ADDITIVE FUNCTIONS FOR NUMBER SYSTEMS IN FUNCTION FIELDS

MANFRED G. MADRITSCH AND JORG M. THUSWALDNER

ABSTRACT. Let Fy be a finite field with ¢ elements and p € Fq[X,Y]. In this paper we study
properties of additive functions with respect to number systems which are defined in the ring
Fq[X,Y]/pFq[X,Y]. Our results comprise distribution results, exponential sum estimations as
well as a version of Waring’s Problem restricted by such additive functions. Similar results have
been shown for b-adic number systems as well as number systems in finite fields in the sense of
Kovacs and Pethd. In the proofs of the results contained in the present paper new difficulties
occur because the “fundamental domains” associated to the number systems studied here have
a complicated structure.

1. INTRODUCTION

In this paper we want to study additive functions. Before we start, however, we need an
impression, what we mean by a number system and therefore by an additive function in this
system. Therefore we start with the simplest case, a number system in the non-negative integers.
Let b > 2 be a positive integer. Then every g € N admits a unique and finite representation of the
form

£—1
g=> dit* with d;€{0,...,b—1} and dpy #0 if g#0.
k=0

We call a function f: R — G, with G an Abelian group, b-additive (in this number system) if
-1

Flg) = fdib®).

k=0
If f only acts on the digits d;, i.e., if

—1
flg)=>_ f(dy)
k=0

we call f strictly b-additive. A simple example of a strictly b-additive function is the sum of digits
function sp, defined by

-1
so(g) = Z dp.
k=0

There are many questions around these functions and one of the first answered is its distribution
in residue classes.

Theorem (Kim [9]). Let bq,...,b, > 2 be integers and mq,...,m, be positive integers. Further-
more let f; : N — Z,1 <1 <r, be a b;-additive function.
Set

H = {(fi(n) mod mq,..., fr(n) mod m,) : n > 0} .
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Then H is a subgroup of L, X -+ X Ly, and for every (ai,...,a.) € H we have

#{n < N: fi(n) = a3 mod my,..., fr(n) = a, mod m,} = |—Z| +(9(N1_6)

where 6 = 1/(1207’253m2) with

b= max b; and M = max m;
1<i<r 1<i<r

and the O-constant depends only on v and by, ..., b,.

On the other hand one is also interested in the asymptotic distribution of the values of a
b-additive function.

Theorem (Bassily and Katéi [2]). Let f : N — R be a b-additive function such that f(ab®) = O(1)
as k — oo and a € N'. Furthermore let

b—1 b—1
1 1
M, 1= EZf(abk), Ul%,b = QZfQ(abk) _mi,b;
a=0 a=0
and
N N
My(x) == mrp, Di(x)=> op,

k=0 k=0

with N = [logy x]. Assume that Dy(x)/(logx)'/? — 0o as x — oo and let p(z) be a polynomial of
degree d with integer coefficients and positive leading term. Then, as x — oo,

n)) — x?
é# {n <x: 1 (p( gb(aci\)ﬂ( ) < y} — O(y),

where ® is the normal distribution function.

Generalizing these distribution results one can attack Waring’s Problem with a digitally re-
stricted set as base. In particular, Thuswaldner and Tichy [I7] proved the following result.

Theorem. Let b, k, a and m be integers. Then every sufficiently large integer N can be written
as sum

N:xlf—i—---—i—xl;,
where x; € N and sp(x;) = amodm fori =1,...,s and s only depends on k. Moreover, the
number of representations of N in this way obeys a Hardy-Littlewood type asymptotic formula.

A generalization of this theorem to arbitrary b-additive functions is due to Wagner [I§].

In 1991 Kovécs and Pethé [10] introduced number systems in the polynomial ring Fy[X] over
a finite field F,. It is possible to define a generalization of b-additive functions with respect to
such number systems. In particular, fix a polynomial € F,[X]. Then every other polynomial
G € F,[X] has a unique finite representation of the form

-1
G =Y DyQ" with degDs < degQ
k=0
and Dy—1 #0if G # 0.

Analogs of the two distribution theorems above were shown for this setting by Drmota and
Gutenbrunner [6]. Waring’s Problem with this digitally restricted set was solved by the first
author [12] where the Weyl sum estimates came from the two authors of the present paper [13].

Recently, Scheicher and Thuswaldner [I4] introduced a generalization of these number systems
which live in certain function fields and will be defined below. In the present paper we will define
and study analogues of b-additive functions in (slight generalizations of) these number systems.
Compared with the case of number systems in Fy[X], new problems occur in this context. This
is mainly due to the fact that the “fundamental domains” of these number systems, which have
been studied by Beck et al. [3], have a nontrivial structure. Nevertheless we are not able to apply
their results directly since we will work with a valuation instead of the degree function. Therefore
we will develop our view of the fundamental domains in Section Bl
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2. DEFINITIONS AND RESULTS

The idea of number systems in function fields is based on the theory of number systems in
algebraic number fields. Therefore we will first introduce number systems in these fields and then
rewrite them for function fields. A number system in an algebraic number field is defined as
follows. Let 3 be an algebraic integer. Let b € Z[3] and N/ C Z, then we call the pair (b,N) a
number system in Z[f3] if every g € Z[f] admits a unique and finite representation of the form

-1
g=>_ dgt" with dip €N
k=0

and dg_1 # 0 if g # 0.

Now the idea is to replace Z by F4[X] and consider the same construction. Thus let F,[X]
and Fy(X) be the ring of polynomials and the field of rational functions over a finite field F,,
respectively. Furthermore let p € Fy[X,Y] be a separable irreducible polynomial. Then we are
interested in number systems in S = Fy[X,Y]/pF,[X,Y]. Let B € S and N C F,[X], then we call
the pair (B,N) a number system in S if every G € S admits a unique and finite representation of
the form

-1
(2.1) G = ZDkB’“ with Dy e N

k=0
and Dy_q # 0 if G # 0. We call this representation the B-digit representation of G and Lg(G) = ¢
its length and denote by Lp(m) the set of all G € § whose B-adic length is less than m, i.e.,

Lp(m):={Q eS| Lp(Q)<m}.
Imitating the definitions above we call a function f strictly B-additive if it acts only on the digits

of 1)), i.e., if
-1
F(G) =" f(Dy)
k=0

with G as in ([2)). The definition of a B-additive function is done analogously. As mentioned
above, number systems in S have been investigated by Scheicher and Thuswaldner [14] as well as
Beck et al. [3]. They gained the following characterization.

Proposition 2.1. Let p € F,[X,Y] be a polynomial such that
p(YV) =Y+ pa 1V o4 p1Y +po.
Set N ={D € Fy[X] : deg D < degpo}. Then (Y,N) is a number system in Fy[X,Y]/pFy[X,Y]
if and only if
r?%fc degp; < degpo.

Indeed, in these papers only the case B = Y has been considered. However, as we will see in
Proposition 3] this restriction is not crucial.
We want to illustrate Proposition [Z1] by the following example.

Example 2.2. Let p :== Y? + XY + X% then pp = 1, p; = X, and po = X2. Since degpy <
degp; < degpp we get by an application of Proposition 2.1 that Y is a basis of a number system
in F,[X,Y]/pF,[X,Y].

We will use the following notations (we mainly follow those in [4] and [19]). It is well-known
that K := Fo((X 1)) is the completion of K := F,(X) for the valuation at oo, i.e., for every
o= % € Klet

v(a) = Voo(a) := deg B — deg A
be the valuation at oo (the inverse degree valuation). Let L = F4(X,Y)/pF,(X,Y’) be an extension
of degree n. We assume that S is the ring of integers of .. We denote by w the extension of v to
L and by L, the completion of L for w.
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In order to get an extension of the degree in L we put for every a € Lo,
d(a) = —w(a).

It is clear by the definition of d that d(A) = deg(A) for every A € F,[X].

For any positive integer m and a subset 7 C L we define
(2.2) T(m):={AeT:d(A) <m}.

Our first result is a generalization of Kim’s result to these number systems.
Theorem 2.3. Fori € {1,...,7} let (B;, N;) be number systems in S. Let f; : S — S be a
Bj-additive function with coprime B; for i =1,...,r. Furthermore let M; be ideals in S, M; be

any set of representatives of the congruence classes of M; fori € {1,...,r}.
Set

H:={(f1(A) mod My,..., fr(A) mod M,): A€ S}.
Then H is isomorphic to a subgroup of My X -+ x M, and for every (Hy,...,H,) € H we have
1

lim ##{A € S(n): f1(A) = Hy mod My,..., f-(A) = H, mod M, } = M

n—oo #S (n)
Furthermore we get an equivalent result for the theorem of Bassily and Katai.

Theorem 2.4. Let (B,N) be a number system in S with d(B) = ¢ and let f : S — R be a strictly
B-additive function. Set

1 1

DeN DeN

Let h € Loo[Z] be a polynomial of degree r. Suppose that oy > 0 and S is the ring of integers
of L, then for n — oo

J(h(A)) — 22y -

b
aradi

where ® denotes the standard normal distribution function.

#{ AeSn): — (),

In the same way as above we want to apply this result in order to solve Waring’s Problem.
Therefore we first need a definition of Weyl sums in this setting.

Let Tr and N be the trace and the norm of an element in L., over K., and Res be the residue
of an element of F,((X™1)), i.e.,

Res Zanj =a_1.
JEL
In this paper exponential sums with digital restrictions form an important tool. To define such
sums properly we need additive characters. Let ¢ be a non-principal character on ;. Then we
define a character F on L., by

(2.3) E(z) := 1 (Reso Tr(x)) .
Now we can state the result concerning Weyl sums.

Theorem 2.5. For i € {1,....r} let (B;,N;) be number systems in S with d(B;) = §* and
#N; = q%i. Let h € Lo[Z] be a polynomial of degree k < char Fy and f; : S — S be a Bj-additive
function with coprime B; for i =1,...,r. Furthermore let M; be ideals in S and M; be any set
of representatives of the congruence classes of M; fori e {1,...,r}.

If there exist £ € {1,...,7} and H € Lp,(by)* such that

qfdzbe Z E <%Ak(f[(A),H)) <1,

A€Lp,(be)



ADDITIVE FUNCTIONS FOR NUMBER SYSTEMS IN FUNCTION FIELDS 5

then there exists a constant v > 0 depending only on f; and By such that

> E (h(A) + %m)) < (#S()! T
) i=1 "

AeS(n
With help of these estimates we can solve Waring’s Problem in our setting.

Theorem 2.6. For i € {1,....r} let (B;,N;) be number systems in S with d(B;) = §* and
#N; =q%. Let f; : S — S be B;-additive functions for i € {1,...,r}. Choose ideals M; of S and
let M; be any set of representatives of the congruence classes of M; fori € {1,...,r}.

Assume that S is the ring of integers of I and that for every 0 # R € My x --- x M, there
evist £ € {1,....r} and H € Lp,(be)* such that

g ebe Z E(Z%Ak(ﬂ(m;ﬂ)) < 1.

AL, (be) i=1

Let 0 < k < charFy and s be an integer such that s > 2%, Then every N € S, such that d(N) is
sufficiently large, admits a representation as sum of k-th powers of the form

N=PF+...+PF
with P; € S([d(N)/k]) and fi(P;) = J;mod M; fori=1,...,r and j=1,...,s.

Remark 2.7. The restriction s > 2¥ originates from Waring’s Problem without digital restrictions.
In order to sharpen this bound, one needs a better understanding of the unrestricted problem.

The paper is organized as follows. In SectionBlwe collect some basic facts about number systems
in §. Each of the subsequent sections will be devoted to the proof of one of our results. The proofs
of our results are based on the proofs of the corresponding results for number systems in Fy[X]
in the sense of Kovécs and Pethd [10]. In particular, the proofs of Theorem 23 and Theorem 241
will follow Drmota and Gutenbrunner [6], the proof of Theorem will follow Madritsch and
Thuswaldner [I3], and the proof of Theorem [Z.6] will follow Madritsch [12]. New difficulties occur
in our more general setting. For instance, the “fundamental domains” of the number systems in
S are no longer trivial.

3. PROPERTIES OF NUMBER SYSTEMS IN S

Since the characterization of Scheicher and Thuswaldner (Proposition 1)) deals only with the
case of B =Y we need to generalize this to arbitrary bases.

Proposition 3.1. The pair (B, N) is a number system in S if and only if there exists a polynomial
p € Fo[X, Z] and an F4[X]-isomorphism ¢ : Fy[X, Z]/pF4[X, Z] < S such that Z is a basis of a
number system in Fy[X, Z]/PF4|X, Z] and o(Z) = B.

Proof. Let (B,N) be a number system in §. Then for k = 1,...,d there exists r; and d; ; with
i=1,...,kand j =0,...,r; such that

Y* =dpo+dp1B+ - di,, B

Since the d; ; € Fq[X] we get that there exists a polynomial p € Fy[X, Z] such that p(X,B) =
p(X,Y). By setting ¢(Z) = B and ¢(d) = d for d € N' we get that ¢ is an isomorphism because

of (B,N) being a number system. In order to show that Z is also a basis we choose an element
s e Fy[X, Z]/pF4[X, Z]. Then

o(s) = Z d. B*

k>0

5= Z d. Z".

k>0
Thus (Z,N) is a number system in F[X, Z]/pF,[X, Z].

which implies that
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For the contrary assume that there exists a polynomial p € F,[X, Z] together with an isomor-
phism ¢ and (Z,N) is a number system in Fy[X, Z]/pF,[X, Z]. Set B := ¢(Z) € S. Then every
element s € S gives rise to a representation

o (s) = Z dpZ".

k>0

Following the isomorphism back we get that

s= deB’“.

k>0
O

Remark 3.2. Tt follows from the proof that the set of digits AV is the same for both number systems.
Thus in view of Proposition 2.1l we get that for every B there exists a d such that

N :={AeF,[X]:d(A) <d}
and the pairs (B, N) and (Z,N) are number systems in S and F,[X, Z]/pF,[X, Z], respectively.

Since this is very important for our considerations we want to illustrate this by the following
example.

Example 3.3. Let p:=Y? + XY + X* + X2 and let B =Y + X2 + X be the basis of a number
system in Fg[X,Y]/pF,[X,Y]. Now by Proposition B it is sufficient to show that Z is the
basis of a number system in p. Therefore we set as in the proposition ¢(B) = Z and get that p =
7%+ X Z+X?. By ExampleZ2 we get that Z is a basis of a number system in F,[X, Z]/pF,[X, Z].

In view of Remark we get that for both number systems the set of digits is N = {4 €
F,[X]:d(A) <4}

The next thing we need in connection with the number systems is an estimation of the length
of the expansion. Since our goal is to show distributional results, we have to be sure to count the
elements in an appropriate way. Above in (Z2]) we therefore defined the notation S(m), which
will be justified by the following proposition.

Proposition 3.4. Let (B,N) be a number system in S. Then for any G € S\ {0} we have

‘m@)—%‘ <e

where c is a constant depending on B and N .

Proof. The idea of this proof is based on the proof of the main result of [I1], where the analogous
result for number systems in algebraic number fields is shown.
Let G € S\ {0} be arbitrary and let

G=Dy+DiB+---+D,B* with D; e N

be its B-adic representation. Note that d(B) > 0 because otherwise by inspecting the B-adic
representation of G we would have d(G) < d where d := maxpep d(D). Since G was chosen
arbitrary, this is absurd.

As d(B) > 0 we get from the B-adic representation of G that

d(G) = miaxd(D; B') = miax(d(D) + i - d(B)) < d+ k d(B).
Thus
L(G)=k+1> %,

which establishes the lower bound.
For the upper bound we let G € S\ {0} and let £ > 1 be such that

(3.1) (k—1)-d(B) < d(G) < k- d(B).
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Then there exists an G’ € S such that

k—1
G=> D;B'+GB*
=0

with D; € N for i = 0,...,k — 1. Applying the degree function on both sides and using (B.1])
yields

d(G') <d(G) —k-d(B) +c<c,

where ¢ > 0 is a constant depending on B and NV. Now let L := maxscs(c) L(A) be the maximal
length of elements of degree not bigger than ¢. Thus we have, using (3] again,

LB(G)g(kl)JrlJrLS%JrLJrl.

4. DISTRIBUTION IN RESIDUE CLASSES

In this section we want to prove Theorem 2.3 But before we get straight into it we have to
state some preliminary lemmas.

4.1. Preliminary Lemmas. Our first lemma is a consideration of so-called complete exponential
sums in L where the character E is defined in ([2.3]).

Lemma 4.1 ([, Corollary I1.3.2]). Let R € S. Furthermore let M be an ideal and M a complete
set of residues modulo M. Then

5 E(%A):{S(M) if R=0,

rerd otherwise.

Recall that N is the norm of an element of L over K. For k£ > 0 we recursively define the k-times
difference function Ay by

Ao(f(A)) = f(A),
A]H_l(f(A);Hl, .. .,Hk+1) = Ak(f(A + Hk—i—l);Hl; - ,Hk) — Ak(f(A);Hl, .. ,Hk)

The next lemma is a version of the Weyl-van der Corput inequality for the field L.

Lemma 4.2. Let k be a positive integer and R be a finite subset of S. Then

2k
k7 p—
STEM@A)] =#R)P MY 3T YT B(Ap(A); Hy, . .., Hy)).
AeR HieR  HyeR AER
Proof. The proof is the same as in the classical case (see for instance [I, Chapter IV, §5]). O

Finally we need a lemma to treat the different bases.

Lemma 4.3. Let (B,N) be a number system in S with #N = q?. Let f be a completely B-
additive function, andt € N, K, R € S with Lg(R), Lp(K) <t-d. Then for all N € S satisfying
N = R mod B! we have

f(IN+EK) - f(N) = f(R+ K) - f(R).

Proof. This is analogous to the proof of [4, Lemma 3]. O
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4.2. The fundamental domain. Let (B, ) be a number system in S. Then by the Theorem
of Puiseux (c¢f. Theorem 4.1.1 of [5]) we get that there exist a,b € N such that

Before we start proving our higher correlation result we have to consider the internal structure
of S(n) in connection with the number system (B, N). Assume that #N = ¢?. If R € Lp(h) we
get

d(R) = d(Dy-1 B'™" + -+ DiB + Dy) = ax (deg(Di) + z%) <(d-1)+a— %
Assuming that n > (d — 1) +a — ¢ this implies that

(4.1) Sn)={A€S:d(A)<n}={PB"+ReS|PeS(n—a),Re Lpb)}.

Remark 4.4. In our case the fundamental domain consists of all elements G with negative degree
d(G). In contrast Scheicher and Thuswaldner [I5] let the fundamental domain consist of all
elements G with only negative exponents in their B-adic representation. We will adopt their ideas
in order to fit our circumstances.

Thus we define the fundamental domain F of a number system (B, N') b
(4.2) F:={a€ls :d(a) <0}.

4.3. Higher Correlation. For the rest of this section let (B;,N;), 1 < ¢ < r with d; = 1+
maxpen; deg D be number systems in & with coprime bases and let f; be B;-additive functions.
Let

d(B;) = 4i fori=1,...,r
b;

Furthermore let M;, 1 < i < r be ideals of S and let M; be a complete set of residues modulo
M;, respectively. We define for R = (Ry,...,R,) € My x --- x M, and H € S¥

grik(AH) = g, o (A H) = B (E?Akm(A);H)) ,
(4.3)
ng(AH)—gkAH ngkAH

We will omit the R (respectively the R;) in the index of g if this omission causes no confusion.
In order to show our correlation results we define the following functions.

1
4.4 ®, r(H;n) = —— ik (A; H),
(44) M) = iy 3 a4 H)
k
Won(in) o= [[#SR)) ™ Y - Y @),
Jj=1 H.1€8(h1) HieS(hy)
Aip(H) := ¢~ %% Z i,k (A; H).
AELBi(bm)

Furthermore we denote by ®; and ¥ the corresponding correlations with g; ;. replaced by gs.
Note that A; ; is needed because the fundamental domains in our setting are non-trivial. This

is reflected by ([@J]) and (£2).

We are now in a position to state our correlation result.

Proposition 4.5. Let hy,..., hg,n be positive integers. Then for every 0 R € My x -+ X M,

either
VAES: go(A (Z o ) =1
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or there exist i € {1,...,k} and an H € Lp, (b;)* such that |A; ,(H)| < 1 and

1 |A(H; 1>|2>

W, (h; n) < exp < e

Before we start with the proof we want to take a closer look at those R € Mj x - -+ x M, such
that gr,o0(A) =1 for all A € S. Let Ry and Rz be such that gr, 0(A) = gr,,0(4) = 1. Then

T

JRi+R,,0(A) = F <Z Wﬂ(@)

i=1

=F (Z JEZ fi(A) + ]EZ fi(A)> = gr,,0(A)gR,,0(A4) = 1.
i=1

Thus we get that together with the identity element 0 these R form a group by component addition.
We denote this group by

(4.5) Gi={ReEMix - xM, :VAES: gro(A) =0}

The proof of Proposition is in two steps. First we assume that » = 1. Secondly we reduce
the general case to the case r = 1.

Lemma 4.6. Let k < char(F,) and h be positive integers. Fiz an € € {1,...,r} and R € M,. If
there exists an H € Lp, (bo)* such that |Ay(H)| < 1, then

1—|Agr(H)
U, x(h;n) < exp <— min (hy, ..., g, n) M) )

aeqdebz

Proof. We fix an R € My. As ¢ and k are fixed throughout the proof we drop the indices,i.e., we
set B =By, U=V, ®:=Ppp, Api:=A, g:=gox, f:=fe, d:=dy, a:=ap, and b := by.
Following the proof of [6, Lemma 4] together with our observation in (1)) we easily get that

®(PB’ +R;n) = ®(P;n —a)A(R;b)
holds. We set

[1]

=gty Y AR

RieLp(b) RpeLp(b)
This yields
U(h;n) =¥ —a;n—a)=,
where h —a:=(hy —a,...,hy — a).
By iteration we derive for s < min(hy,...,hg,n)/a
U(h;n) = ¥(h — sa;n — sa)=°.

By the trivial estimation of g we get that |¥(h;n)| < 1 for all h and n. This implies that
|¥(h;n)| < |E|°. Therefore we are left with estimating |Z|. By hypothesis there exists an H €
Lp(b)* with |A(H,b)| < 1, yielding

1—|AH,b))? 1—|AH,b)?
§17|ng ) <<exp<7|ng )|>

[1]

Inserting this in (£3]) we get that

. 1—|®(H,1)|?
[T (h;n)| <|2]° < exp (— min (hq,..., g, n) M)

aqd®

and the lemma is proven. O
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Remark 4.7. |, (h;1)| = 1 is uncommon. Indeed, we get
VH € Lp, (be)" : |®(H)| =1
S VH € L, (b)) VA € Lp,(be)" : gor(A; H) is constant
S VH € L, (b)*VA, B € Lp,(be) :
9ok (A H)ge k1 (A+ Hi; H) = g1 (B; H)gep—1(B + Hy; H)

SVYH € Ly, (b)) ' VA, B € Lp,(be) : gox—1(A+ B;H) = gor_1(A; H)gr 1 (B; H)

< VA, Be Lp,(be) : ge,0(A+ B) = go.0(A)ge,o(B).
Thus

JH € L, (be)* : |®px(H; 1) < 1
—
A, B € Lp,(be) = geo(A+ B) # ge,0(A)ge0(B).

In the next lemma we want to generalize to the case r # 1 and therefore replace the ¥y ; from
above by Wy.

Lemma 4.8. Let k < char(Fy) and h be positive integers and fix an R € My x --- x M,.. If there
exist an ¢ and an H € Lg,(be)* such that |Ar(H)| < 1, then

1- |Ae,k<H>|2> |

Pi(h;n) < exp < il o) aiqiete
7

Proof. We will follow the proof of [I3] Lemma 3.6]. The main difference here is that the “degrees”
of the bases need not be integers and therefore we have to use a special treatment for them.

Let £ € {1,...,r} besuch that |Ag ;(H)| < 1. Then we want to reduce the estimation of ®4(h; n)
to that of @, (h;n) by trivially estimating the rest. Let s = g and choose t; (i € {1,...,7})
in a way such that s; = t;d;b; satisfies the inequality s < s; < 2s. Now we split the sum over
all A € §(n) up according to the congruence classes modulo B{l, ..., Bir. Therefore let B; be a
complete set of residues modulo SBf"' fori=1,...,r.

Thus for a given C € By X --- X B, we define

Nc:={A€S(n): A=Cymod B}",...,A=C, mod Bir}.
For n > we get by the Chinese Remainder Theorem that
#85(n)
T ¢
By our choice of the B; we can apply Lemma and get

|Nc| =

T

O (H;n) = [ ] (Ais(H))" .

i=1
Now we take the modulus and estimate A, ;(H) for ¢ # ¢ trivially. Thus
T
|@(Hin)| < [T IAu(H)[" < Aer(H)|".
i=1

In the same way we can estimate Wy by Ay . Noting that s, < n < s, we get by an application
of Lemma that

1—|Aer(H))?
U(h;n) < Wy p(h;by) < exp <— min{hq,.. .,h,“n}w) .

agqebe

Now we are ready to state the proof of the higher correlation result.

Proof of Proposition [{-3 By the assumptions of Lemma .8 we split the proof into two cases.
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Case 1: There exist an £ and H € Lp,(be)* such that [A,,(H)| < 1. Then we get the
result by an application of Lemma .8
Case 2: If for all £ € {1,...,7} and all H € Lp, (bs)* we have |Ay;(H)| = 1 then we
get by Remark [ that ge (A + B;H) = g x(A4; H)gs x(B; H) and consequently by the
By-additivity of the fp (¢ =1,...,r) for A, B€S
9x(A + B;H) = g(A;H)gx(B; H).

We distinguish between two cases:

Case 2.1: go(A) =1 for every A € S. This is the first alternative in the proposition.

Case 2.2: There exists A € S such that go(A) # 1. In this case the proof is exactly
the same as the proof of case 2.2 in [0, p.136] or [13], p.889]. O

4.4. Distribution Result. In order to show Theorem [2.3] we need a further lemma.

Lemma 4.9. For every R € My x -+ x M,. either

or

holds.

VAES: go(A (Zﬁf; )1

1
lim Z go(A) =0
n—oo #S( ) AES(TL)

Proof. We only consider the case that there exists an R € Mp x -+ x M, with go(A) # 1 as
otherwise there is nothing to show.
The idea is to apply Lemma [£2 with & = 1. By this lemma we have

2

Z 90(4) Z Z A); H)).

AeS(n) HeS(n) AeS(n)

Taking the modulus and squaring again together with Cauchy’s inequality yields

4

S w(A)| < @#SM)? Y [@Hn) = (#S (M) Wi(nin).

AeS(n) HeS(n)

Now an application of Proposition proves the lemma. O

Proof of Theorem [2Z:3. We define the additive group

(4.7)

Ho 1= {C€M1x...xMT:VR€g:E<ZRXZ@)1}

where G is the group defined in (Z5]).
Then we use Lemma [£.]] to rewrite the problem and get

(4.8)

#%U# {A€S(n): f1(A) = Cy mod M, ..., fr(A) = C, mod M,}
R;
# Azsj )H1 N R% (M(fi(A) — ci))
1 ORG\ 1
=T N E _ ki (A)
[Tiz: N(M;) ReMlzX;XMT <i=1 M; ) #S(n) Aezs%n) go
= T NOn ZE(Z RC>+0<1>,
REQ i=1 M;

where we have applied Lemma [4
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By the definition of Hy in (£1) and since G is a group we have
Z E ( - _chz> . {#HQ if C € Hy,
ey ~ M 0 otherwise.
Plugging this into () yields
1
#5(n)
if S € Hp.

Thus we are left with showing that H = Ho. If C € Hyp then clearly C € H. Conversely, if
C € H, then there exists an A € S such that f1(A4) = Cy mod M, ..., f-(A) = C,. mod M,. In

particular
R, ~ R,C;
A)=F HA) | =FE i I
oin=e (§5pnn) -0 (55)

i=1

#{A e Sn): fi(A) =Cy mod My, ..., fr(A) =Cr mod M, } = Hio +0o(1)

Moreover, by Proposition 3] for every R € G we have go(A) = 1 which implies that C € H, and
the theorem is proven. O

5. ASYMPTOTIC DISTRIBUTION

After showing the distribution into residue classes we want to consider the asymptotic distribu-
tion of the values of a single B-additive function. Therefore we fix a B-additive function f : § — R
throughout the section.

In order to show Theorem [2.4] we need a refinement of a Weyl inequality. Therefore we have to
introduce some notation in the function field L.

5.1. Definitions. Since we need some geometry of numbers let D be the differential of the exten-
sion L over Fy(X). Set

(5.1) S(m)=r-m,
where 7 is the ramification index of the extension L over F,(X). Finally we denote by g the genus
of this extension.

For the proof of the Weyl inequality we will need Diophantine approximation in the field L.

We assume that S is the ring of integers in L and p™) ..., p™ be an F,[X]-basis (integer basis)
of §. Then we denote by

d*(p) == max d(p®).

i=1,...,n

To show Theorem [Z4 we start with some preliminaries and follow Drmota and Gutenbrunner [G].

5.2. Preliminaries. The first lemma will help us to extract one digit from the B-digit represen-
tation.

Lemma 5.1. Let a € Lo, such that

a= ZDkBk.

keZ
Let B be a complete set of residues modulo SB and D € N. For R € B we set

__1 o( DR
“R.D = N(SB) B )

T E( R a) {1 if D; = D,
RDE | g ) = )
= Bi 0 ifD; #D.

Proof. Easily follows from the proof of [6, Lemma 7]. O

Then for j € Z

Since the coefficients of the polynomial need not be in & we have to consider how Diophantine
approximation can be established in L.
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Lemma 5.2 ([4, Proposition 1.2.2]). Let a be a sufficiently large integer. Then for every o € Lo
there exist H € S\ {0} and G € D™, such that

d(H)<a, dHao—G)< —a—c¢,
where € is a constant depending only on L.

As we mentioned above we will need a refinement of Weyl’s inequality of Car [4]. In order to
establish this we follow an idea of Hua [§]. Therefore we need two further tools. The first deals
with the number of representations of a number as a product.

Lemma 5.3 ([4 Proposition 1.4.3]). Let j be a positive integer, N € N and W € S(jN). Let
7(j, N,W) be the number of solutions (W1, ..., W;) € S(N)I of the equation

W=W, W,

Then, for every real number ¢ > 0, there exists a constant 8 (depending only on j and £) such
that for every non-zero element W € S(jN) one has

7(j, N,W) < Bg=5™).

Lemma 5.4 ([4, Proposition 11.3.3]). Let H € S\ {0}, G € D™, b € Z. Furthermore let R be a
complete set of residues modulo SH. Then

> M E <%AR> = N(SH)#(SH(Db)),
RER AeS(b)

where
SH(b) ={a € SH : d(a) < b}.

Finally we need an estimation of the number of elements in an ideal I(m).

Lemma 5.5 ([4, Equation 1.2.6]). Let I be an ideal of S. Then for m € Z such that f-m > 2g—2
we have

(5.2) #I(m) = {AcT:d(A) <m} =g 95mN(I)~?

5.3. Main tool. We now develop the main tool needed in order to properly prove the asymptotic
distribution result.

Lemma 5.6. Let h € L[Z] be a polynomial of degree k > 1, i.e.,
hZ) = arZF+ -+ a1 Z + ay.
If there exist G € D~ and H € S\ {0} such that
w(Hay —G) > kn —n'® +d*(p) + ¢
nt3 —d*(p) +1 < d(H) < kn —n*? 4+ d*(p),

then there exists a constant ¢ > 0 such that

L xp (—cn'/?
#amAgéE““”<ep( )

Proof. The proof is based on the proof of [4, Proposition I1.3.6]. Therefore we only emphasize on
the differences occurring in our setting.
First of all we apply Lemma and Lemma [5.3] to get

STOBEM@)]  <@#HSm)TTE Y o N ST E(Aki(h(A),H))
AeS(n) W1€S(n) Wi_1€S8(n) AES(n)
(5.3) <#Sm)? Y ST 7k~ 1,0, W)E (Ko, W A)

WeS((k—1)n) A€S(n)

< (#S(n))%*“kﬂqss(") Z Z k'OLkWA)

WeS((k—1)n) A€S(n)



14 MADRITSCH AND THUSWALDNER

Now by Lemma [5.2] there exist H and G such that
d(H) < kn —n'?+d*(p), w(Hoy —G)>kn—n>+d*(p).
We set
m 1= max((k ~ Vn,d*(p) ¢+ d(H)),
c:=min(w(Hay —G) +d(H) —m —e—1,n).
Following the proof of Proposition 11.3.5 of [4] we reach at

Wri= > > E(kloxWA) < ¢ 954 (SH(c)).
WeS((k—1)n) ACS(n)
We distinguish three cases according to the size of d(H).
Case 1: n'/3 —d*(p) + 1 < d(H) < n. We easily get that m = (k — 1)n and ¢ = n. Thus
W* < gl=9+S(k=1)n) (14S(c—d(H)) < q2—g+s(d*(p)—1>qS<lm—n”3>,
Case 2: n < d(H) < (k—1)n — d*(p) + e. Calculations give us that m = (k — 1)n and
¢ =n. Since ¢ =n < d(H) we get that #(SH(c)) = 1 and therefore
W* < ql—qu(kn—n).
Case 3: (k—1)n—d*(p)+e < d(H) < kn—n'/3+d*(p). In this case m = d*(p) —e+d(H)

and ¢ = n. Thus
W* < q179+5(2d*(p)fe)qS(knfnl/:s).

Plugging this into (5.3) we get that
gk—1
k—1_ 1s
Z E(h(A)) < (#8(n))2 qu(kn n +e),
AeS(n)

which together with (5:2)) proves the lemma. O

Now we can easily deduce the main proposition of this section.

Proposition 5.7. Let ¢ be a positive integer and % <G < ooe < G < B (g)/  Then
%S ( )#{AGS( n): D; (W(A)) = Dy,...,D;, (h(A) = D,,} = G Im +O(exp( 1/3))

Proof. By Lemma [5.1] we get that
#{A € S(n): Dp; (h(A)) = D1,..., D, (h(A)) = D}

= > (Z R0, E (Bilﬂh(A))> < > R0, E (%hm)))

AeS(n) \R.1€B Rn€B

U Rl Rm
= C€o,D, """ C0,D,,, T+ Z CRy,D1 """ CR,,,Dy, Z E <<Bj1+1 +oeeet W) h’(A)> )

Ri,...,Rm€B AeS(n)

where Z/ denotes the sum over all elements (Ry, ..., Ry,) # 0.
Now we fix (Ry,...,Rmn) # 0 and set

R= Ry + RyB”™9 ... + R, BIm—J1,

Thus we have to estimate

> E <%P(A)> .

AeS(n)
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We want to apply Lemma and therefore write £ for the leading coeficient of RP(A). Then
by an application of Lemma [5.2 we get that there exist A € D! and Q € S such that

d(Q) < (k—1Ln —n'"* +d*(p),

d (BjilQ - A> < —(k—=1)n+n3 —d*(p) — e

Now we distinguish two cases according to the size of d(Q).

Case 1: n'/? —d*(p) — 1 < d(Q) < (k — 1)n —n'/? + d*(p). In this case we can apply
Lemma and get

S F (%pm)) < (#8(m)) exp (—en'’?)

AeS(n)

Case 2: 0 < d(Q) < n'/? —d*(p) — 1. We want to show that this is actually not possible.
Therefore we further distinguish two cases according to the size of d(£)—(j1+1)d(B)+d(Q).
Case 2.1: d(§) — (j1 + 1)d(B) + d(Q) > D. In this case we get

d@+d@-D _dQ) _ n'/?
a(B) < 4B) = 4B
contradicting the lower bound.

Case 2.2: d(&) — (j1 + 1)d(B) + d(Q) < D. Now we immedeately get that A must
be 0. Thus we have

f 1/3 *
d(BhHQ < —(k—=1n+n"°—d*(p) — ¢
which implies

(k—1n—n'?+d*(p) +e+d(§) +d(Q) _ (k—1)n—n'/?

+1<

n+1> a(B) > i(B)
contradicting the upper bound.
Therefore we only may apply Lemma and derive the desired result. O
5.4. Weak Convergence. We want to show Theorem [2.4] by comparing the gained distribution
with the one of independent identically distributed random variables. Let Yp, Y7, ... be iid random
variables on A such that P[Y; = D] = [N]~". Thus Proposition [5.7] can be seen as
1

W# {A€S(n):Dq,;,(MA) = D1,...,Dq;, (h(A)) = Dy}

=P[Y;, = Di,....Y;, = D] + O (exp (—cnl/S)) .

In fact we want to show that the moments are the same and have to consider that we shrank

our scope to % <n<---<g < k”d_(g; ® . Thus we need to show that the moment method

holds also for our truncated version. This will be provided by the following lemma.

Lemma 5.8. Let (B,N) be a number system in S and g be a B-additive function. Set
1
p=r7 2 9(D) =Eg(Y;).
N 2= )
Then the m-th (central) moment of g(P(A)) is given by

st 2 (= (=)o)

AeS(n)




16 MADRITSCH AND THUSWALDNER

We truncate our B-additive function f as follows.

f(h(A)) = > f(Dr(h(A))).

nl/3 kn—nl/3
i Sk

Thus it follows from Lemma that

r _ kn—2n'/3
#AeSn): f(h(A) a1 <z =9(z)+o(1).

kn—2nl/3
VvV am ¢

b
#5(n)

Since

we also get that

Ll acsm F(R(A)) — iy m
—_— n):
S n
#5(n) o
6. WEYL SuMS WITH DIGITAL RESTRICTIONS

In this section we want to prove Theorem [ZIl The idea is to do Weyl differentiation and apply
Proposition [£5. Our aim is to estimate

> E(’l(A)JrZ%fi(A)),
A€S(n) =1 "

where h € L[Z] is a polynomial of degree k < charFy.
By hypotheses there exist an £ and H € L, (b)* with |Ay,(H)| < 1. We set

r Rz

(6.1) p(A) :=h(A) + ; Mfi(A)

Then we apply Weyl’s method (Lemma [2]) to get the following estimation.
Sa)* < @S TN 0 3 Y B(Ak(e(4):P)

P1eS(n) P,eS(n) AeS(n)

We have to consider the k-th difference operator of . By linearity of the difference operator and
the definitions of ¢ in (6] and gr x in (@3) we get

T
R,
B(AL(e(4)P) = F <Ak(h(A); P)+ 4, (Z T p(a): P)))
=1t
=F (k!akpl s 'Pk)gR,k(A§ P)7
where qy, is the 1eading coeflicient of h. Thus
1Su(@)* < (#S@)* T ST 0 S EMarPiP) Y. gral(AP).
PieS(n) PyeS(n) AeS(n)

Taking the modulus and shifting to the innermost sum yields together with the definition of ®y

in (£4)
S < #SM)T TFT 3T Y e

P1eS(n) PreS(n)
We apply Cauchy’s inequality to get the modulus squared

Su P < @Sm)”T T ST Y PP = (#8(m)* T (s,

P GS(n) Py GS(n)
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Finally we apply Proposition to estimate ¥ (n;n). Thus

nl- |Ae,k<H>|2>

ag qebe

2k+1

1Su () < (#8m)? T E 2 exp <

and therefore
1,&,7
Sn(h) < (#S(n)) ~2177,
where v > 0 is defined by

(6.2) (#5(n) 2" = exp <_M> |

ayg qebe

7. WARING’S PROBLEM WITH DIGITAL RESTRICTIONS

This section is devoted to the proof of Theorem 2.6l Therefore we first state the corresponding
result without digital restrictions.

We say that a polynomial N € § is the strict sum of k-th powers if it has a representation of
the form

(7.1) N=XFir. .. 4 XF (X1,...,X, €8(m))
where m is defined by
(7.2) k(m—1) <d(N) < km.

By R(N, s, k) we denote the number of solutions of (7). Then Car [4] was able to show the
following.

Proposition 7.1 ([4, Theorem]). Let s be an integer such that s > 1+ 2*. Then every N € S,
such that d(N) is sufficiently large, admits a strict representation as in ([T1)). Moreover one has
an asymptotic estimate for the number R(N, s, k) of these representations.

R(N, s,k) = &,(N)q'*~%tm) 4 o(g+=H5m),
where m is as in (L2), 0 < 65(N) < 1 and s is defined in (5)).
In our case we are interested in the number of solution of
(7.3) N=X{++XF (X1,...,X, € S(m)),

with f;(X;) = J;mod M; fori=1,...,rand j =1,...,s. We denote the number of solutions of
[@3) by R(N, s, k,f,J,M). The idea will be the reduction of this special case to the general one.

As in [4] we denote by P8 the valuation ideal of v and by 9t the valuation ideal of w. Furthermore
we write PO := P x - - - x P, with P repeated n times. Let p := (p1, ..., pn) be an integral F [ X]-
basis and v = (71, ...,7x) its dual basis. Then « is a basis for D~! (¢f. [16, Chapter I11,§3]). We
define A7y to be the isomorphism

hy(t1, .. tn) = (L171P1, -« - tnYnPn)-

We choose the Haar measures on Ko, and L, to be such that the values of the valuation ideals
P and M equals 1, i.e. p =dz on Ks and p on Lo,. We will always denote by t = (¢1,...,t,)
and element of K7 and by z one of L. Finally on K” we have the product measure p®" =
dty x --- x dt,, = dt.

In order to count the solutions we will use the following Lemma.

Lemma 7.2 ([4, Proposition 1.3.1]). Let N € S. Then

1 if N=0,

0 else.

E(h(t) - N)dt = {

;B@n
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For short we set for z € Loo, m >0,1<i<s, and R € D!

F(z,m) = Z E (zWF),

WeS(m)

S(z,m) = Z E (sz) ,
WeS(m)
fl(W)EJl mod M,;

Thus we get the following integral representation for R(N, s, k).

Lemma 7.3 (4, Proposition I1.1.2]).
R(N,s, k) = C[/ F(z,m)°E(—zN)dz,
hy(PE™)
where ¢y 1s a constant depending only on L.
We want to rewrite S(z,m) to F(z,m). Therefore we apply a trick which goes back to Gelfond

[7] to connect the second and third sum

T

S(z,m) =[] (N(SMy)™" > > E <2Wk + Z %(fi(w) - Ji)) :

=1 ReMi XXM, WeS(m)
In view of Lemma [(.3] we get that

R(N,s,k,£,J,M) = R'(N,s,k) = c[/ S(z,m)°E(—zN)dz
hy(PE™)

= czl:[l (N(SM;))~° /fw( Z "'P XSE Z

BE) pres(m) m) REM) XX M,

X E (Z %(fi(Pl) - Ji)) B (2_:

Sk

K2

L(fi(Py) — Ji))

x B(2(Pf + -+ PF — N))dz.
We split the integral up into two parts according to whether R = 0 or not. Thus

R(N,s,k) =cr [J(N(SM))™* (I + 1),

where
I, = / E(z(PF4---+ PF - N))dz = / F(z,m)*E(—zN)dz
hoy(P&™) hy(BE™)
S S RJ
I, = / Hpg,(z,m)E ( L zN) dz.
hy(BE™) 0;&1?;/\/15 g o M

In order to estimate the first integral we apply Proposition [[.]] and get
I = GS(N)q(s—MS(m) + O(q(s—k)S(m)).

In order to prove our theorem we need to show that I, = o(q(s’k)s(m)), i.e., I3 only contributes
to the error term. Therefore we split the second integral I up again according to the different
values of R. Thus

IQ = Z IR7

0AREM1 XX M,

where

Ig = / Hgr(z,m)*E (—zN)dz
hy (Pe™)
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with
T R
_ k ot _ T
HR(Zam) - Z E | zP" - Z Mi (fz(P) Jz)
PeS(m) i=1
We split this integral up into two parts. Thus
(7.4) |[Ir| < sup |HR(Z,m)|s_2k max/ HR(z,m)dez.
R,z R Jnypen)

For the supremum we apply Theorem to get

(7.5) Sup |Hr(z,m)["% < (#8(m)) (=) (-5 +7) |

where «y is defined in ([@.2]).
In order to estimate the integral we will apply Hua’s Lemma. Therefore we need the following
lemma.

Lemma 7.4 ([, Proposition 11.5.2]). Let ¢ be any integer such that 1 < ¢ < k. Let e > 0. Then
[ FGam) BNz < (S m)*
hy(PO™)
Thus we get

(7.6) max/ HR(z,m)dez < max/ F(z,m)dez < (3'%58(771))2k_k+a .
R Jny(pen) R Jny(pen)

Now plugging () and (Z.8) into (Z4) yields
1— kt24y

[T < (#S(m) 70755 (5(m)* 4 < (#S(m)* ™

where ¢ has to be chosen such that

(S—Qk)<k+2+7) —e=:0>0

ok+1

which is possible since s > 2F.
Thus a final application of (5.2)) yields

I = o ((#8(m))*™) = o (405
and the theorem is proven.

Remark 7.5. Tt is easy to generalize this result to the investigation of the following case
N=Pf+--+PF (f;,(P;)=J;, mod M),

where every summand has its own set of B; -additive functions f;, together with his own congru-
ence relation = J;; mod M;;. This can be done in quite the same way and is therefore left to the
reader.
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