NORMALITY OF NUMBERS GENERATED BY THE VALUES OF ENTIRE
FUNCTIONS

MANFRED G. MADRITSCH, JORG M. THUSWALDNER, AND ROBERT F. TICHY

ABSTRACT. We show that the number generated by the g-ary integer part of an entire function
of logarithmic order, where the function is evaluated over the natural numbers and the primes,
respectively, is normal in base ¢q. This is an extension of related results for polynomials over the
real numbers established by Nakai and Shiokawa.

1. INTRODUCTION

Let ¢ > 2 be a fixed integer and 8 = 0.a1as ... be the g-ary expansion of a real number 6 with
0<6<1. Wewrited;...d; €{0,1,...,q— 1} for a block of [ digits in the g-ary expansion. By
N(0;d; ...d;; N) we denote the number of occurrences of the block dj ...d; in the first N digits
of the g-ary expansion of 8. We call 8 normal to the base q if for every fixed [ > 1

1 1
RN(Q):RNJ(G): sup NJ\/'(Q,dlth)——l :0(1)
di...d; q

as N — oo, where the supremum is taken over all blocks d; ...d; € {0,1,...,q — 1}\.

We want to look at numbers whose digits are generated by the integer part of entire functions.
Let f be any function and [f(n)], denote the base ¢ expansion of the integer part of f(n), then
define

g = 0q(f) = 0.LF (V)] [f @)]q[f B)]alf (D]a[f (B)g[f(6)]g - -,
74 = 14(f) = 0.f ) [f ) [f B [f (D][F AV [f(13)]g - - -,

where the sequences of the arguments run through the positive integers and the primes, respec-
tively.

(1.1)

In this paper we consider the construction of normal numbers in base ¢ as concatenation of g-ary
integer parts of certain functions. The first result on that topic was achieved by Champernowne
[2], who was able to show that

0.1234567891011121314151617181920...

is normal in base 10. This construction can be easily generalised to any integer base q. Copeland
and Erdos [4] were able to show that

0.2357111317192329313741434753596167...

is normal in base 10. These examples correspond to the choice f(x) = x in (1.1). Davenport
and Erdés [5] considered the case where f(z) is a polynomial whose values at * = 1,2,... are
always integers and showed that in this case the numbers 6,(f) and 7,(f) are normal. For f(x) a
polynomial with rational coefficients Schiffer [10] was able to show that Ry (6,(f)) = O(1/log N).
Nakai and Shiokawa [8] extended his results and showed that Ry (7,(f)) = O(1/log N). In the
case of real coefficients Nakai and Shiokawa [7] proved the same estimate for Ry (6,4(f)). In this
paper we want to discuss the case where f(x) is a transcendental entire function (i.e., an entire
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function that is not a polynomial) of small logarithmic order. Recall that we say an increasing
function S(r) has logarithmic order X if

1
(1.2) lim sup log S(r) =
r—oo loglogr

We define the mazimum modulus of an entire function f to be
(1.3) M(r, f) = max |f(z)].

If f is an entire function and log M (r, f) has logarithmic order A, then we call f an entire function
of logarithmic order \.
To achieve our results we combine the following ingredients.

e The first part of the proofs concerns the estimation for the number of solutions of the
equation f(z) = a where a € C (cf. [3], [11, Section 8.21]) for entire functions of zero
order.

e Following the methods of Nakai and Shiokawa [7, 8] we reformulate the problem in an
estimation of exponential sums.

e Finally, the resulting exponential sums are treated by an exponential sum estimate of
Baker [1], which was originally used to show that the sequences

(f(n)n>1  and  (f(P))p prime

are uniformly distributed modulo 1 for f an entire function with logarithmic order 1 <
4

o< 3.
3

The main results of our papers are as follows.

Theorem 1. Let f(x) be a transcendental entire function which takes real values on the real
line. Suppose that the logarithmic order « = a(f) of f satisfies 1 < a < %. Then for any block
dy...d; €{0,1,...,q — 1}, we have

1
N(By(f);da-..d; N) = N + o0 (N)
as N tends to co. The implied constant depends only on f, q, and l.

For primes we show that 7,(f) is normal in the following theorem.

Theorem 2. Let f(x) be a transcendental entire function which takes real values on the real
line. Suppose that the logarithmic order « = a(f) of f satisfies 1 < a < %. Then for any block
di...d; €{0,1,...,q — 1}, we have

N(ry{f)sdy .. db, N) = 5N+ o(V)

as N tends to co. The implied constant depends only on f, q, and [.

2. NOTATION

Throughout the paper let f be a transcendental entire function of logarithmic order « satisfying
l<a< % and taking real values on the real line. Let

flx) = Z apzt
k=1

be the power series expansion of f. By logz and log, z we denote the natural logarithm and the
logarithm with respect to base ¢, respectively. Moreover, we set e(3) := exp(2mif3).
!
Let p always denote a prime and Z be a sum over primes. By an integer interval I we mean

a set of the form I = {a,a+1,...,b— 1,b} for arbitrary integers a and b.
Furthermore, we denote by n(r, f) the number of zeros of f(z) for |z| < r.
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3. LEMMAS

First we state the above-mentioned result of Baker that will permit us to estimate exponential
sums over entire functions with small logarithmic order by choosing the occurring parameters
appropriately.

Lemma 3.1 ([1, Theorem 4]). Let d and h be integers, with 8 < h < d. Let aq,...,aq be real
numbers and suppose that

_ log N
(3.1) N~ exp (20(10g1§gN)2) < |an| < exp(—103h?),
log N
2 < —20—2>— h<k<d).
(32 ol <oxp (20 XY <k <)
Suppose further that
(3.3) log N > 10°d3(log d)®.

Then, writing g(z) = aqgz® + - - - + a1z, we have

(3.4) S=>"e(g(n)) < Nexp <

(1ogN)é> +N |ah|1/(10h) .
n<N

!
2
Lemma 3.2 ([1, Theorem 3]). Under the hypotheses of Lemma 3.1 we have

!
S =3 e(g(p)) < Pexp(—c(loglog P)*) + P(log P)~" [an|"/ ",
p<P

where ¢ is a constant depending on g.

The following lemma due to Vinogradov provides an estimate of the Fourier coefficients of
certain Urysohn functions.

Lemma 3.3 ([12, Lemma 12]). Let o, 8, A be real numbers satisfying
1
0<A<5, A<pB-a<1l-A.

Then there exists a periodic function (x) with period 1, satisfying
(1) (z) =1 in the interval a + A <z < 3 — LA,

(2) (z) =0 in the interval B+ A <z <1+4a— 1A,
(3) 0 <4(x) <1 in the remainder of the interval o — %A <z<l+a- %A,
(4) ¥(x) has a Fourier series expansion of the form

ba)=pB—a+ 3 AWe(a),

v#0
where
A(w)] < min (~,8—a,—
v min| -, 8—a, — |.
v’ “ A

Finally, we give an easy result on the limit of quotients of sequences that will be used in our
proof.

Lemma 3.4. Let (an)n>1 and (bn)n>1 be two sequences with 0 < a, < b, for alln and
Qp

(3.5) lim =% = 0.

n— 00 bn

Then

n .
lim Zi:l a;

=0.
n—oo 3y b
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Proof. Let € > 0 be arbitrary. Then by (3.5) there exists an ng such that

An

(3.6) -

<e/f2

for n > ng. Let A(N) := 25:1 an and B(N) := Zﬁ;l b,. We show that there exists a ny such

that A(n)/B(n) < € for n > ny. Therefore we define C(N) := Zg:noﬂ bn. As (3.6) implies that
an < 5by for n > ng we get

A(n) _ Alno) + Xicne1 @ _ Alno) +5C(n)
B(n)  B(no) +¥Xi_p,41bi  Blno)+C(n) -

As b, > 0 we have that C(n) — oo for n — oco. Thus

i A(ng) + 5C(n) _¢
n—oo B(ng) + C(n) 2

Therefore there is a n; > ng such that A(n)/B(n) < e for n > ny which proves the lemma. O

4. VALUE DISTRIBUTION OF ENTIRE FUNCTIONS

Before we start with the proof of the theorems, we need an estimation of the number of solutions
for the equation f(z) = a with f a transcendental entire function and a € C.
In this section we want to show the following result.

Proposition 1. Let f be a transcendental entire function of logarithmic order . Then for the
number of solutions of the equation f(x) = a the following estimate holds.

(4.1) n(r, f —a) < (logr)* 1.

As usual in Nevanlinna Theory we do not deal with n(r, f — a) directly but use a strongly
related function, which is defined by

(4.2) N, f) = /1 ' wdt — (0, f)log

in order to prove the proposition. The connection between n(r, f —a) and N (r, f —a) is illustrated
in the following lemma.

Lemma 4.1 ([3, Theorem 4.1]). Let f(x) be a non-constant meromorphic function in C. For each
a € C, N(r, f — a) is of logarithmic order A + 1, where X is the logarithmic order of n(r, f — a).

The next lemma provides us with a very good estimation of the order of N(r, f — a).

Lemma 4.2 ([9, Theorem]). If f is an entire function of logarithmic order o where 1 < a < 2,
then for all values a € C

log M (r, f) ~ N(r, f —a) ~log M (r(logr)%a) ~ N (r(logT)Q*“) .
Now it is easy to prove Proposition 1.
Proof of Proposition 1. As f fulfills the assumptions of Lemma 4.2 we have that
(4.3) N(r,f—a) ~M(r, f) < (logr)*.

Thus we have that N(r, f — a) is of logarithmic order « and therefore by Lemma 4.1 we get
that n(r, f — a) is of logarithmic order o — 1. O
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5. PROOF OF THEOREM 1

We fix the block dj ... d; throughout the proof. Moreover, we adopt the following notation. Let
N (f(n)) be the number of occurrences of the block dj ...d; in the g-ary expansion of the integer
part | f(n)]. Furthermore, denote by ¢(m) the length of the g-ary expansion of the integer m, i.e.,
£(m) = [log, m] + 1. Define M by

M—1 M
(5.1) D U(f(n) <N <D Uf(n))

Because f is of logarithmic order o < % we easily see that
(f(n)) < (log M)“ (1<n<M).
Thus

N (O(f)zdy .. N ZN )| < 101

We denote by J and J the maximum length and the average length of | f(n)| forn € {1,...,N},
respectively, i.e.,

J:= max £(|f(n)]) <> (log M)“,

1<n<M

(5.2)

— Z o ) <> (log M),
where <> stands for both < and >. Note that from these definitions we immediately see that
(5.3) N =MJ + O((log M)®).

Thus in order to prove the theorem it suffices to show
l 1
(5.4) > N(f(n) = aN+0(N).

In order to count the occurrences of the block dj . ..d; in the g-ary expansion of | f(n)] (1 <
n < M) we define the indicator function

1 if lA_ di —i <t |t < l__ di —1 —l,
(5.5) I(t)= ! Zz—} 9 = lt] <> icidig™" +q
0 otherwise

which is an 1-periodic function. Indeed, write f(n) in g-ary expansion for every n € {1,..., M},
ie.,

fn) =bqg" + b1+ big+bo+bo1gT
then the function Z(¢) is defined in a way that
I(qijf(n)) =l<=d;...d = bj_l . bj_l.

In order to write >, _,, N(f(n)) properly in terms of Z we define the subsets I;,...,I; of
{1,...,M} by B

nelje fln)>¢  (1<j<J).

Every I; consists of those n € {1,..., M} for which we can shift the g-ary expansion of | f(n)] at
least j digits to the right to count the occurrences of the block d; ...d;. Using these sets we get

(5.6) > N(f(n) ZZ ( )

n<M j=l nel;
In the next step we fix j and show that I; = I;(M) consists of integer intervals which are of
asymptotically increasing length for M increasing. As I; consists of all n such that f(n) > ¢’
these n have to be between two zeros of the equation f(x) = ¢’. By Proposition 1 the number of
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solutions for this equation is n(M, f —¢’) < (log M)*~!'. Therefore we can split ; into k; integer
subintervals

kj
Ij = U{’n]‘i, e ,nji —l—mji — 1}
1=1

where mj; is the length of the integer interval and k; < (log M)*~!'. Thus the length of the
integer intervals is increasing, i.e., M (log M)'~* < mj; < M. Thus we get that

(5.7) Saum -y Y ()

7
n<M =1 i=1 nji<n<mgitmg: 4

Following Nakai and Shiokawa [7, 8] we want to approximate Z from above and from below by
two 1-periodic functions having small Fourier coefficients. In particular, we set

l l
as =Y dag M+ (20)7", Bo=D dag Mg - (2007, AL=41,
A= A=1
(5.8) ! l
apr = dxg*=(26)7" B =D dag +q ' +(26)7 AL =4"
A=1 A=1

We apply Lemma 3.3 with (o, 3,A) = (a—,B-,A_) and (o, 3,A) = (ay, B+, A), respectively,
in order to get two functions Z_ and Z,. By the choices of (a4, 8+, AL) it is immediate that

(5.9) T (t) <I(t) <Zy(t) (t € R).

Lemma 3.3 also implies that these two functions have Fourier expansions

(5.10) To(t)=q¢ ' +671 + i Ay (v)e(vt)
Tz

satisfying

(5.11) A+ (v)] < min(ly| ™, v %),

In a next step we want to replace Z by Z, in (5.6). To this matter we observe, using (5.9), that

() ~ o ()] < [To () ~ T (0] < 57"+ 3 As(v)e(vt).

i
Together with (5.6) this implies that
- () . )
n _
n<M j=l i=1 n;; <n<nj;+mj; Vj;ooo

Inserting the Fourier expansion of 7 this yields

ShS 1 S f(n)
(5.12) Y N(f(n) = Z > a7t O+ > Ar(we (”qa‘>

n<M j=l i=1 n;; <n<nj;+mj; v=—00

v#£0
Because of the definition of M and J in (5.1) and (5.2), respectively, and the estimate in (5.3)
we get that
J kj
(5.13) > 1=JM+ O(M) =N +O(M).

j=l i=1 nj;<n<nj;+mj;
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Inserting this in (5.12) and subtracting the main part Ng¢~! we obtain
N I & = v
(5.14) S N(m) - S| < DY 57+ Y As(v)e <jf(n)> +IM.
n<M q 7=l i=1 nj; <n<nji+m;j; V=—00 q
> i ji Ji 11750

Now we consider the coefficients Ay (v). Noting (5.11) one sees that

vt for v <4y,
S;v=% for |v| > 6;.

Ai (Z/) < {

Estimating trivially all summands with |v| > 6 we get

%) d;

(5.15) Y Ai(w)e (qyjf(n)) <Y vle (;jf(n)> +o
prin o

Using this in (5.14) and changing the order of summation yields

J kK

;i
(5.16) Z N(f(n)) — N < ZZ (52,_1 + Zy_le <qyjf(n))> + M.
v=1

q
n<M Jj=l i=1 nj; <n<nj;+mj;
The crucial part is now to estimate the exponential sum containing the entire function f. Define
v
(5.17) S(X)=Y e (qj f(n)).
n<X

We now treat the sum S(X) by a similar reasoning as in the proof of Baker [1, Theorem 2]. We
will show that the sum only depends on f and X.

To this matter we let the parameter d occurring in Lemma 3.1 be a function of X, in particular,
we set

(5.18) d=d(X) = [10"2(log X)?(loglog X) 2|,
which tends to infinity with X (see equation (11) of [1]). Moreover, we define the polynomial
0,(2) = Tz + -+ ag?)

by the first d summands of the power series of q%f The parameter h of Lemma 3.1 will also be a
function of X. In particular, we set h = h(X) to be the largest positive integer such that h < d
and

—h+1 L
(5.19) XMt < ’qj an

As shown in [1], h also tends to infinity with X.

Up to now we have not chosen a value for ¢;. For the moment, we just assume that §; < h
because this choice implies that the summation index v varies only over positive integers that are
less than h. Thus the logarithmic order of q%f(n) is less than %. Indeed,

(5.20) log (qy]f(n)) < logh — jlogq+log f(n) < loglog X + (log X)* < (log X)*

where @ = a+¢ < %. Note that g; satisfies the conditions of Lemma 3.1. The estimate for the
logarithmic order of 5 f(n) will enable us to replace f by g; in (5.17) causing only a small error

term. This will then permit us to apply Lemma 3.1 in order to estimate S(X).
By (5.20), equation (15) of [1] implies that for d as in (5.18)

(5.21) >

t>d

Xt < (2x)7!

14
—a
]t
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and therefore (see [1])

Ze(”ﬂn)) < | elgs )| + 7.

P
n<X q n<X

By this we can use Baker’s estimations for exponential sums over entire functions contained in

Lemma 3.1 and get with d = d(X) and h = h(X) defined in (5.18) and (5.19), respectively,

(5.22) S(X) < X exp(—3(log X)3) + X exp(—h).
Now it is time to set §; for every i. As v changes the coefficients of the function under consid-
eration we calculate for every v =1,...,d(m;;) the corresponding h, (m;;). In order to fulfill the

constraint on the logarithmic order we need to chose §; smaller than the smallest h, (m; ;) with
v < §;. Thus we set
(5.23) ;== max{r < d(mj;) : r <min{h,(m;;) : v <r}}.

This is always possible since h, (m;;) > 1. For this choice we also have ¢; < h,(m;;) and §; — oo
as mj; — 00 because the minimum of the h,(m;;) tends to infinity for m;; — oco. Doing this for
every i = 1,...,k (i.e., for every integer interval comprising the set I;) we can apply (5.22) with
X = myj; and use the fact that ¢; is the smallest h, (m;;) for 7. This yields

kj

04 v kj 6,
ZZVA Z e (qu(n)> < ZZVﬁlS(mﬁ)

i=1v=1 nji <n<nj;+m;; i=1v=1

kj 65
< Z Z v~ 'my; exp(—3 (log mji)%) + mj; exp(—d;)

i=1v=1

k]
< Z (mji exp(—3(log mji)%) + my; exp(—éi)) log 6;.
i=1
As we do not know the asymptotic behavior of §; we have to distinguish the cases whether exp(—d;)

is greater or smaller than exp(—1 (log mji)%). In both cases we can assume that m;; is sufficiently
large.

e Suppose first that exp(—3(logm;;)) > exp(—d;) holds. As §; < d(mj;) < (logm;;)*/ we
get

exp(—1 (logm;;)¥)log &; < exp(—3(logmy;)¥)(loglogmyi) < exp(—%(logm;;)7)
and thus
(exp(—%(log mﬂ)%) + exp(—@-)) log d; < exp(—%(log mji)%) + exp(—6;/2).

e For the second case assume that exp(—3(log mjl-)é) < exp(—0d;) holds. This implies that
log §; < loglogm;; and we get

Wl

).

eXP(*%(IOg mji)%) logd; < eXP(*%(IOg m;i) %)(log logmi) < eXP(*%(log mj;)
Therefore we also have
(exp(—%(log mji)%) + exp(—(Si)) log §; < exp(—%(log mji)%) + exp(—9;/2).
By this we have the estimation

5 k
(5.24) Z vt Z e (qif(n)) < iji (exp(—%(log mji)%) + exp(—éi/2)> .
v=1 s <n<ngi+mg; i=1

By (5.16) we get that

J kj

é
> N(f(n) - M« 3 <5;1 +y vle (”j.f@))) +1M

l
n<M q j=li=1 nj;;<n<nj;+mj; g
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Thus it remains to show that
k;

(5.25) Z > 51 = Z ”;] = o(|L;]).

i=1 n;;<n<nj;+m;j; 1=1

and

k; d;
(5.26) S % Yve(Sim) ot

nji<n<ng;+mj; v=1

where |I;| = Zf;l mj; the sum of the lengths of the integer intervals.
First we consider (5.25). Therefore we set a; = 5 and b; = m;;. By noting that T= ot

9, ? - 0
we are able to apply Lemma 3.4 and get

D 5
k
> im1 Myi

Finally we have to show (5.26). We again want to apply Lemma 3.4 by setting

0<

— 0.

a; = mj; exp(—%(log mji)%) + m;; exp(—9;/2),
bi = My
As M(log M)~ < mj; < M we get that both exp(—1 (log m;i)3) and exp(—d;/2) tend to zero.
Thus we have that % — 0 for M — co. An application of Lemma 3.4 together with (5.24) gives
5 _ v k 1
< ZVII v ! ani§n<nji+mji e (q?f(n)> Zi:l Mg (exp(—%(log mji)3) + eXp(_éi/2)>
S <

: k
‘IJ | Zizl mj;
for M — oo and thus (5.26) holds.
We put (5.25) and (5.26) in our estimate (5.16) and get together with (5.13) that

J kj 5
S A -Yeys % (6;1 Py (”jf(m)) Y

l
n<M q j=li=1nj;;<n<nj;+mj; 4

— 0

J
<Y o(|L]) + 1M = o(JM) = o(N).
j=l

Thus by (5.4) the theorem is proven.

6. PROOF OF THEOREM 2

Throughout the proof p will always denote a prime and 7(z) will denote the number of primes
less than or equal to z. As in the proof of Theorem 1 we fix the block d; ... d; and write N'(f(p))
for the number of occurrences of this block in the g-ary expansion of | f(p)]. By ¢(m) we denote
the length of the g-ary expansion of an integer m. We define an integer P by

(6.1) S UL <N < Y (L))
p<P-1 p<P
As above we get that
((Lf(p)]) < (log P)* (2<p<P).
Again we set J the greatest and J the average length of the g-ary expansions over the primes.
Thus

(6.2) Jo= max  U([f(p)]) <> (log P)*
(63) Ti= — 3 ULI)) <> (log P

p<P
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Note that by these definitions we have

(6.4) N = JP + O((log P)*).
Thus by the same reasoning as in the proof of Theorem 1 it sufficies to show that
! N
(6:5) > N(F®) = 7 +oN).
p<P

We define the indicator function as in (5.5) and also the subsets I,...,I; of {2,..., P} by
nel;s fn)>¢ (I<ji<J).

Following the proof of Theorem 1 we see that

(6.6) SN () ZZI( )+0( =(P)).

p<P J=l pel;
Now we fix j and split I; into k; integer intervals of length m; for ¢ = 1,..., k. Thus
k;
I; = U{nﬂ,nji +1,...,n5 +my — 1}
i=1

By Proposition 1 we again get that k; < (log P)*~*. Thus the length of the mj; is asymptotically
increasing for P, indeed, we have P(log P)!~* < m;; < P. Now we can rewrite (6.6) by

/ L / /()
(6.7) Swum =Yy ¥ z({2)oumr).

p<P j=l i=1n;;<p<ngji+mj;

Following Nakai and Shiokawa [7, 8] again we get as in the proof of Theorem 1 that there exist
two functions Z_ and Z,. We replace Z by Z in (6.7) and together with the Fourier expansion
of 7, in (5.10) we get in the same manner as in (5.12) that

/ oS r (2 - )
CONED SPUTOED 3 DID DI P RE] art) S os 2y

p<P Jj=li=1n;; <p<n;;+m;; V=—00
v#0

By (6.1) and (6.2) together with (6.4) we have

(6.9) S Z S 1= Jn(P)+O(n(P)) = N + O(ix(P)).

J=li=1n;; <p<nji+mj;

We subtract the main part Ng~! in (6.8) and get by (6.9)

(6.10) ZN —7 <<ZZ Z 57+ Z As(v ( (n)> + I (P).
p<P j=l i=1n;;<p<nji+mj; y;;(z))o

We estimate the coefficients A4 (v) in the same way as in (5.15). Then (6.10) simplifies to

611 | N0 - Y Y (6 1+Zu-1 (51 ))m( )

p<P j=li=1n;;<p<nji+mj;

Again the crucial part is the estimation of an exponential sum over the primes. We apply quite
the same reasoning as in the proof of Theorem 1. We set

(6.12) S(x) =3 e (”. f(p)) .

J
pex N
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and use the functions d(X) and h(X) defined in (5.18) and (5.19), respectively. If we assume that
d; < h(X) then we get that the logarithmic order of 5 f(x) is less than 3 asin (5.20). We set

12
9i(@) = 5(aaz’ £+ ara).

By (5.21) we also get that

Z'e<yf(p)> < Z'e(gj(p)) Yo

i
p<x N

We can apply Lemma 3.2 to get the estimate

(6.13) S'(X) < X exp(—c,(loglog X)?) + exp(—h),

log X

where ¢, is a constant depending on v and h = h(X) is the function defined in (5.19).
Now we fix ¢ and for every v = 1,...,d(mj;) we calculate the corresponding h,(m; ;) and c,.
We set

(6.14) 0; = max{r < d(mj;) : r <min{h,(mj;) : v <r}},
¢ :=min{c, :v=1,...,8}.

By the above reasoning we have that §; — oo for m;; and therefore for P.

By this we get a ¢; for every ¢ = 1,...,k and we can estimate the exponential sum in (6.11)
with help of (6.13) and the definitions of ¢; and &; in (6.14) to get
(6.15)

k; 04 ki &;
! _ v -
g E E vle (Jf(p)) < E g v 18" (my;)
i=1n;; <p<nj;i+m;; v=1 q i=1v=1
k.] 57’, ( 6 )
exp(—o;
< g g u_lmji (exp(—ci(log log mji)z) + SXP %) )

logm;
i=1v=1 & Mji

k

j _s,
< Mji (exp(éi(log log mji)Q) + exp()) log d;.
i=1 log mj;

As we do not know the asymptotic behavior of §; we want to merge it with the expression in
the parathesis and therefore have to distinguish two cases according whether exp(—4;)(logm;;)~!
is greater or smaller than exp(—¢;(loglogm;;)?).

e If exp(—¢;(loglogm;;)?) > exp(—d;)(logm;;)~* then as §; < (log P)'/ we have that
exp(—¢;(loglog mji)z) log d; < exp(—¢;(loglog mji)2) loglog m;; < exp(—¢;/2(loglog mji)2).
Thus
(exp(—éi(log log mji)Q) + exp(—6;)(log mji)_l) log 6;
< exp(—¢;/2(loglog mj,;)z) + exp(—d;/2)(log mji)*l.

e On the contrary we have exp(—¢;(loglogm;;)?) < exp(—4;)(logm;;)~" and this implies
8; < c(loglogmj;)? for a positive constant c. Therefore we get

exp(—¢;(loglog mji)Q) log d; < exp(—¢;(loglog mji)z)c(log log mji)Q < exp(—¢;/2(loglog mji)2).
We again have
(exp(—éi(log log mji)Q) + exp(—6;)(log mji)_l) log 6;
< exp(—¢;/2(loglog mji)z) + exp(—d;/2)(log mji)*l.
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By this we have

(6.16) iiyl S e(yf(p))

i=1rv=1 nji <p<mj;+mj; q]
kj
< iji (exp(—¢;/2(log log m;i)®) + exp(—d;/2)(logmj;) ")

i=1

The considerations above can be used in (6.11) in order to obtain

0;
> T N(f(p) - 7 < ZZ Z <5i1 +) vle (qyjf(p)>> + Ix(P).

p<P j=li=1n;; <p<nji+mj;
Thus it remains to show that
(6.17) Yo Y §&t=oy)
1=1n;<p<n;+mj;

and

(6.18) Z D (L5w)) = ota(r)

q]
v=1 i=1n;; <p<nj;+mj;

where 7(I;) stands for the number of primes in the interval I;.

First we have to estimate the number of primes in I; for every j. Therefore we set m},; :=

7 ({njis ..., nji +myj; — 1}). Thus the number of primes in I; is the sum of the m/;, i.e. 7(I;) =
Zf& m;z As
(6.19) PlogP)'™ ™ <my; < P (i=1,...,k))

holds we consider an integer interval [z — y, 2] N Z with z(logz)'™* <y < z. We set y := x3~!
and get

(6.20) 1< B< (logz)* .

To estimate the number of primes we apply the Prime Number Theorem in the following form
(which is a weaker result than in Chapter 11 of [6]).

T T
21 = — — .
(6.21) (@) log x +0 ((log CE)2>
Thus we get with (6.20) and (6.21)

m([z —y,2]NZ) =n(z) - 7m(z —y)
z x—xft (

og x) )

- logz log(x — x5~ ) (1
o x—xf L
(6.22) “logz  logz+O(B ( (log x)?2 )
T x—xf 1 T
- logz  logz (1+ (6 Hlogz)™ 1)) ((logaj)2>

__Y z
~logx +0 ((logx)Q) '

Now we reformulate (6.22) by setting = P and y = m;; and get with (6.19)

r_ ) ) U — M P
(623) ’mﬂ—ﬂ'({’n“,nl-i-mﬂ 1}) logp+0((logp)2>
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Now we use the estimation (6.23) in order to show (6.17). By setting a; = n;].-i and b; = m;
we note that as m;i — oo we get that mj; — oo which implies 3¢ — 0. Therefore we can apply

Lemma 3.4 and get

!
-1 k mji
Z pEl; 0 Zi:l 8;
. T ok PR
(1) Dim1 M
Finally we show that (6.18) holds. We set
a; = mj;(exp(—¢;/2(loglog mﬁ)z) + exp(—6;/2)(log mji)_l),
By the estimation in (6.23) we get that % — 0 for P — oo and we are able to apply Lemma 3.4.
Thus with (6.16) we get

S v Y e (B w)
(1)
Sy myi(exp(—¢i/2(log log myi)?) + exp(—3;/2) (log my;) ) .
Zfil m;‘i
Thus by putting (6.11), (6.18), and (6.17) together we get

J Kk , 8 y
SN -G <X Y (e ee(Lrw) ) e

l
p<P q Jj=li=1n; <p<nji+m;j;

0<

0<

<

J
<Y _o(n(I;)) + In(P) < o(JP) < o(N),
j=l
which, together with (6.5), proves Theorem 2.
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