],
ro = L mod 2¥ and rg = L mod 35%¢.

Let us choose

— B, and (:=|¢]. (5.2.43)

6o = oy (V) (1= 122) 4 sa(D) —salrz) + 5

We have 75 < 2¥, and L < 2¥3%; moreover, it follows from the definitions that v = o(log N') and
B = o(log N). Therefore ( ~ Clogs; N, where the constant equals

log 3

C=1-
2log 2

=0.207.... (5.2.44)

In particular, 3¢ > 2 for all large N. Since L < 237, we have in fact
b3 =0 and r3 = L.

That is, 7o and r3 do not depend on the particular choice of ¢ > vlogy2. In (5.2.43) this
freedom is used in order to define the rarefaction parameter ¢ suitably. This in turn determines
the arithmetic progression A” defined in (5.2.5). Note that we have already replaced r3 by L in
the definition of (y in order to avoid a circular definition. This procedure, as we will see, very
accurately defines an interval around zero in which f(n), for n € A”, can be found most of the
time. That is, (5.2.41) is close to zero for most k € I.

We study the values

fo(k) = s2(ba +3°T¢k) and  f3(k) = s3(2"k) (5.2.45)

separately, as k varies in [.

Sure enough, the study of (5.2.45) will be infeasible in general using current techniques. This
is the case because we encounter problems arising from powers of 2 and 3, as considered in the
introduction. In our application however, the interval I is of the form

I=[M,2M +O(1)] (5.2.46)

for some M considerably larger than 2¥ and 3%%¢, which enables us to prove a nontrivial state-
ment on the distributions of fa(k) and f3(k).

In the following, we use the abbreviation a = 8 4+ (. Let us partition the binary expansion
of by + 3%k into two parts, using the integer ko = min{m : 2™ > 3%}. For all integers k > 0, we
have

[e3%

s2(b2 +3%k) = s Qk;@ + aJ) + s2((b2 + 3k) mod 2°2), (5.2.47)

where o = 272 < 1, which follows from by < L2777 < 38 < 252,
The values of |k3%/2"2 + o | start at M + O(1), where M = pM and p = 3%/2"2 € (1/2,1),
increase step by step as k runs through I, and remain on the same integer for at most two
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consecutive values of k. Consequently, the distribution of the first summand for k € I originates
from the distribution of so(k') for k' € I’, where

I' = [M —1,2M + 1],

and each number of occurrences is multiplied by a value € {0, 1,2}. Therefore, using the binomial
distribution, the first summand in (5.2.47) can be found within a short interval containing
%log2 M most of the time. More precisely, we apply Hoeffding’s inequality. Construing the
binary sum-of-digits function on [0,2%) as a sum of independent random variables with mean
1/2, we obtain for all integers 7' > 0 and real t > 0

2iT{o <n<2":|sa(n) = T/2|>t} < 2exp (—2t°/T). (5.2.48)

We apply this for t = Jm/5 and T minimal such that 27 > 2M + 1. Note that

N

Note that we used the definition of ¢ for the latter asymptotics. From (5.2.48) we obtain

{kel:|sy([k3/2" +0])—T/2| >t} <2{K €I':|sa(k') —T/2| > t}
<2{0<K <2":|sy(k) = T/2| > t}
< exp(—2A(log )2/ (25T)) (5.2.49)
< exp(—C(log A)'2)
<\ P

for all D > 0 and some C, as N — co. Meanwhile, the second summand in (5.2.47) also follows
a binomial distribution, with mean k2/2 and a corresponding concentration property. For this,
it is important to note that the sum over k is longer than 2%2 (for large N): this is due to the
observation, given in (5.2.44), that C' < 1/2. Therefore, multiples of the odd integer 3 traverse
each residue class modulo 22 in a uniform way. After forming an intersection, the value of
fa(k) = sa(by + 3%k) is 2Jm/5-close to the value

1 N 1 1 v
P _ - B+C _ = _Z
Ey = = log, (2u3ﬂ+<> + 5 log, 3 =3 log,(N) 5

2

for all but O(|I|A~P) integers k € I. The contribution of f3(k) = s3(2"k) can be handled in an
analogous fashion. In this case, the expression f3(k) is 2Jm/5-close to the value

N
E3 = logy (2"35+C> + logy(2") = logz(N) =8 —¢

for all but O(|I|]A~) integers k € I. Again, D > 0 is arbitrary. Including the term s5(rs) —
sg(rs) from (5.2.42) leads to the definition of ¢ in (5.2.43). Joining the preceding statements
and (5.2.42), noting that the allowed deviation Jm is not surpassed when adding two times the
error 2Jm/5 and also considering the rounding error coming from the floor function ¢ = (o],
we obtain Proposition 5.2.3.
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5.2.4 The critical expression modulo m — proof of Proposition 5.2.4

The final piece in the puzzle, which we consider before we proceed to the assembly of these pieces,
is the study of the function f(n) mod m = (s2(n)—s3(n)) mod m along arithmetic progressions.

We are going to adapt the Mauduit-—Rivat method for digital problems [44,46,47,51, 100
103,109,111-113], also applied in the papers [48,120,122,123,127,148]. This will be used in
order to obtain a statement concerning the number P defined in (5.2.8),

P=#{neA": f(n) e mZ}
=#{kel:s(bs +3’8+<k) —s3(2"k) =t mod m},

where ¢ = s3(r3) — s2(r2) (see (5.2.42)). In order to handle this quantity, it is sufficient to study

So = So(9) =Y _e(Vsz(ba + 37Ck) — 9s3(2"k)), (5.2.50)

kel

with ¢ = ¢/m, where ¢ € {0,...,m — 1}. By orthogonality relations,

P= % + 1 Y e <—:> So (i) , (5.2.51)

m
1<b<m

and it is sufficient to find an upper bound for So(¢#). We apply van der Corput’s inequality (for
example, [111, Lemme 4]), where R > 1 is chosen later:

s _HIl+R-1 ( B |r|)
ol = R 7R;<R : R
x> e(0(s2 (b2 + 37k + 1)) — s (ba + 37FR)) = 9 (s (2" ( + 1)) — s3(2°K))).
Kiver
Next, we apply a suitable carry propagation lemma in order to “cut off digits”, that is, to
replace so and s3 by truncated sum-of-digits functions:

where pg, 5 > 0 are chosen later. See [148, Lemma 4.5] for the base-2 version used here;
an analogous statement holds for all bases, and we also need the completely analogous base-3
variant (the original statement was given in [111, Lemme 5], compare also [109, Lemme 16]).
We discard the condition n + r € I, and join the cases r and —r, in order to obtain

R 3SR 2R 2|1

2 2

1So]? < |1 O(II'+ 5 +3IL3)+R LT (5.2.52)
0<r<R

where
S1 = Z e(ﬁsé“z) (35+Ck + by + 3ﬂ+<r) - 1935“2) (3B+Ck + bz)
kel (5.2.53)
- ﬁsé“‘q') (2"k +2"r) + 193:(),”3) (2”k)).
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Note that the lowest po binary digits of by + 3°+<k and the lowest s ternary digits of 2“k are
visited uniformly and independently — this is just the Chinese remainder theorem.
We obtain

S = 1] Z e(ﬁsé"z)(ng + 3B+CT) — 198%"2)(712))

o Q2 3
Osnp <22 (5.2.54)
(n3) v _ (p3) M2 u3
x Y e(Usy (ng + 2"r) — 9§ (ng)) + O(22319).
0<nsz<3H3

For this estimate to be relevant, it is important that the number C' defined in (5.2.44) is smaller
than 1/2: the interval I has length < N/(2¥3%%¢), and we need to run through 2”3#+¢ many
integers n € I in order to apply the Chinese remainder theorem. In contrast, comparing the
bases 2 and 7, the corresponding constant

Coprim 1 (2—-1)log7

——— =0.532...
' (7—1)log2

will already be greater than 1/2, so new ideas will be needed for bases of “very different size”.
Meanwhile, adjacent bases b and b + 1, for example, can certainly be handled by our method;
the sequence of constants Cj, 1 decreases to zero as b — oo.

It is sufficient to find a nontrivial estimate for the first factor in (5.2.54), concerning the
binary expansion. We are concerned with the correlation (a characteristic function) we had
in (5.2.14):

wi (9, L) = 2% Z e(ﬁs;L)(n +1) — 1955” (n)).

0<n<2L

Reusing the argument leading to [149, Lemma 2-7], and Lemma 5.2.5, we obtain the following
result.

Lemma 5.2.6. Assume that integers B > 0 and L,t > 1 are given such that t contains at least
2B + 1 blocks of 1s, and t < 2F. Then for all real ¥,

1 B
0.2 < (1= 1017)

Our focus therefore lies on the number B of blocks of 1s in the binary expansion of 3°+¢r,
The only thing we need to know about powers of three in this context is the fact that they are
odd integers — we exploit in an essential way the summation over r instead. The parameter R
will be a certain power of N; in this way, the expected size of B is > A.

Note that counting the number of blocks of 1s in binary amounts to counting the number
of occurrences of 01 (where the 0 corresponds to the more significant digit), up to an error
O(1). For simplicity, we only count such occurrences where the digit 1 in the block 01 occurs
at an even index. For example, in the binary expansion 10110110 the corresponding number is
1, whereas there exist three blocks of 1s. This simplification will, on average, give 1/2 of the
actual expected value, which is sufficient for our purposes. We are therefore concerned with the
number #1(n) of 1s occurring in the base-4 expansion of n: the number of integers 0 < n < 4%
such that #1(n) = £ is given by

4K <I§> (1/4)4(3/4)K~*.
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Suppose that we have R = 4%, Note that
r— r37+¢ mod 4%

is a bijection of the set {0, ..., 4% —1}. We abbreviate o = 1—||}||?/2, and obtain by Lemma 5.2.6

o= Y lor 3 el (o 4 87r) — 0 ()

2
0<r<R 0<ng<2H2

=2

<> D av
0<e<K g<r<aX
#1(r)=¢

K
=4fa™ (1/4) 3/~ a"/?
2 0)
— 4K 1 (Vaj4+3/4)".

Since /14 <14 x/2 for x > —1, we have
1
va=(1-[IP/2)"* < 1- 297, (5.2.55)

and the inequality (1 + )% = exp(Klog(1 + z)) < exp(Kz) yields
K
Sy < 4% exp (—16||19||2> . (5.2.56)

We translate this back to Sp, noting that |9 > 1/m ~ A=1/2(log \)/?*¢: for some constant
C > 0 (any value C € (0,1/16) is good enough) we obtain

B+¢ v

1So|? < |I]? (1; + 327]% + 23715 + exp(—C KA ' (log )\)HQE)) . (5.2.57)
We see that the last term yields a contribution to Sy that is is smaller than the fair share
[Tm=1 ~ [T|A~1/2(log \)'/?*¢ as soon as K =< \, due to the presence of the power (log \)!*22
in the exponent. For this, we need to choose R = 4% as large as some positive (fixed) power
of N. At the same time we have to take care of the other error terms in (5.2.57). It is obvious
that we can choose R =< N*, where ¢ is small, and 2#2 resp. 3#% larger than R3°+¢ resp. R2"
(by some small power of N), in such a way that 2#23#3 is still smaller than |I| (by another
power of N). Such a choice is possible by the fact that ( < 1/2, and we commented on this
after (5.2.54). We therefore obtain (5.2.9) from (5.2.51) and (5.2.57), which completes the proof
of Proposition 5.2.4 and thus the proof of Theorem 5.1.1. =

5.3 Open problems

1. Find a construction method for collisions, and for patterns of collisions as in (5.1.9), (5.1.10).

2. Prove that there are infinitely many prime numbers p such that

s2(p) = s3(p).- (5.3.1)
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3. Prove or disprove the asymptotic formula
#{n < N :ss(n) =ss(n)} ~cN" (5.3.2)
for some real constants ¢ and 7.

4. Prove an asymptotic formula (in k) for the number of solutions of the equation
2 o 2Me = 3V L 4 3VE (5.3.3)

and for the numbers
#{n € N: s3(n) = s3(n) = k}

(finiteness in the second case was proved by Senge and Straus [138]).

5. Generalize Theorem 5.1.1 and Problems 1-4 to any pair (g1, ¢2) of multiplicatively inde-
pendent bases, and to arbitrary families (g1, ...,qx) of pairwise coprime bases > 2. It
would also be interesting to prove the existence of infinitely many Catalan numbers ezactly
divisible by some power of a, where a > 2 is an arbitrary integer. This property can be
defined by

a®|n < (ak |n and ged(na *,a) =1). (5.3.4)

6. Study collisions of integer-valued k-regular sequences [3,7] in coprime bases, generalizing
the sum-of-digits case.
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